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Abstract

Graphical small cancellation theory was introduced by Gromov as a tool for construct-
ing finitely generated groups with prescribed subgraphs embedded in their Cayley
graphs. It has provided the only known counterexamples to the Baum-Connes conjec-
ture with coefficients and the only known finitely generated non-coarsely amenable
groups. In this thesis, we study graphical small cancellation groups, concentrating
on the generalizations to graphical small cancellation theory of the classical C(6),
C(7), and C ′(1

6) small cancellation conditions, both over free groups and over free
products.

We first extend fundamental methods and results of classical small cancellation
theory to graphical small cancellation theory, proving results about van Kampen
diagrams, Dehn functions and asphericity. We then focus on properties of infinitely
presented graphical small cancellation groups. We show that the graphical Gr(6)-
condition provides infinitely presented groups with coarsely embedded prescribed
infinite sequences of finite graphs, and we prove that many infinitely presented
graphical Gr(7)-groups and Gr′(1

6)-groups are lacunary hyperbolic. We also show
that all infinitely presented graphical Gr(7)-groups contain non-abelian free subgroups
and, more strongly, are acylindrically hyperbolic. Moreover, we prove that all infinitely
presented classical C(6)-groups are SQ-universal.

We apply our methods of graphical small cancellation theory to construct groups
with previously unknown properties. We provide the first groups whose divergence
functions lie in the gap between polynomial and exponential functions. For every
k, we produce a torsion-free Gromov hyperbolic group all of whose subgroups up
to index k do not have the unique product property. By showing that all cyclic
subgroups in graphical Gr′(1

6)-groups are undistorted, we provide the first examples
of classical C(7)-groups that do not admit any graphical Gr′(1

6)-presentations.
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Zusammenfassung

Graphische Small-Cancellation-Theorie wurde von Gromov als Werkzeug zur Kon-
struktion endlich erzeugter Gruppen mit vorgegebenen Teilgraphen in ihren Cay-
leygraphen eingeführt. Diese Theorie hat die einzig bekannten Gegenbeispiele zur
Baum-Connes-Vermutung mit Koeffizienten erbracht, ebenso wie die einzig bekannten
endlich erzeugten Gruppen ohne Yus Eigenschaft A. In dieser Dissertation unter-
suchen wir graphische Small-Cancellation-Gruppen und konzentrieren uns dabei auf
die Verallgemeinerungen der klassischen C(6), C(7) und C ′(1

6) Small-Cancellation-
Bedingungen in der graphischen Small-Cancellation-Theorie, sowohl über freien
Gruppen als auch über freien Produkten.

Zuerst erweitern wir fundamentale Methoden und Ergebnisse der klassischen
Small-Cancellation-Theorie auf die graphische Small-Cancellation-Theorie und be-
weisen Resultate über van Kampen-Diagramme, Dehn-Funktionen und Aspherizität.
Dann konzentrieren wir uns auf die Eigenschaften unendlich präsentierter graphis-
cher Small-Cancellation-Gruppen. Wir zeigen, dass die graphische Gr(6)-Bedingung
unendlich präsentierte Gruppen mit grob eingebetteten vorgegebenen unendlichen
Folgen endlicher Graphen erzeugt, und wir beweisen dass viele unendlich präsentierte
graphische Gr(7)-Gruppen und Gr′(1

6)-Gruppen lakunär hyperbolisch sind. Wir
zeigen auch, dass alle unendlich präsentierten graphischen Gr(7)-Gruppen nichta-
belsche freie Untergruppen enthalten und beweisen das stärkere Resultat, dass sie
azylindrisch hyperbolisch sind. Weiters zeigen wir, dass alle unendlich präsentierten
klassischen C(6)-Gruppen SQ-universal sind.

Mithilfe unserer Methoden aus der graphischen Small-Cancellation-Theorie kon-
struieren wir Gruppen mit zuvor unbekannten Eigenschaften. Wir erzeugen die
ersten Gruppen, deren Divergenzfunktionen zwischen polynomiellen und exponen-
tiellen Funktionen liegen. Für jedes k konstruieren wir eine torsionsfreie Gromov
hyperbolische Gruppe, sodass alle ihre Untergruppen von Index höchstens k nicht
die Eigenschaft des eindeutigen Produkts haben. Indem wir zeigen, dass graphische
Gr′(1

6)-Gruppen keine verzerrten Untergruppen besitzen, erzeugen wir die ersten
Beispiele klassischer C(7)-Gruppen, die keine graphischen Gr′(1

6)-Präsentationen
haben.
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Introduction

Geometric group theory studies abstract infinite groups through their actions on
geometric spaces. A highly successful method in geometric group theory is the
following: Given an infinite group G, construct a space X on which G acts such that
X and the action of G have suitable properties, and deduce properties of G from this
action. Small cancellation theory in its modern form pursues a converse approach:
Given a group property, construct a finitely generated group G that satisfies this
property together with an infinite space on which G acts, and deduce from the action
that G is infinite. Thus, small cancellation theory can be used to produce examples
of infinite groups with prescribed properties. Its main applications in recent years
have been constructions of finitely generated groups with unusual or unexpected
geometric and analytic properties.

A small cancellation presentation is a group presentation in which the free
cancellation that occurs when multiplying any two relators is small relative to the
lengths of the relators. In other words, any two relators have small overlap. If a
group is defined by a small cancellation presentation, then the geometry of spaces
associated to the presentation, such as the Cayley graph or the Cayley 2-complex,
can be used to show that the group is infinite. Moreover, the spaces, and therefore
the groups, exhibit features of negative curvature, such as Gromov hyperbolicity or
generalizations of Gromov hyperbolicity.

Small cancellation arguments were first used by Dehn in his study of algorithmic
problems for fundamental groups of closed orientable surfaces [Deh11, Deh12]. Dehn
made the crucial observation that in the Cayley graph of a surface group, any two
embedded cycle graphs that are labelled by the relator defining the group have
small overlap, see Figure 1. He used this observation and an embedding of the
Cayley graph into the hyperbolic plane to solve the word and conjugacy problems
for surface groups. Tartakovskĭı gave the first definitions of small cancellation
conditions for group presentations and initiated their algebraic study [Tar49b, Tar49a,
Tar49c]. Works of Tartakovskĭı and Greendlinger [Gre60a, Gre60b] showed that
purely algebraic arguments were able to recover and generalize Dehn’s results to
arbitrary group presentations satisfying small cancellation conditions. In particular,
having planar Cayley graphs was not necessary. Lyndon [Lyn66] and Weinbaum
[Wei66] initiated the geometric study of small cancellation presentations, using the
tool of van Kampen diagrams [vK33]. These are certain planar 2-complexes that
map to the Cayley 2-complex of a presentation. The use of van Kampen diagrams
permitted the interpretation of small cancellation conditions in terms of planar

1



2 INTRODUCTION

a

b
a

b

c

d
c

d

Figure 1: Left: A cycle graph labelled by the relator defining the fundamental group
G of the closed orientable surface of genus 2. Right: The Cayley graph of G drawn in
the hyperbolic plane. It is obtained by gluing together cycle graphs labelled by the
relator. If R denotes the set of all cyclic conjugates of r and of r−1, then the length of
any subword that cancels when multiplying two elements of R is small relative to the
lengths of the elements. Therefore, 〈a, b, c, d | R〉 is a small cancellation presentation
of G.

2-dimensional geometry. It greatly simplified existing proofs and spurred further
generalizations, such as small cancellation theory over amalgamated free products and
HNN-extensions. By 1977, a well-established canon of definitions and of algorithmic,
algebraic, and constructive results in what we now call classical small cancellation
theory was collected by Lyndon and Schupp [LS77, Chapter V].

Finite classical small cancellation presentations have provided several examples of
groups with unusual properties. Notably, the famous Rips construction due to Rips
[Rip82] gives a way of producing small cancellation groups with unexpected subgroups.
This has been used to study subgroup properties and algorithmic properties of Gromov
hyperbolic groups, see for example [Rip82, BMS94]. Recent results [Wis04, HW08,
Ago13] show that finitely presented small cancellation groups yield examples of
subgroups of right-angled Artin groups, which has led to new applications of the
Rips construction, such as [Bri13].

Infinite classical small cancellation presentations have also provided a number
of unusual groups: For example, Pride gave an elementary construction of an
infinite group without any non-trivial finite quotient [Pri89] (such a group having
previously been constructed by Higman by other means [Hig51]), Bowditch produced
uncountably many pairwise non-quasi-isometric 2-generated groups [Bow98], Thomas
and Velickovic constructed the first group with two non-homeomorphic asymptotic
cones [TV00], and Druţu and Sapir gave a construction of a group with uncountably
many non-π1-equivalent asymptotic cones [DS05].

Classical small cancellation conditions have been generalized in various ways.
Notably, Ol′shanskii developed graded small cancellation theory. This yielded,
in particular, constructions of Tarski monsters [Ol′82a], which are infinite finitely
generated groups all of whose proper subgroups are finite cyclic of a fixed order p, and a
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geometric proof [Ol′82b] in the case of large enough odd exponents of Novikov-Adian’s
resolution of Burnside’s problem [NA68a, NA68b, NA68c]. The advent of Gromov’s
hyperbolic groups [Gro87] provided a new viewpoint on small cancellation theory,
which emphasized aspects of hyperbolic geometry. The subsequent development of
small cancellation theory over hyperbolic groups yielded tools for producing new
quotients of hyperbolic groups, see for example [Ol′93, Cha94, Del96]. More recently,
Gromov developed geometric small cancellation theory over arbitrary groups acting
on Gromov hyperbolic spaces, see e.g. [Gro03, DG08]. All of these generalizations
trade the sharp elegance of classical small cancellation theory, which uses tools of a
combinatorial nature such as the Euler characteristic formula for planar graphs, for
the more coarse but in some ways more effective arguments of metric geometry.

Graphical small cancellation theory was developed by Gromov in the framework
of geometric small cancellation theory as a tool for constructing groups with pre-
scribed subgraphs embedded in their Cayley graphs [Gro03]. Gromov inductively
applied graphical small cancellation theory over groups acting on hyperbolic spaces to
produce the first examples of Gromov’s monsters [Gro03, AD08]. Gromov’s monsters
are finitely generated groups that do not coarsely embed into Hilbert spaces. The
first examples of such groups were constructed by Gromov as groups with weakly
(even almost quasi-isometrically) embedded infinite sequences of finite graphs with
uniformly large spectral gaps, so-called expander graphs [Gro00, Gro03, AD08]. Gro-
mov’s monsters have provided the only known counterexamples to the Baum-Connes
conjecture with coefficients [HLS02], and it is a crucial open question whether Gro-
mov’s monsters satisfy the Baum-Connes conjecture. The Baum-Connes conjecture is
an outstanding open problem in K-theory. It implies such famous other conjectures
as the Novikov conjecture on higher signatures of closed orientable manifolds and the
Kadison-Kaplansky conjecture on idempotents in group rings [Val02]. Due to the
probabilistic nature of Gromov’s geometric construction and due to a lack of general
tools for studying infinitely presented graphical small cancellation groups, it has yet
been impossible to establish whether or not Gromov’s monsters are counterexamples
to the Baum-Connes conjecture.

This thesis presents the first systematic study of infinitely presented graphical
small cancellation groups. We focus our investigations on the combinatorial interpre-
tation of graphical small cancellation theory. Given an oriented graph Γ whose edges
are labelled by a set S, we consider the quotient G(Γ) of the free group on S by the
normal closure of all words read on closed paths in Γ. Graphical small cancellation
conditions require any word that can be read in two distinct places of Γ to be short,
in an appropriate sense. These conditions generalize classical small cancellation
conditions, since every classical small cancellation presentation corresponds to a
small cancellation labelled graph that is a disjoint union of cycle graphs. Moreover,
they admit applications of many arguments of classical small cancellation theory.

The combinatorial graphical small cancellation conditions we study are very
clear and concise to state. For this reason, their classical counterparts have yielded
very explicit examples of groups. In contrast, Gromov’s geometric construction of
Gromov’s monsters is probabilistic and, hence, non-explicit. In this thesis, we provide
constructive results that lay a solid foundation for producing explicit Gromov’s
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monsters. We, moreover, establish strong structural properties of infinitely presented
graphical small cancellation groups. Our theorems apply to all examples of infinitely
presented classical small cancellation groups as well as to the only known groups that
are not coarsely amenable but have the Haagerup property [AO14, Osa14] and to a
recent probabilistic construction of Gromov’s monsters [Osa14]. The methods we
introduce provide tools of unprecedented strength for studying these elusive groups.

The idea of using a labelled graph to construct a group with prescribed properties
was first suggested by Rips and Segev [RS87] and applied to produce torsion-free
groups without the unique product property. Following Gromov’s abstract introduc-
tion of graphical small cancellation theory [Gro03] and upon a suggestion of Delzant,
Ollivier studied finitely presented groups arising from the graphical generalizations
of metric classical small cancellation conditions [Oll06]. Ollivier showed that these
conditions can be used to construct torsion-free Gromov hyperbolic groups with
prescribed isometrically embedded finite subgraphs. Applications of such finitely
presented graphical small cancellation groups include probabilistic constructions of
new hyperbolic groups with property (T) [Gro03, Sil03, OW07] and a version of the
Rips construction with property (T) [OW07]. Our work focuses on the graphical
generalizations of non-metric classical small cancellation groups, which are more
general than the conditions considered by Ollivier. From the combinatorial point of
view, these non-metric graphical small cancellation conditions are the most general
conditions that yield non-trivial results, whence they allow the greatest flexibility in
making explicit constructions.

Our first results are natural generalizations of theorems of classical small cancel-
lation theory, showing, for instance, that our non-metric graphical small cancellation
presentations give rise to Gromov hyperbolic groups and to direct limits of hyperbolic
groups. Results of this type were expected previously by experts in the field and, in
a sense, validate our choice of small cancellation conditions. Our subsequent study
of infinitely presented graphical small cancellation groups is a venture into largely
uncharted territory. Despite the many examples we mention above, or rather because
of these examples and their seemingly unpredictable properties, prior to our work in
this subject, very few general results about classes of infinitely presented graphical
small cancellation groups were known. Therefore, the strength and generality of the
theorems we discuss below is particularly striking.

Our main constructive result is that non-metric graphical small cancellation
conditions can be used to construct groups with prescribed coarsely embedded infinite
sequences of finite graphs [Gru15a]. This metric result is surprising because our
small cancellation conditions do not involve the graph-metric at all. Our theorem
implies, in particular, that the small cancellation conditions we study can be applied
to produce new constructions of Gromov’s monsters. A recent probabilistic argument
due to Osajda shows that small cancellation labellings (in our sense) of certain
expander graphs exist [Osa14]. Since our graphical small cancellation conditions are,
from the combinatorial perspective, the most general non-trivial conditions, they
present the best possible chance making such labellings explicit.

Our main structural result is that infinitely presented graphical small cancellation
groups are acylindrically hyperbolic [GS14]. This evolved in part from our earlier
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proof that these groups contain non-abelian free subgroups [Gru15a]. Acylindrical
hyperbolicity is a recent far-reaching generalization of the concept of Gromov hyper-
bolicity of a group which still has very strong implications. Acylindrically hyperbolic
groups share many properties of free groups. Our result implies, for example, that the
groups in [AO14, Osa14] have simple reduced C∗-algebras, and that the examples of
groups with non-homeomorphic asymptotic cones [TV00, DS05] have cut-points in all
of their asymptotic cones. Our result, moreover, shows that certain types of groups,
such as simple groups, cannot exist in the realm of graphical small cancellation
groups. The proof of our theorem yields for every infinitely presented graphical small
cancellation group an explicit Gromov hyperbolic space on which the group acts.
This provides an effective new tool for studying these groups.

Another consequence of this result is that graphical small cancellation theory
can be used to construct new examples of acylindrically hyperbolic groups. This
recent class of groups is not yet well-understood. For example, it is unknown
whether the class of acylindrically hyperbolic groups is closed under quasi-isometries
[DGO11]. Small cancellation theory enables the construction of groups with very
rigidly controlled geometry and thus can help in understanding such questions. In
this thesis, we consider a quasi-isometry invariant called the divergence function. We
construct infinite small cancellation presentations that yield the first examples of
groups whose divergence functions lie in the gap between polynomial and exponential
functions [GS14], which is a result of independent interest.

Another major structural result is concerned with infinitely presented classi-
cal small cancellation groups. We show that every infinitely presented classical
C(6)-group is SQ-universal [Gru15b]. This result implies, for example, that the
groups without non-trivial finite quotients in [Pri89] have uncountably many proper
quotients. Our theorem is the first SQ-universality result for a large class of infinitely
presented small cancellation groups. For the subclass of infinitely presented classical
C(7)-groups, the result can be obtained as a consequence of our (later) acylindrical
hyperbolicity result through the general theory of groups with hyperbolically embed-
ded subgroups [DGO11]. The C(6)-condition can be thought of as a combinatorial
version of non-positive curvature, while the C(7)-condition corresponds to negative
curvature. Thus, the C(6)-condition is more general. The geometric fact that,
contrary to classical C(7)-groups, classical C(6)-groups are not necessarily limits of
hyperbolic groups is reflected in the very distinct proofs of the two results.

We also clarify a point of interest intrinsic to small cancellation theory. Ever
since Tartakovskĭı’s first definitions of small cancellation conditions, both metric
and non-metric small cancellation conditions have been used to study and construct
finitely generated infinite groups. While the metric conditions often enable the
statement of results with a striking ease, the non-metric conditions are more general
and more conceptual for proving results. We provide a new invariant of metric small
cancellation groups that enables the distinction of the classes of metric and non-metric
small cancellation groups: We show that in every metric small cancellation group,
every cyclic subgroup is undistorted. In contrast, we explicitly construct uncountably
many non-metric small cancellation groups with distorted cyclic subgroups [Gru15b].
Our result not only enables a distinction between metric and non-metric classical
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small cancellation groups but also between the respective graphical generalizations.

Using finite graphical small cancellation presentations, we produce examples
of Gromov hyperbolic groups whose finite index subgroups exhibit unprecedented
behavior: Given an integer k, we construct a torsion-free hyperbolic group all whose
subgroups up to index k do not have the unique product property [GMS15]. Groups
without the unique product property are potential counterexamples to Kaplansky’s
zero-divisor conjecture [Kap57]. Moreover, a result of Delzant shows that every
residually finite hyperbolic group has a finite index subgroup with the unique product
property [Del97]. Therefore, a group in which every finite index subgroup does not
have the unique product property would provide a negative answer to the famous
open question whether all hyperbolic groups are residually finite. Our construction
is a step towards finding such a group. The proof of our result, moreover, provides a
tool for studying subgroups of graphical small cancellation groups through graphical
small cancellation presentations.

We conclude this brief introduction by indicating a significant technical improve-
ment in our approach to graphical small cancellation theory: We admit labelled
graphs with non-trivial label-preserving automorphisms. A labelled graph with a
non-trivial label-preserving automorphism can be seen as generalization of a relator
that is a proper power and, in particular, can give rise to torsion in the group it
defines. Our viewpoint is novel with respect to the prior structural work in graphical
small cancellation theory [Oll06, Cun11], and it is compatible with definitions in
cubical small cancellation theory [Wis11]. The flexibility of our definition, for in-
stance, enables us to construct, given an arbitrary countable group G, a 2-generated
graphical small cancellation group that contains G as a subgroup, see Example 1.13.
This example shows that the class of graphical small cancellation groups is richer
than one might expect in the light of existing results of classical small cancellation
theory, and it makes our general results even more surprising.

Results of this thesis

We state in detail the main results of this thesis. We first define our graphical small
cancellation conditions and then present our theorems.

Graphical small cancellation conditions

Let Γ be an oriented graph in which every edge is labelled by an element of a set S.
The group defined by Γ, denoted G(Γ), is given by the presentation

〈S | labels of all closed paths in Γ〉.

Thus, G(Γ) is the largest quotient of the free group on S for which there exists a
label-preserving homomorphism of oriented graphs Γ→ Cay(G(Γ), S). See Figure 2
for an example. For brevity of statements, we shall assume in this introduction that
the set of labels S is finite. Many of our results, such as those on asphericity or
acylindrical hyperbolicity, hold for sets of labels of arbitrary cardinalities.
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Figure 2: A graph Γ labelled by the set S = {a, b, c}. The label of a path is
computed as the concatenation of the labels of its edges, where a letter is given
exponent +1 if the corresponding edge is traversed in its direction and exponent −1
if the corresponding edge is traversed in the opposite direction. Thus, G(Γ) is given
by the presentation 〈a, b, c | a2c−1b−2a−1b−1, a2b−1c−2a−1c−1, . . . 〉. The graphical
C ′(1

6)-condition is satisfied: Every piece that is a subpath of a simple closed path
has length 1, any simple closed path has length at least 7, and Γ does not admit any
non-trivial label-preserving automorphism.

A piece is a path p in a labelled graph Γ for which there exists another path
p′ in Γ such that p and p′ are labelled by the same word and such that p and p′

are essentially distinct, i.e. for every label-preserving automorphism φ of Γ we have
φ(p) 6= p′. A labelling is reduced if no vertex has two incoming edges with the same
label and no vertex has two outgoing edges with the same label. Let k ∈ N and
λ > 0. A reduced labelled graph Γ satisfies

• the graphical Gr(k)-condition if no non-trivial closed path is the concatenation
of strictly fewer than k pieces;

• the graphical Gr′(λ)-condition if for every piece p that is a subpath of a simple
closed path γ we have |p| < λ|γ|.

If, additionally, every label-preserving automorphism of Γ is the identity on every
component of Γ that has a non-trivial fundamental group, then we say that Γ satisfies
the graphical C(k)-condition, respectively graphical C ′(λ)-condition.

Our conditions generalize the version of the graphical C ′(λ)-condition studied
in [Oll06]. Our definitions, in particular, allow for non-trivial label-preserving
automorphisms of the graph and, hence, for the existence of torsion elements in
the resulting group. A classical C(k)-presentation, respectively C ′(λ)-presentation,
corresponds to a Gr(k)-labelled, respectively Gr′(λ)-labelled, graph that is a disjoint
union of cycle graphs. Thus, our graphical small cancellation conditions generalize
classical small cancellation conditions.

In this thesis, we prove general results for groups defined by arbitrary C(7)-labelled
graphs. In order to obtain similar results for groups defined by Gr(7)-labelled graphs,
we usually have to impose additional restrictions on the defining graphs. These
restrictions come from the fact that every group is defined by its own labelled Cayley
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t
s

s

t

s2

s

Figure 3: Possible choices when labelling a graph over the free product 〈s〉∗〈t〉 ∼= Z∗Z.
The edges are labelled by elements of the free factors. The group elements represented
by the labels of paths between any two vertices are the same in both graphs.

graph, and the Cayley graph satisfies every Gr(k)-condition due to the richness of
its automorphism group, see Example 1.11. The additional assumptions we have
to impose vary in their strength: For example, our acylindrical hyperbolicity result
for graphical Gr(7)-groups holds if the defining graph has some finite connected
components, while the undistorted cyclic subgroups result for Gr′(1

6)-groups holds if
all connected components of the defining graph are finite.

The above graphical small cancellation conditions are concerned with quotients
of free groups. We also provide a new interpretation of graphical small cancellation
conditions that produce quotients of free products of groups. Small cancellation
theory over free products has been used to prove various deep embedding theorems
of groups [LS77, Chapter V] and, more recently, graphical versions have been used to
construct torsion-free non-unique product groups [AS14, Ste15]. Labelling a graph
over a free product of groups involves choices of words representing group elements,
as illustrated in Figure 3. In our new definition [Gru15b], we consider the graph
obtained from choosing all possible words representing any given group element.
Formally, this graph is obtained by gluing together copies of Cayley graphs of the free
factors. Our viewpoint enables us to apply the same arguments to both graphical
presentations over free groups and over free products with surprising efficiency. For
reasons of brevity, we refer the reader to the main part of the thesis for free product
versions of our results.

Generalizations of classical methods and results

The main tool in classical small cancellation theory are van Kampen diagrams. These
are planar 2-complexes that provide a geometric way of studying the consequences of
group relators, see Figure 4. Van Kampen diagrams over classical small cancellation
presentations have a particular geometry, see Figure 5. This geometry, in conjunction
with combinatorial versions of the Gauss-Bonnet formula, is the main ingredient of
many proofs in classical small cancellation theory.

Generalizing a work of Ollivier [Oll06] for C ′(1
6)-labelled graphs, we show that

if Γ is a Gr(k)-labelled graph for k > 6, then certain minimal diagrams over the
presentation 〈S | labels of simple closed paths in Γ〉 have the same geometry as
diagrams over classical C(k)-presentations [Gru15a], see Figure 5. Our result yields
a straightforward proof of the following theorem:
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a

b

c

c

b

a

ca

b

Figure 4: A van Kampen diagram D over 〈a, b, c | aba−1b−1, bcb−1c−1, cac−1a−1〉.
The 1-skeleton is a graph labelled by the set of generators, and each 2-cell has a
boundary word in the set of relators. The diagram D encodes the fact that the
boundary word abca−1b−1c−1 of D (read in counterclockwise direction from a chosen
base vertex) represents the identity in the group G ∼= Z3 defined by the presentation.
The intersection of any two 2-cells is labelled by the overlap, i.e. by a common
subword, of two relators. Small cancellation conditions are combinatorial restrictions
on such common subwords in a presentation and therefore yield diagrams with a
particular geometry.

Figure 5: A (3, 7)-diagram. In a van Kampen diagram over a classical C(k)-
presentation, every interior face intersects at least k other faces in edges. We
call such a diagram a (3, k)-diagram. We show that for a Gr(k)-labelled graph Γ,
where k > 6, minimal diagrams over 〈S | labels of simple closed paths in Γ〉 are
(3, k)-diagrams. (3, 7)-diagrams satisfy a linear isoperimetric inequality, i.e. the
number of 2-cells of D is bounded by a linear function of the length of the boundary
of D.
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Theorem A ([Gru15a]). Let Γ be a finite Gr(7)-labelled graph. Then G(Γ) is
Gromov hyperbolic.

Theorem A utilizes the fact that minimal diagrams over the finite presentation
〈S | labels of simple closed paths in Γ〉, due to their geometric properties, satisfy a
linear isoperimetric inequality. If a group admits a finite presentation satisfying a
linear isoperimetric inequality, then it is Gromov hyperbolic [Gro87]. Similarly to
Theorem A, we obtain that a group defined by a finite Gr(6)-labelled graph admits
a finite presentation satisfying a quadratic isoperimetric inequality.

Our Theorem A not only extends the scope of [Oll06] but also simplifies technical
aspects. In particular, it provides a uniform constant for the linear isoperimetric
inequality, namely 8. In contrast, [Oll06] gives, for a finite C ′(1

6)-labelled graph Γ, a
finite presentation satisfying a linear isoperimetric inequality such that the constant
in the inequality depends on Γ.

We moreover show that every graphical C(6)-group admits an aspherical pre-
sentation. A presentation is aspherical if the associated presentation complex is
aspherical. The presentation complex is a 2-complex that has a single 0-cell, a 1-cell
for each generator, and for each relator r a 2-cell whose boundary is attached to the
1-skeleton along the closed path corresponding to r.

Theorem B ([Gru15a]). Let Γ be a C(6)-labelled graph. Then G(Γ) admits an
aspherical presentation.

This implies that G(Γ) has cohomological dimension at most 2 and, hence, G(Γ) is
torsion-free. The proof uses the facts that any van Kampen diagram over a graphical
C(6)-presentation that is drawn on a 2-sphere is reducible in an appropriate sense
and that the fundamental group of a graph is a free group. Our theorem generalizes
the results that every classical C(6)-presentation in which no relator is a proper
power is aspherical, see [Ol′91, Theorem 13.3] and [CCH81], and that groups defined
by finite C ′(1

6)-labelled graphs admit aspherical presentations [Oll06].
Note that every classical C(6)-presentation is diagrammatically aspherical [Ol′91].

A presentation is diagrammatically aspherical if every van Kampen diagram drawn on
the 2-sphere is reducible in a certain sense, see [CCH81]. If a group admits a diagram-
matically aspherical presentation, then, for example, all its finite subgroups are cyclic
[Hue79]. Since every group is a graphical Gr(6)-group, see Example 1.11, graphical
Gr(6)-groups do not in general admit diagrammatically aspherical presentations.

Coarse embedding of the graph

Gromov’s motivation for introducing graphical small cancellation theory was to
construct Gromov’s monsters as finitely generated groups with expander graphs
embedded in their Cayley graphs in a suitable way. An expander graph is a sequence
of finite graphs of growing size whose vertex degrees are uniformly bounded from
above and whose spectral gaps are uniformly isolated from 0. The current proofs
of existence of Gromov’s monsters [Gro03, AD08, Osa14] are all probabilistic and,
hence, do not give an explicit group presentation. Therefore, it is crucial to identify
the least restrictive small cancellation conditions that still yield embeddings with
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required properties of prescribed graphs into groups. Such embeddings of graphs
yield strong analytic properties of groups: A group with a weakly embedded expander
graph fails to satisfy the Baum-Connes conjecture with coefficients [HLS02]. A group
with a coarsely embedded sequence of finite d-regular graphs (d > 2) of unbounded
girth has a non-exact reduced C∗-algebra [Wil11], and, on the other hand, the same
conclusion holds for a group with an almost quasi-isometrically embedded such
sequence [FS15].

We show the following general embedding theorem:

Theorem C ([Gru15a]). Let Γ = tn∈NΓn be a Gr(6)-labelled graph, where each Γn
is finite and |V Γn| → ∞. Then Γ embeds coarsely into Cay(G(Γ), S).

A coarse embedding is a map f : X → Y of metric spaces such that for every
sequence (xn, x

′
n)n∈N in X ×X we have:

dX(xn, x
′
n)→∞⇐⇒ dY (f(xn), f(x′n))→∞.

Any graph whose components are finite admits a metric which restricts to the
shortest-path metric on each component, whence it makes sense to speak of a coarse
embedding of a sequence of finite graphs. Any coarse embedding is, in particular, a
weak embedding and, therefore, can be used to construct groups that do not satisfy
the Baum-Connes conjecture with coefficients. Recent applications of having coarsely
embedded expanders are given in [WY12] and [Hum14].

The metric nature of our result is surprising because the graphical Gr(6)-condition
does not involve the graph metric at all. From the combinatorial viewpoint, the
graphical Gr(6)-condition is the weakest condition that yields non-trivial results:
Every group is defined by a Gr(5)-labelled graph with finite components [Gol78].
Our result shows that the graphical Gr(6)-condition is strong enough to produce
groups with prescribed coarsely embedded subgraphs. Thus, this condition presents
the best possible chance of finding an explicit construction of a Gromov’s monster.
Our theorem generalizes the fact that the components of a C ′(1

6)-labelled graph
isometrically embed in the group it defines [Oll06]. Our innovation to allow graphs
with non-trivial label-preserving automorphisms is particularly advantageous in this
context because many expander graphs arise as sequences of Cayley graphs, which
are vertex-transitive graphs, see e.g. [Lub94].

Free subgroups & SQ-universality

Every non-elementary Gromov hyperbolic group contains non-abelian free subgroups
[Gro87]. This property has received much interest since, for example, every group that
contains non-abelian free subgroups is non-amenable. There exist, however, infinitely
presented direct limits of non-elementary hyperbolic groups that are amenable [Osi02].
We prove the first general result establishing non-amenability for a class of infinitely
presented graphical small cancellation groups:

Theorem D ([Gru15a]). Let Γ be a Gr(7)-labelled graph whose components are
finite, or let Γ be a C(7)-labelled graph. Then, in both cases, G(Γ) is either virtually
cyclic, or G(Γ) contains non-abelian free subgroups.
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We prove this theorem by constructing group elements g1 and g2 as certain
products of labels of paths in Γ that resemble halves of relators in a combinatorial
sense. Using the geometry of van Kampen diagrams, we show that g1 and g2 freely
generate a free group.

In the case of classical small cancellation theory, we provide a stronger result for
classical C(6)-groups:

Theorem E ([Gru15b]). Let G be defined by a classical C(6)-presentation 〈S | R〉,
where S is finite and R is infinite. Then G is SQ-universal.

A group G is SQ-universal if for every countable group C there exists a quotient
Q of G such that C embeds in Q. There exist uncountably many pairwise non-
isomorphic finitely generated groups. Therefore, every countable SQ-universal group
must have uncountably many proper quotients, whence SQ-universality can be
interpreted a strong form of non-simplicity of a group. Moreover, every SQ-universal
group contains non-abelian free subgroups.

Classical C(6)-groups form, in a sense, the largest non-trivial class of classical
small cancellation groups. Every group admits a classical C(5)-presentation. While
classical C(6)-groups are not necessarily limits of hyperbolic groups, they exhibit
features of non-positive curvature, such as the above mentioned notions of asphericity.

Arguments of small cancellation theory were first used by Britton (unpublished,
see [Sch73] for a survey) and, independently, Levin [Lev68] to prove results on the
SQ-universality of free products. Prior to our theorem, many results about the
SQ-universality of finitely presented classical small cancellation groups were known:
Every non-elementary hyperbolic group is SQ-universal [Ol′95, Del96]. This result
covers finitely presented classical C(7)-groups and, more generally, finitely presented
classical C(p)-T (q)-groups with 1

p + 1
q <

1
2 . Furthermore, the SQ-universality of

finitely presented classical C(3)-T (6)-groups has been investigated with partial
positive results [How89]. Al-Janabi claimed in his 1977 PhD thesis [AJ77] that
every finitely presented classical C(6)-group is SQ-universal, and this claim has
been restated in a still unpublished recent work of Al-Janabi, Collins, Edjvet, and
Spanu. On the other hand, prior to our work, no results about the SQ-universality
of infinitely presented small cancellation groups were known. The class of infinitely
presented classical C(6)-groups contains, for example, infinite groups without any
non-trivial finite quotients [Pri89]. Therefore, it is natural to ask whether there
exists an infinitely presented classical C(6)-group that does not admit any non-trivial
proper quotient. Theorem E provides a strong negative answer.

Theorem E refines the proof of Theorem D in the case that Γ is a disjoint union
of cycle graphs. In contrast to our acylindrical hyperbolicity result for graphical
Gr(7)-groups, see Theorem F, our argument does not involve hyperbolicity at all but
relies on the asphericity of classical C(6)-presentations. Therefore, we expect that
it can be generalized to further aspherical presentations. Our result, in fact, also
applies to large enough finite presentations, see Remark 4.18. Thus, our concise proof
recovers part of the result for finitely presented classical C(6)-groups announced in
[AJ77], which involves numerous intricate constructions and case distinctions.
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Acylindrical hyperbolicity

A group is acylindrically hyperbolic if it is non-elementary and admits an acylindrical
action with unbounded orbits on a Gromov hyperbolic space. This recent definition
of Osin [Osi13] unified several equivalent far-reaching generalizations of the notion
of Gromov hyperbolicity of a group [BF02, Ham08, DGO11, Sis11]. The class of
acylindrically hyperbolic groups is extensive: It contains all non-elementary hyperbolic
and relatively hyperbolic groups, mapping class groups, Out(Fn), the Cremona group
over C in dimension 2, many CAT(0) groups and many groups acting on trees, see
[DGO11, MO15] and references therein.

Despite the generality of the notion, being acylindrically hyperbolic has strong
consequences for a group: Every acylindrically hyperbolic group is SQ-universal
[DGO11], it contains free normal subgroups [DGO11], it contains Morse elements and,
hence, all its asymptotic cones have cut-points [Sis13], and its bounded cohomology
is infinite dimensional in degrees 2 [BF02, HO13] and 3 [FPS13]. Moreover, if an
acylindrically hyperbolic group does not contain finite normal subgroups, then its
reduced C∗-algebra is simple [DGO11], and every commensurating endomorphism is
an inner automorphism [AMS13].

In a joint work with Sisto, we show the following result, which strengthens the
conclusion of Theorem D:

Theorem F ([GS14]). Let Γ be a Gr(7)-labelled graph whose components are finite,
or let Γ be a C(7)-labelled graph. Then, in both cases, G(Γ) is either virtually cyclic
or acylindrically hyperbolic.

This theorem has two implications: First and foremost, it implies all of the
above mentioned properties for infinitely presented graphical Gr(7)-groups. In
particular, it yields simplicity of the reduced C∗-algebras of the Gromov’s monsters
due to Osajda [Osa14] and of the non-C∗-exact coarsely embeddable groups due to
Arzhantseva and Osajda [AO14, Osa14]. Moreover, it shows that the groups with
two non-homeomorphic asymptotic cones due to Thomas and Velickovic [TV00] have
cut-points in all of their asymptotic cones. Second, the theorem implies that the
class of acylindrically hyperbolic groups contains the class of infinitely presented
graphical Gr(7)-groups. Thus, graphical small cancellation theory can be used to
construct examples of acylindrically hyperbolic groups.

To prove acylindrical hyperbolicity, we use an equivalent characterization: A
group G is acylindrically hyperbolic if and only if G admits an action by isometries
on a Gromov hyperbolic space Y such that there exists a WPD element for the action
of G on Y . A WPD element is a particular type of hyperbolic element; WPD stands
for weak proper discontinuity. Thus, our proof requires two steps: constructing a
hyperbolic space and finding a WPD element.

If Γ is a Gr(7)-labelled graph, then the presentation 〈S | labels of simple closed
paths in Γ〉 satisfies a linear isoperimetric inequality. Thus, if Γ is finite, then
X := Cay(G(Γ), S) is hyperbolic. If, however, Γ is infinite, then X need not be
hyperbolic. This is because embedded cycle graphs in X labelled by relators can
have arbitrarily large diameter, whence the combinatorial property of satisfying a
linear isoperimetric inequality does not yield metric consequences for X.
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Figure 6: Left: The graph induced by the image of a component of Γ in X. Right:
The (complete) graph in induced by the image of a component of Γ in Y .

We show that if in X we cone-off every embedded cycle graph labelled by a relator,
i.e. turn it into a subspace of uniformly bounded diameter, then the resulting space
Y is hyperbolic. Y is obtained explicitly from X by adding edges such that every
embedded component of Γ in Y induces a complete graph, i.e. Y = Cay(G(Γ), S∪W ),
where W is the set of all elements of G(Γ) represented by words read on (non-closed)
paths in Γ, see Figure 6. The very explicit nature of the space Y enables us to use
arguments of classical small cancellation theory [Str90] to show that the generators
of the free subgroup from Theorem D are WPD elements. In the particular case of
graphical Gr′(1

6)-groups, we moreover obtain a description of the geodesics in Y in
terms of geodesics in X. This enables to prove, for instance, that the action of G(Γ)
on Y is not acylindrical in general, see Example 5.23.

Our novel uniform cone-off construction for producing a hyperbolic space can be
applied in the more general situation of an infinite presentation satisfying a certain
sub-quadratic isoperimetric inequality. We expect that our following proposition,
which builds on a result of Bowditch [Bow95], will have further applications in the
study of direct limits of hyperbolic groups. In the statement, we denote by M(S)
the free monoid on S t S−1.

Proposition G ([GS14]). Let 〈S | R〉 be a presentation of a group G, where R ⊆
M(S) is closed under cyclic conjugation and inversion. Let W0 be the set of all
subwords of elements of R. Suppose there exists a sub-quadratic map f : N → N
with the following property for every w ∈M(S): If w is trivial in G and if w can be
written as product of N elements of W0, then there exists a diagram with at most
f(N) faces whose boundary word is w. Denote by W the image of W0 in G. Then
Cay(G,S ∪W ) is Gromov hyperbolic.

Lacunary hyperbolicity

Gromov hyperbolicity of a group can be defined in terms of the large scale geometry
of its Cayley graph: A finitely generated group is hyperbolic if and only if every one
of its asymptotic cones is an R-tree, i.e. a 0-hyperbolic space. A generalization of
this definition is the following: A finitely generated group is lacunary hyperbolic if
and only if at least one of its asymptotic cones is an R-tree.
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Lacunary hyperbolic groups were first mentioned by Gromov in [Gro03] and
formally introduced and studied by Ol′shanskii, Osin, and Sapir in [OOS09]. This
class of group contains such groups as Gromov’s monsters [Gro03, AD08] and torsion-
free versions of Tarski monsters [OOS09]. We show that graphical small cancellation
presentations can be used to construct examples of lacunary hyperbolic groups:

Theorem H ([Gru15a]). Let Γ = tn∈NΓn be a Gr(7)-labelled graph, where each Γn
is finite. Then there exists an infinite sequence (kn)n∈N such that G(tn∈NΓkn) is
lacunary hyperbolic.

Since any infinite subsequence of an expander graph is itself an expander graph,
our result shows that any Gromov’s monster constructed from a Gr(7)-labelled graph
can be made lacunary hyperbolic. If the stronger graphical Gr′(1

6)-condition holds,
then we give a precise characterization, showing that a lacunary hyperbolic group
arises if and only if the sizes of graphs grow quickly enough:

Theorem I ([Gru15a]). Let Γ = tn∈NΓn be a Gr′(1
6)-labelled graph, where each

Γn is finite and connected. Assume that diam(Γn) = O(girth(Γn)). Then G(Γ) is
lacunary hyperbolic if and only if for every K > 0 there exists a > 1 such that
[a, aK] ∩ {girth(Γn) | n ∈ N} = ∅.

The assumptions of Theorem I are, in particular, satisfied by the small cancellation
labelled graphs obtained by Osajda’s probabilistic method [Osa14]. Theorem I
generalizes a result of Ol′shanskii, Osin, and Sapir for classical C ′(1

6)-groups [OOS09].

New divergence functions

It is unknown whether the class of acylindrically hyperbolic groups is closed under
quasi-isometries of groups [DGO11, Problems 9.1, 9.2]. Analyzing how given quasi-
isometry invariants behave in this class of groups is a way to shed light on this question.
Therefore, in a joint work with Sisto, we consider a quasi-isometry invariant called
divergence.

The divergence function of a 1-ended group measures the lengths of paths between
two points that avoid given balls in the Cayley graph. It was first studied in [Gro93]
and [Ger94], and in recent years, for example, in [Beh06, OOS09, DR09, DMS10,
BD11, BC12, Sis12]. Acylindrically hyperbolic groups have super-linear divergence
[Sis13], as they contain Morse elements. For non-elementary hyperbolic groups the
divergence functions are exponential, while for the mapping class groups of closed
orientable surfaces of genus at least 2 they are quadratic [Beh06, DR09]. For every
polynomial p, there exists a CAT(0)-group realizing p as its divergence function
[BD11, Mac13]. In general, however, the question which functions can be obtained
as the divergence functions of groups is wide open.

Our following result shows that such tame behavior as in the mentioned examples
cannot be expected in general: We provide the first groups whose divergence functions
lie in the gap between polynomial and exponential functions. Since the presentations
we construct satisfy the classical C ′(1

6)-small cancellation condition, Theorem F
implies that the groups we construct are acylindrically hyperbolic.
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Theorem J ([GS14]). Let rN := (aNbNa−Nb−N )4, and for I ⊆ N, let G(I) be
defined by the presentation 〈a, b | ri, i ∈ I〉. Then, for every infinite set I ⊆ N, we
have:

lim inf
n→∞

DivG(I)(n)

n2
<∞.

Let {fk | k ∈ N} be a countable set of subexponential functions. Then there exists
an infinite set J ⊆ N such that for every function g satisfying g � fk for some k we
have for every subset I ⊆ J :

lim sup
n→∞

DivG(I)(n)

g(n)
=∞.

Here DivG(I)(n) denotes the divergence of G(I) at scale n. The proof of Theorem J
relies on two facts: First, given a classical C ′(1

6)-presentation, any embedded cycle
graph labelled by a relator is isometrically embedded. This enables us to show that
the relator rn admits detours of quadratic length at scale ≈ n. Second, any finitely
presented classical C ′(1

6)-group is hyperbolic, and hyperbolic groups have exponential
divergence. Thus, if we choose a sufficiently sparse set of relators, the divergence
function becomes asymptotically larger than any one of the subexponential functions.

Since every non-trivially relatively hyperbolic group has at least exponential
divergence [Sis12], the groups we construct are not relatively hyperbolic. We also
provide a more direct tool for constructing non-relatively hyperbolic groups and, using
small cancellation presentations over free products of groups, show that every finitely
generated infinite group is a non-degenerate hyperbolically embedded subgroup of a
non-relatively hyperbolic group, see Theorem 7.11.

Distortion of cyclic subgroups in small cancellation groups

Ever since Greendlinger’s contribution of Greendlinger’s lemma [Gre60a], the classical
C ′(1

6)-condition has been a popular tool for constructing infinite groups. The classical
C(7)-condition, on the other hand, is more general, and for many proofs more
conceptual. Both conditions have been present in small cancellation theory from the
very first definitions due to Tartakovskĭı, and many structural results hold for both
classical C ′(1

6)-groups and C(7)-groups alike. Prior to our work, it was unknown
whether these two classes of groups coincide.

We give the first result that distinguishes these classes of groups by construct-
ing uncountably many classical C(7)-groups that do not admit classical C ′(1

6)-
presentations. Our result, moreover, allows us to distinguish the classes of groups
defined by the graphical generalizations of the classical C ′(1

6)-condition and C(7)-
condition.

Theorem K ([Gru15b]). Let k ∈ N. Then there exists an uncountable family (Gi)i∈I
of pairwise non-quasi isometric finitely generated groups such that:

• Every Gi admits a classical C(k)-presentation with a finite generating set.

• No Gi is isomorphic to any group defined by a C ′(1
6)-labelled graph.
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• No Gi is isomorphic to any group defined by a Gr′(1
6)-labelled graph whose

components are finite.

The decisive feature of the Gi is that they have distorted cyclic subgroups. If
G is a Gromov hyperbolic group, then all cyclic subgroups of G are undistorted
[Gro87], whence finitely presented graphical Gr′(1

6)-groups have all cyclic subgroups
undistorted. We generalize this result to infinitely presented groups:

Theorem L ([Gru15b]). Let Γ be a C ′(1
6)-labelled graph, or let Γ be a Gr′(1

6)-labelled
graph whose components are finite. Then every cyclic subgroup of G(Γ) is undistorted.

Our proof of Theorem L is a direct and explicit study of the geometry of the
Cayley graph of G(Γ). It builds on Strebel’s description of geodesic bigons in the
Cayley graphs of classical C ′(1

6)-groups [Str90]. For infinitely presented classical
C ′(1

6)-groups, the result of Theorem L can also be deduced from the fact that they
act properly on CAT(0) cube complexes [AO15]. Every group acting properly on a
CAT(0) cube complex has all cyclic subgroups undistorted [Hag07]. In particular,
the classical C(k)-groups we construct in Theorem K do not act properly on CAT(0)
cube complexes.

Non-unique product subgroups of hyperbolic groups

A famous conjecture of Kaplansky states that the group ring over any field of any
torsion-free group does not contain any zero divisors [Kap57]. The unique product
property was introduced by Cohen [Coh74] as a way of proving Kaplansky’s conjecture
for certain groups: A group G has the unique product property if for every pair of
non-empty finite subsets A and B of G, there exists g ∈ G for which there exist
unique elements a ∈ A and b ∈ B such that g = ab.

It is a major open question in geometric group theory whether every Gromov
hyperbolic group is residually finite. Delzant showed that a group acting with large
enough injectivity radius by isometries on a Gromov hyperbolic space has the unique
product property [Del97]. Every residually finite group G has finite index subgroups
acting on G with arbitrarily large injectivity radii. Therefore, every residually finite
hyperbolic group admits a finite index subgroup with the unique product property.
In other words, the existence of an infinite hyperbolic group all of whose finite index
subgroups are non-unique product would provide an example of a non-residually
finite hyperbolic group. The following theorem, obtained in joint work with Martin
and Steenbock, is a step towards finding such a group:

Theorem M ([GMS15]). Let k > 1 be an integer. Then there exists a torsion-free
Gromov hyperbolic group G without the unique product property such that for all
1 6 l 6 k:

• there exists a subgroup of index l, and

• every subgroup of index l is a non-unique product group.
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Theorem M answers a question of Arzhantseva and Steenbock [AS14]. In order
to prove the theorem, we generalize to graphical small cancellation theory a result
of Comerford [Com78] which, given a subgroup H of a small cancellation group G,
explicitly produces a small cancellation presentation of H ∗ Fk−1, where k = [G : H].
We apply this construction to the torsion-free non-unique product groups due to
Rips and Segev [RS87]. As shown by Steenbock [Ste15], these groups are graphical
small cancellation groups. We prove Theorem M by producing for each k an explicit
Rips-Segev group in such a way that the generalized Comerford construction yields
the desired claim on its subgroups.



Chapter 1

Graphical small cancellation
presentations

In this chapter we give precise definitions of our graphical small cancellation conditions
and develop our main tools for studying them.

In Section 1, we explain the notion of a labelled graph and discuss how it defines
a group. Section 2 provides graphical small cancellation conditions for constructing
quotients of a free group, and Section 3 gives examples. In Section 4, we recall
facts about the main combinatorial tools of classical small cancellation theory, so-
called diagrams. Section 5 provides the proof of the main technical tool of this
thesis, a graphical version of the so-called van Kampen lemma, which will enable us
to apply many arguments of classical small cancellation theory to graphical small
cancellation presentations. In Section 6, we present a new viewpoint on graphical
small cancellation conditions for constructing quotients of free products which enables
straightforward applications of our arguments for graphical presentations over free
groups to graphical presentations over free products.

The main mathematical contributions of Sections 1–5 were published in [Gru15a];
the content of Section 6 was published in [Gru15b].

1.1 The group defined by a labelled graph

We use the notion of graph in the sense of Serre [Ser80, Chapter I], i.e. a graph Γ
is an ordered pair of sets (V Γ, EΓ) together with maps ι, τ : EΓ → V Γ which we
think of as assigning initial and terminal vertices and a fixed-point free involution
·−1 : EΓ→ EΓ such that τ ◦ ·−1 = ι. The set V Γ is the vertex set of Γ and EΓ is
the edge set of Γ.

If S is a set, then we denote by S−1 a set of formal inverses of the elements of S.
A labelling of a graph Γ by a set S is a map EΓ→ S t S−1 that commutes with the
respective inversion maps. A labelled graph is a graph together with a labelling by
some given set. Unless specified otherwise, we denote the labelling map by ` and the
set of labels, also called alphabet, by S.

A path in a graph is a finite sequence of edges p = (e1, e2, . . . , en) such that for

19
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each 1 6 i < n we have τei = ιei+1. If p is a path in a graph Γ labelled by a set S,
then the label of p, denoted `(p), is the product of the labels of its edges in M(S), the
free monoid on S t S−1. A path p = (e1, e2, . . . , en) is closed if n = 0 or ιe1 = τen.

Definition 1.1. Let Γ be a graph labelled by a set S. The group defined by Γ,
denoted G(Γ), is given by the presentation

〈S | labels of closed paths in Γ〉.

See Remark 1.4 for a brief discussion of different presentations of G(Γ).

Example 1.2 (The Cayley graph). Let G be a group, S a set and π : F (S)→ G an
epimorphism, where F (S) denotes the free group on S. The Cayley graph of G with
respect to S (and π) is the labelled graph Γ with V Γ = G and EΓ = G× (S t S−1),
where for every g ∈ G, s ∈ S t S−1:

• ι(g, s) = g, τ(g, s) = gπ(s),

• (g, s)−1 = (gπ(s), s−1),

• `(g, s) = s.

Then G ∼= G(Γ).

Let Γ be a graph labelled by S, and let Γ0 be a component of Γ. Let v ∈ V Γ0,
and let g ∈ G(Γ) = V Cay(G(Γ), S). Then the labelling of Γ induces a unique
label-preserving graph homomorphism

f : Γ0 → Cay(G(Γ), S)

with f(v) = g. Conversely, let G be a group, and let π : F (S)→ G be an epimorphism
such that every component of Γ admits a label-preserving map to Cay(G,S). Since
every closed path in Γ maps to a closed path in Cay(G,S), we have that the label
of every closed path in Γ lies in the kernel of π, i.e. the identity on S induces an
epimorphism G(Γ) → G. Thus we can think of G(Γ) as the largest quotient G of
F (S) such that Γ maps to Cay(G,S).

Remark 1.3 (The topological viewpoint). A graph Γ can be identified with a 1-dim-
ensional CW-complex: In this identification, every vertex corresponds to a 0-cell, and
every pair of elements {e, e−1} ⊆ EΓ corresponds to a 1-cell, which is attached to
the 0-skeleton along the endpoints of e. A labelling of Γ by S corresponds to a map
of 1-complexes ` : Γ→ K, where K has a single 0-cell ν and for each element of S an
attached 1-cell. If we fix base vertices vi in each component Γi of Γ, then ` induces a
map `∗ : ∗i∈Iπ1(Γi, vi)→ π1(K, ν) ∼= F (S), and we have G(Γ) ∼= π1(K, ν)/〈〈im(`∗)〉〉,
where 〈〈−〉〉 denotes the normal closure. Hence, if we denote by C the disjoint union
of topological cones over the components of Γ, then G(Γ) is the fundamental group
of the space obtained by attaching C to K along `.
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Notation for graphs and paths. Let Γ be a graph. The degree of a vertex
v ∈ V Γ, denoted d(v), is the number of edges e ∈ EΓ with ιe = v. A line graph is a
non-empty finite connected graph in which exactly two vertices have degree 1 and
all other vertices have degree 2, and a cycle graph is a non-empty finite connected
graph in which all vertices have degree 2.

Let p = (e1, e2, . . . , en) be a path. If p is non-empty, we denote ιp := ιe1 and
τp := τen. A subpath of p is a connected subsequence of (e1, e2, . . . , en). The inverse
of p, denoted p−1, is (e−1

n , e−1
n−1, . . . , e

−1
1 ). A path p is reduced if it has no subpath of

the form (e, e−1). The path obtained from p by iteratively removing all subpaths of
the form (e, e−1) is the reduction of p, and p is trivial if its reduction is the empty
path. A path p is closed if ιp = τp or if p is empty; p is simple if p is non-empty
and no non-empty subpath of p is closed, and p is simple closed if p is non-empty,
closed, and no proper non-empty subpath of p is closed. A cycle is a set of paths
that consists of all cyclic shifts of a closed path, and a simple cycle is a cycle one of
whose elements is a simple closed path. If e is an edge, we denote by e the path (e) of
length 1. If p is a path in a graph Γ, then we denote by im(p) the inclusion-minimal
subgraph of Γ containing all edges of p.

Let Γ and Θ be graphs labelled by S, and let p be a path in Θ. A lift of p in Γ is
a path p̃ in Γ such that `(p) = `(p̃). If no edge occurs more than once in p, then the
lift p̃ of p induces a unique lift for every subpath q of p. We call such a lift the lift of
q to Γ via p 7→ p̃. Similarly, if γ is a cycle in Θ, then a lift of γ in Γ is a cycle γ̃ in
Γ with the same set of labels together with a map f : γ → γ̃ that commutes with
cyclic shifts of paths. Again, if γ contains a path in which no edge occurs more than
once, then the lift γ̃ of γ induces a unique lift for every subpath q of γ. This lift can
be realized as the lift of q via p 7→ f(p), where p ∈ γ such that q is a subpath of p.

If P and Q are sets of paths, then we denote by P uQ the set of all non-empty
paths ρ for which there exist p ∈ P and q ∈ Q such that ρ is both a subpath of p and
a subpath of q. If p is a path, we use the shorthand p uQ := {p} uQ. The relation
“is a subpath of” defines a partial order on any set of paths. If a set of paths P has a
unique maximal element, we denote it by max(P ).

Remark 1.4 (Different presentations of G(Γ)). The presentation 〈S | labels of closed
paths in Γ〉 of G(Γ) immediately yields a homomorphism Γ → Cay(G(Γ), S) as
discussed above and, hence, the set of labels of closed paths in Γ is a canonical choice
of relators for obtaining such a map.

The set of labels of simple closed paths in Γ has the same normal closure in F (S)
as the set of labels of closed paths in Γ and, hence, also defines G(Γ). This set of
relators has the advantage that it is finite if Γ is finite. Moreover, the results of
Section 1.5 show that this set of relators is technically very useful in connection with
our graphical small cancellation conditions.

Another presentation of G(Γ) is given by choosing the set of relators to be the
words read on free generating sets of the fundamental groups of the connected
components of Γ. This presentation is useful from a topological viewpoint as seen in
Section 2.2.
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1.2 Graphical small cancellation conditions over free
groups

We present graphical small cancellation conditions over free groups. These generalize
classical small cancellation conditions, as explained in Example 1.10.

Definition 1.5. Let Γ and Θ be graphs labelled over the same set, and let p be a
path in Θ. Then p is a piece with respect to Γ if there exists lifts of p1 and p2 of p in
Γ such that there does not exist a label-preserving automorphism φ : Γ → Γ with
p2 = φ(p1).

In most cases we discuss, the role of Θ in the above definition will be played by
either Γ itself or by the 1-skeleton of a so-called diagram, see Section 1.4.

A labelling of a graph Γ is reduced if for any two edges e, e′ ∈ EΓ with e 6= e′

and ιe = ιe′ we have `(e) 6= `(e′). In other words, the labels of reduced paths are
reduced elements of M(S). We have the following immediate observations for a piece
p with respect to a reduced labelled graph:

• If the reduction p′ of p is non-empty, then p′ is a piece.

• Every non-empty subpath of p is a piece.

• The inverse path of p is a piece.

The following are our main definitions of graphical small cancellation conditions.
They can be seen as an interpretation of Gromov’s “combinatorial 1/k-condition”
[Gro03, p. 86].

Definition 1.6. Let Γ be a labelled graph, and let k ∈ N. We say Γ satisfies the
graphical Gr(k)-condition if

• the labelling of Γ is reduced and

• no simple closed path is the concatenation of strictly fewer than k pieces.

If, moreover, every label-preserving automorphism of Γ is the identity on every
component of Γ that has non-trivial fundamental group, then we say Γ satisfies the
graphical C(k)-condition.

We shall see in Example 1.10 that the graphical Gr(k)-condition generalizes
the classical C(k)-condition. We shall also see in Example 1.11 that every group
is defined by a Gr(k)-labelled graph for every k ∈ N. Hence, whenever proving a
general result about groups defined by Gr(k)-labelled graphs for a given k, we will
have to make additional assumptions, such as requiring the graph to have finite
components. On the other hand, most of our results will hold for groups defined
by arbitrary C(k)-labelled graphs. This is why we consider these two conditions
separately.

We also study metric versions of these conditions:
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Definition 1.7. Let Γ be a labelled graph, and let λ > 0. We say Γ satisfies the
graphical Gr′(λ)-condition if

• the labelling of Γ is reduced and

• for any piece p that is a subpath of a simple closed path γ we have |p| < λ|γ|.

If, moreover, every label-preserving automorphism of Γ is the identity on every
component of Γ that has non-trivial fundamental group, then we say Γ satisfies the
graphical C ′(λ)-condition.

It is obvious that if Γ satisfies the graphical Gr′(λ)-condition, then Γ satisfies
the graphical Gr(b 1

λc+ 1)-condition. We record the following useful fact:

Lemma 1.8. Let Γ be a graph with a reduced labelling, and let k ∈ N. Then the
following are equivalent:

i) Γ satisfies the graphical Gr(k)-condition.

ii) No non-trivial closed path is the concatenation of strictly fewer than k pieces.

iii) No non-trivial reduced closed path is the concatenation of strictly fewer than k
pieces.

Proof. The implications ii)⇒ iii)⇒ i) are obvious. Now suppose i) holds. Let γ be
a non-trivial closed path in Γ, and suppose γ = p1p2 . . . pn, where each pi is a piece.
Then the reduction of γ can be written as q1q2 . . . qm where each qi is a non-empty
subpath of the reduction of a pj , and m 6 n. Let γ′ be a simple closed subpath of γ.
Then γ′ = r1r2 . . . rl, where each ri is a non-empty subpath of some qj , and l 6 m.
By assumption, we have k 6 l and, hence, k 6 l 6 m 6 n.

1.3 Examples

We provide examples of labelled graphs satisfying our small cancellation conditions.

Example 1.9. Let S = {a, b, c}, and let Γ be as in Figure 1.1. The group G(Γ) is
given by the presentation

〈a, b, c | a2c−1b−2a−1b−1, a2b−1c−2a−1c−1, . . . 〉.

Γ satisfies the graphical C ′(1
6)-condition: The labelling is reduced, any piece that is

subpath of a simple closed path has length at most 1, any simple closed path has
length at least 7, and Γ does not admit any non-trivial label-preserving automorphism.

Example 1.10 (Classical small cancellation presentations). Let R ⊆M(S) for a set
S. Given r ∈ R, denote by [r] the set of all its cyclic conjugates and their inverses.
Let γ[r] denote the cycle graph labelled by [r], i.e. there exists a simple closed path p
in γ[r] such that `(p) = r and im(p) = γ[r]. Denote

ΓR :=
⊔

[r]⊆M(S), [r]∩R 6=∅

γ[r].
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Figure 1.1: The C ′(1
6)-labelled graph Γ.

The set R satisfies the classical C(k)-condition, respectively classical C ′(λ)-condition,
given in [LS77, Chapter V] if and only if the following hold:

• ΓR satisfies the graphical Gr(k)-condition, respectively Gr′(λ)-condition,

• for every r ∈ R, we have [r] ⊆ R.

This is because the reduced pieces with respect to ΓR are exactly the paths labelled
by classical pieces with respect to R and because the labelling of ΓR is reduced if
and only if every element of R is cyclically reduced.

The set R satisfies the classical C(k)-condition, respectively classical C ′(λ)-
condition, and does not contain any proper powers if and only if the following
hold:

• ΓR satisfies the graphical C(k)-condition, respectively C ′(λ)-condition,

• for every r ∈ R, we have [r] ⊆ R.

This is because of the above observation and the fact that a cycle graph with a
reduced labelling admits a non-trivial label-preserving automorphism if and only if it
labelled by a proper power.

Example 1.11 (Every group is a graphical small cancellation group). Suppose Γ is
the labelled Cayley graph of a group G as in Example 1.2. Then G acts transitively
on V Γ by label-preserving automorphisms. Since the labelling of Γ is reduced, every
path in Γ is uniquely determined by its initial vertex and its label. Whenever we have
two paths p and p′ with the same label, there exists a label-preserving automorphism
φ : Γ→ Γ with φ(ιp) = ιp′, whence p′ = φ(p). Thus, there exist no pieces and, hence,
Γ satisfies every graphical Gr(k)-condition and every graphical Gr′(λ)-condition.
Note that G(Γ) = G.

The above example can be extended to a more general setting. If Γ is a labelled
graph and Γ̃ is a cover of the graph Γ, then the covering map Γ̃→ Γ induces a map
EΓ̃→ EΓ which, in turn, induces a labelling of Γ̃. Thus, we can speak of a labelled
cover of a labelled graph.
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Remark 1.12 (Covers of small cancellation graphs). Let Γ be a connected labelled
graph that satisfies the graphical C(k)-condition for k > 2 or the graphical C ′(λ)-
condition for λ < 1. We show that every connected regular labelled cover Γ̃ of Γ
satisfies the Gr(k)-condition, respectively Gr′(λ)-condition.

Denote by π the covering map. If γ is a closed path in Γ̃, then π(γ) is a closed
path. Since Γ̃ is a regular cover, the group of deck transformations acts transitively
on each fiber and, by construction, it acts on Γ̃ by label-preserving automorphisms.
Hence, if p and p′ are any essentially distinct paths in Γ̃, then π(p) and π(p′) are
distinct in Γ. If Γ has a non-trivial fundamental group, then Γ does not admit
any label-preserving automorphism by assumption, whence, in this case, π(p) and
π(p′) are essentially distinct and, therefore, π maps pieces to pieces. If Γ is simply
connected, then Γ = Γ̃, and the statement is obvious.

Example 1.13 (Every countable group embeds into a 2-generated graphical small
cancellation group). Let G be a countable group. We show that there exists a
2-generated graphical Gr′(1

6)-group that contains G as subgroup.

We can write G as a quotient of F∞, the free group on a countably infinite
generating set, by a normal subgroup N P F∞. Let Γ0 be a connected graph with
fundamental group of countably infinite rank endowed with a C ′(1

6)-labelling by the
set S = {a, b}, as in Figure 1.2. Let v0 ∈ V Γ0, and identify π1(Γ0, v0) with F∞. Let
Γ be the regular labelled cover Γ of Γ0 corresponding to the normal subgroup N of
F∞. We claim that G(Γ) contains G as subgroup.

Observe that G acts freely on Γ by deck transformations and, thus, by label-
preserving automorphisms. This induces an action of G on Cay(G(Γ), S) as follows:
Let v ∈ V Γ, and consider the label-preserving graph homomorphism f : Γ →
Cay(G(Γ), S) that maps v to 1. For g ∈ G, denote by φg the induced automorphism
of Γ and, for x ∈ G(Γ), define ψg(x) := f(φg(v))x. Then the map g 7→ ψg is a
homomorphism and, hence, an action of G. We shall see in Lemma 3.2 that f is an
injective map. Thus G acts freely, and in particular faithfully, by label-preserving
automorphisms on Cay(G(Γ), S). The group of label-preserving automorphisms of
Cay(G(Γ), S) is isomorphic to G(Γ). Therefore, G is a subgroup of G(Γ).

If G is finitely generated, we may choose Γ0 to be finite. In this case, G acts
cocompactly on Γ and, since the action is proper, G is quasi-isometric to Γ. We shall
see in Lemma 3.12 that Γ is isometrically embedded in Cay(G(Γ), S). Therefore, G
is quasi-isometrically embedded in G(Γ).

Example 1.14 (Labelling subdivisions of graphs). If e is an edge in a graph, then
j-subdividing e means replacing e by a line graph of length j, as illustrated in
Figure 1.3. If Γ is a graph, then we say Γ′ is an edge-subdivision of Γ if Γ′ is obtained
from Γ by a (possibly infinite) sequence of subdivisions of single edges of Γ.

Let Γ be a countable graph whose vertex-degrees are uniformly bounded from
above by d ∈ N, and let k ∈ N. We provide an explicit Gr(k)-labelling of a subdivision
of Γ.

First, we k-subdivide every edge of Γ to obtain a graph Γ′ with girth(Γ′) > k.
Consider the alphabet S = {a, c1, c2, . . . , ck}. Since the degrees of vertices of Γ′ are
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b28

a a . . .

Figure 1.2: A connected C ′(1
6)-labelled graph with infinite rank fundamental group.

Here a drawn edge labelled by bk represents a sequence of k edges labelled by b.
Every piece that is a subpath of a simple closed path has a label that is a subword
of (abk)±1 or (bka)±1 for k > 0.

bounded by d, there exists for every v ∈ V Γ′ an injective map

lv : {e | e ∈ EΓ′, ιe = v} → {c1, c2, . . . , cd}.

Moreover, since Γ′ is countable, there exists an injection f : EΓ′ → N \ {0}.
Now we further subdivide Γ′ and label as follows: We choose a subset E0 ⊂ EΓ′

such that for each e ∈ EΓ′, either e or e−1 is in E0. For every e ∈ E0, we f(e) + 2-
subdivide e, and we label the resulting line graph such that there exists a simple
path p from ιe to τe with `(p) = lιe(e)a

f(e)lτe(e
−1)−1, as illustrated in Figure 1.4.

Denote the resulting labelled graph by Γ′′.

By construction, no path whose label is c±1
i anc∓1

j for n 6= 0 is a piece. Therefore,
since Γ′ has girth at least k, the labelled graph Γ′′ satisfies the graphical C(k)-
condition.

e

Figure 1.3: We 3-subdivide an edge.

e
c2

c3
c4

c1 a . . . a

c3

c2
c1

c4

Figure 1.4: We subdivide and label as in Example 1.14.
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a
a

a

b
c

b

a

b

Figure 1.5: Left: an example of a simple disk diagram D. By our definition, there
may exist non-simply connected faces; in this case, there exists a face homeomorphic
to a closed annulus. The path ∂D is drawn as dotted line, and we have `(∂D) = ba−1.
Right: an example of a singular disk diagram (drawn schematically) with its boundary
path.

1.4 Diagrams

Diagrams are central objects in small cancellation theory that let us draw conse-
quences of group relators on surfaces, such as R2 or S2. This enables us to use
geometric and topological arguments to prove results about groups given by abstract
presentations. Our discussion builds on [LS77, Chapter V], [Ol′91, Chapter 4], and
[CH82]. The word diagram will refer to a singular disk diagram or a spherical
diagram. The notion of a CW-complex will be used as in [Hat02, Chapter 0].

1.4.1 Singular disk diagrams

A singular disk diagram D over a set S is a finite, simply connected, 2-dimensional
CW-complex embedded into R2 with the following additional data:

• The 1-skeleton D(1) of D is a graph labelled by S.

• A closed path ∂D in the graph D(1) traversing the topological boundary of D
(as defined below) with counterclockwise orientation is chosen.

Given D embedded in R2, we can compactify R2 by adding a point at infinity.
The identification R2 ∪ {∞} ∼= S2 yields a 2-complex ∆ that is homeomorphic to
S2 such that ∆ contains D as subcomplex and has a 2-cell b∞ corresponding to
the unbounded region in R2 that is the complement of D. A path traversing the
topological boundary of D is a path in the graph D(1) that can be realized as the
image under the attaching map of a simple closed path along the boundary of b∞.
See Figure 1.5 for an example.

We call ∂D the boundary path of D and the label of ∂D the boundary word of
D. A path in D is a path in D(1), where D(1) is considered as a graph. A face Π of
D is the topological closure of the image of a 2-cell b under its attaching map. The
boundary cycle ∂Π+ of Π is the set of cyclic shifts of the image γ under the attaching
map of a simple closed path along the boundary of b, such that γ has counterclockwise
orientation. We denote ∂Π− = {γ−1 : γ ∈ ∂Π+} and set ∂Π = ∂Π+ ∪ ∂Π−. We call
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any γ ∈ ∂Π a boundary path of Π and the label of γ a boundary label of Π. A simple
disk diagram is a singular disk diagram that is homeomorphic to the closed 2-disk.

1.4.2 Spherical diagrams

A spherical complex is a set of 2-spheres embedded into R3 connected by simple
curves such that no sphere contains the other, such that the intersection of two
spheres consists of at most one point and such that the entire complex is simply
connected. A spherical diagram over S is a finite 2-complex homeomorphic to a
spherical complex, such that, again, the 1-skeleton is a graph labelled by S. A simple
spherical diagram is a spherical diagram homeomorphic to the 2-sphere. It is our
convention that a spherical diagram D has an empty boundary path ∂D.

We make the same definitions associated to faces as above, with one adaption
due to the fact that the word counterclockwise does not necessarily make sense. We
specify positive boundary cycles in such a way that for any two faces Π1 6= Π2 of D
we have ∂Π+

1 u ∂Π+
2 = ∅: For any simple spherical component ∆ of D, we choose a

face Π in ∆. Denote by Π(1) the 1-skeleton of Π (i.e. the union of all vertices and
edges in Π). By definition, Π \ Π(1) is homeomorphic to an open 2-disk. We map
∆ \ (Π \ Π(1)) to R2 by means of the stereographic projection with respect to any
point in Π \Π(1). The image ∆′ of ∆ \ (Π \Π(1)) in R2 is a singular disk diagram.
We pull-back the orientation of each face in ∆′ to its preimage and define ∂Π+ to
contain the preimage of ∂∆′−1.

1.4.3 Van Kampen’s lemma

The following so-called van Kampen’s lemma enables us to geometrically realize
consequences of group relators. It was first stated by van Kampen [vK33]. For proofs,
see [LS77, Chapter V] and [Ol′91, Chapter 4].

Given a presentation 〈S | R〉, where R ⊆ M(S), a diagram over 〈S | R〉 is a
diagram D over S such that every face of D has a boundary label in R. A diagram
D is reduced if for any two faces Π1 and Π2 and any γ1 ∈ ∂Π+

1 and γ2 ∈ ∂Π−2 such
that γ1 and γ2 have the same edge as initial subpath, the word `(γ1γ

−1
2 ) is not freely

trivial.

Let w ∈M(S). We say w is trivial over 〈S | R〉 if the image of w in F (S) lies in
the normal closure of the image of R in F (S). A diagram for w over 〈S | R〉 is a
singular disk diagram over 〈S | R〉 whose boundary word is w.

Theorem 1.15 (Van Kampen’s lemma). Let 〈S | R〉 be a group presentation. Then
w ∈M(S) is trivial over 〈S | R〉 if and only if there exists a reduced diagram for w
over 〈S | R〉.

1.4.4 Curvature in diagrams

Let D be a diagram. An edge e in D is interior if neither e nor e−1 is a subpath
of ∂D; otherwise e is exterior or a boundary edge. A face Π in D is interior if it
contains no exterior edge; otherwise it is exterior or a boundary face. A vertex v
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a
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c

b

a

ca

b

Figure 1.6: A diagram for abca−1b−1c−1 over 〈a, b, c | aba−1b−1, bcb−1c−1, cac−1a−1〉.

Figure 1.7: A (3, 7)-diagram.

is interior if it is not initial or terminal vertex of a boundary edge; otherwise v is
exterior or a boundary vertex.

An arc a in D is a simple path (e1, e2, . . . , en) such that for every 1 6 i < n we
have d(τei) = 2. The arc a is interior if each ei is interior and exterior if each ei is
exterior. Note that every arc is either interior or exterior. A spur is an arc whose
terminal vertex has degree 1.

The degree of a face Π in a diagram D, denoted d(Π), is the minimal number of
arcs whose concatenation is a boundary path of Π, i.e. the least n ∈ N for which
there exist γ ∈ ∂Π and arcs α1, α2, . . . , αn such that γ = α1α2 . . . αn. The interior
degree of Π, denoted i(Π), is the minimal number of interior arcs in any such a
decomposition, and the exterior degree, denoted e(Π) is the minimal number of
exterior arcs in any such decomposition. Note that d(Π) = i(Π) + e(Π).

Let p and q be positive integers. A diagram is a (p, q)-diagram if every interior
vertex has degree 2 or at least p and every interior face has degree at least q. See
Figure 1.7 for an example. A diagram is a [p, q]-diagram if every interior vertex has
degree at least p and every face has a boundary path of length at least q.

Remark 1.16 (Forgetting vertices of degree 2). The operation of forgetting vertices
of degree 2 will enable us to construct [3, 6]-diagrams from particular (3, 6)-diagrams:
Forgetting a vertex v of degree two means removing v and replacing the two edges
incident at v by a single edge as in Figure 1.8. In this context, the labelling of the
diagram will play no role and will therefore be ignored.

The following are standard results from classical small cancellation theory. They
are all consequences of the Euler characteristic formula for finite planar simply
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Figure 1.8: Forgetting a vertex of degree two.

connected 2-complexes, i.e. 1 = V − E + F , where V denotes the number of 0-cells,
E the number of 1-cells and F the number of 2-cells.

Lemma 1.17 ([Str90, p. 253]). Let D be a singular disk diagram without vertices of
degree 2. Then:

6 = 2
∑
v

(3− d(v)) +
∑

e(Π)=0

(6− i(Π)) +
∑

e(Π)=1

(4− i(Π)) +
∑

k>2,e(Π)=k

(6− 2k − i(Π)).

Here the sum indexed by v denotes a sum over the vertices of D, and sums indexed
by Π denote sums over the faces of D.

Lemma 1.18 ([LS77, Corollary V.3.4]). Let D be a (3, 6)-singular disk diagram with
at least two faces. Then ∑

Π∈boundary faces(D)

(4− i(Π)) > 6.

Lemma 1.19 ([LS77, Corollary V.3.3]). Let D be a [3, 6]-singular disk diagram with
at least two vertices. Then ∑

v∈boundary vertices(D)

(2 +
1

2
− d(v)) > 3.

We give a straightforward application of Lemma 1.19:

Corollary 1.20. There does not exist a simple spherical (3, 6)-diagram.

Proof. Suppose D is a simple spherical (3, 6)-diagram. Iteratively forgetting all
vertices of degree 2 yields a simple spherical [3, 6]-diagram D′. Let Π be a face of
D′, and denote by Π(1) its 1-skeleton (i.e. the union of all vertices and edges in Π).
We map D′ \ (Π \ Π(1)) to R2 by means of the stereographic projection with respect
to any point in Π \ Π(1). This yields a [3, 6]-singular disk diagram in which every
boundary vertex has degree at least 3, a contradiction.

1.5 Graphical van Kampen’s lemma

In this section, we provide a version of van Kampen’s lemma for graphical small
cancellation presentations. This will be our main tool for studying small cancellation
groups. The notion of a minimal diagram will replace the notion of a reduced
diagram:
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Definition 1.21 (Minimal diagram). Let 〈S | R〉 be a presentation, and let w ∈
M(S) be trivial over 〈S | R〉. A minimal diagram for w over 〈S | R〉 is a diagram D
for w over 〈S | R〉 such that

• among all diagrams for w over 〈S | R〉, the number of edges of D is minimal,

• among all diagrams for w over 〈S | R〉 with minimal number of edges, the
number of vertices of D is minimal.

If Γ is a graph labelled by S, a diagram for w over Γ is a diagram for w over
〈S | labels of simple closed paths in Γ〉, and a minimal diagram for w over Γ is a
minimal diagram for w over this presentation.

The following notion, which extends a definition of Ollivier [Oll06], will enable
us to formulate what it means for a diagram over a graphical presentation to be
reducible, in an appropriate sense.

Definition 1.22 (To originate from Γ). Let Γ be a labelled graph, and let D be
a diagram over 〈S | labels of closed paths in Γ〉. Let Π1 and Π2 be (not necessarily
distinct) faces, and let p ∈ ∂Π+

1 u ∂Π−2 . We say p originates from Γ if there exist lifts
of cycles ∂Π+

1 and ∂Π−2 in Γ such that the lifts of p via ∂Π+
1 and via ∂Π−2 are equal.

Observe that any interior arc of a diagram that does not originate from Γ is a
piece.

Theorem 1.23. Let Γ be a Gr(6)-labelled graph with set of labels S, and let w ∈
M(S). If D is a minimal diagram for w over Γ, then no interior edge of D originates
from Γ, and every face of D has a simple boundary cycle.

Note that the presentation 〈S | labels of simple closed paths in Γ〉 is finite if
Γ is finite. The proof of Theorem 1.23 builds on a method of Ollivier [Oll06],
who investigated a more restrictive version of the graphical C ′(1

6)-condition. Most
applications of Theorem 1.23 will be the following observations:

• If Γ is Gr(k)-labelled, where k > 6, then D is a (3, k)-diagram.

• If Γ is Gr′(λ)-labelled, where λ 6 1
5 , then, for any faces Π and Π′ of D, any

arc a in ∂Π+ u ∂Π− satisfies |a| < λmin{|∂Π+|, |∂Π′+|}.

In the following, we prove Theorem 1.23. We give terminology that will let us
deal efficiently with graphs that admit non-trivial label-preserving automorphisms:

Definition 1.24 (Essential). Let Θ1 and Θ2 be subgraphs of a labelled graph Γ. We
say Θ1 and Θ2 are essentially equal if there exists a label-preserving automorphism
φ of Γ such that Θ2 = φ(Θ1). Similarly, if p1 and p2 are paths or cycles in Γ, we say
they are essentially equal if there exists a label-preserving automorphism φ of Γ such
that p2 = φ(p1). If p̃ is a lift in Γ of a path or cycle p, then we say p̃ is an essentially
unique lift of p in Γ if every lift of p in Γ is essentially equal to p̃.
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Π1Π2 Π

Figure 1.9: Left: Removing an edge that is an interior spur. Right: Removing an
edge in ∂Π+

1 u ∂Π−2 for Π1 6= Π2, thus replacing Π1 and Π2 by a new face Π.

Thus, a piece with respect to Γ is a path that has two essentially distinct lifts in
Γ. Let Π be a face in a diagram over the presentation 〈S | labels of non-trivial closed
paths in Γ〉. Then the boundary cycle ∂Π+ has a lift in Γ. Observe that if Γ satisfies
the Gr(2)-condition, the lift is essentially unique.

Lemma 1.25. Let Γ be a Gr(6)-labelled graph, and let D be a singular disk diagram
over 〈S | labels of non-trivial closed paths in Γ〉. Then one of the following holds:

• Removing all interior edges of D that originate from Γ yields a diagram D′

over 〈S | labels of non-trivial closed paths in Γ〉 with the same boundary word
as D, such that all faces of D′ have simple boundary cycles.

• D has a simple disk subdiagram ∆ such that ∆ has at least one face, ∆ has
a freely trivial boundary word, all interior edges of ∆ originate from Γ, and
every boundary edge of ∆ is an interior edge of D that originates from Γ.

Here removing edges is an operation on the graph D(1) embedded in R2. If any
vertices of degree 0 arise, we remove these as well (except for the initial vertex of
∂D). Our first claim, in particular, states that the resulting graph embedded in R2

is the 1-skeleton of a diagram, i.e. it is connected.

Proof. Suppose D does not satisfy the second claim of the lemma. We obtain from
D a sequence of diagrams by iteratively performing the following operations. Here,
removing an edge means one of the two operations described in Figure 1.9.

1) If Π1 is a face and e is a subpath of ∂Π+
1 that is a spur, remove e.

2) If Π1 6= Π2 are faces and e ∈ ∂Π+
1 u ∂Π−2 originates from Γ and if the face

obtained by removing e has a freely non-trivial boundary word, remove e.

3) If Π1,Π2,Π3 are pairwise distinct faces such that e ∈ ∂Π+
1 u ∂Π−2 and e′ ∈

∂Π+
2 u ∂Π−3 both originate from Γ, then first remove e and then e′.

The iteration is as follows: Whenever 1) is possible, perform 1). If 1) is not
possible, perform 2). If 1) and 2) are not possible, perform 3). Denote the resulting
diagram by D′.

Note that if at some point we perform 3), then 2) is not possible. Therefore the
face obtained by removing e has a freely trivial boundary word. Hence, the face
obtained by subsequently removing e′ has a boundary word freely equal to that of
Π3, which is freely non-trivial.
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∆

Π

Figure 1.10: Π encloses ∆.

Thus, in each operation we construct a face Π such that ∂Π+ lifts to a non-trivial
cycle; hence a lift of ∂Π+ in Γ is essentially unique. Moreover, if e′′ 6= e (and, in case
3) e′′ 6= e′) is an edge that is subpath of ∂Π+ and of some ∂Π±i , then any lift of e′′

via ∂Π+ and any lift of e′′ via ∂Π±i are essentially equal. Therefore, e′′ originates
from Γ in the diagram before performing the operation if and only if it originates
from Γ in the diagram after performing the operation.

Suppose an edge e in D′ originates from Γ. Then either (a) e lies in ∂Π+ u ∂Π−

for some face Π of D′ such that e is not contained in a spur, and Π intersects no
other face in an edge originating form Γ or (b) e lies in ∂Π+

1 u ∂Π−2 for Π1 6= Π2

such that removing e yields a face with freely trivial boundary word, and such that
neither Π1 nor Π2 intersect any other face in an edge originating from Γ. In case (b),
choose a maximal arc a in ∂Π+

1 u ∂Π−2 , and remove the edges of a to obtain a face Π.
Then, since D does not satisfy the second claim of the lemma, ∂Π+ is not a simple
cycle.

In both cases (a) and (b), Π encloses some subdiagram ∆ of D′, i.e. ∂∆ is a
subpath of ∂Π−, such that ∆ has at least one face, see Figure 1.10. By choosing Π to
be innermost, we may assume that no interior edge of ∆ originates from Γ. Since D′

has no interior spurs, the only vertex in ∆ that may have degree 1 (in the diagram
∆) is the base vertex of ∂∆. Note that any arc that is a subpath of ∂∆ does not
originate from Γ (in the diagram D′) and, hence, is a piece. Now, in ∆, iteratively
remove all vertices of degree 2, except the base vertex of ∂∆ in case it has degree 2.
This turns ∆ into a [3, 6]-diagram ∆′ with at most one vertex of degree (in ∆′) less
than 3, whence ∆′ is a single vertex by Lemma 1.19, a contradiction.

Therefore, no interior edge of D′ originates from Γ. The argument of the above
paragraph also shows that no face Π of D′ can enclose any non-trivial subdiagram,
whence every face of D′ has a simple boundary cycle.

The following observation will enable us to deal with the second case of Lemma 1.25.

Remark 1.26 (Folding away a face with freely trivial boundary word). Suppose,
in a singular disk diagram D, Π is a face with a freely trivial boundary word such
that ∂Π+ is a simple cycle. If `(∂Π+) = {ss−1, s−1s} for some s ∈ S t S−1, we can
fold away Π as in Figure 1.11. If not, then there exists a simple subpath p of ∂Π+

with `(p) = ss−1 for some s ∈ S t S−1. Then we can pinch together ιp and τp as in
Figure 1.11. In the notation of Figure 1.11, the face Π1 has a boundary word ss−1

and, hence, can be folded away. Π2 has a simple boundary cycle and a freely trivial
boundary word, and |∂Π+

2 | < |∂Π+
1 |. Thus, we can iterate this operation until, in the

end, we have replaced Π by a tree. The resulting diagram D′ has the same boundary



34 CHAPTER 1. GRAPHICAL PRESENTATIONS

s

s

s Π Π1Π2

Figure 1.11: Left: Folding away a face with boundary word ss−1. Right: Pinching
together the initial and terminal vertices of a simple subpath of ∂Π+, thus obtaining
replacing Π by new faces Π1 and Π2.

word as D, and if D is a diagram over a group presentation, then D′ is a diagram
over the same group presentation. Note that D′ has strictly fewer edges than D.

Note that if, in the above remark, ∂Π+ is not a simple cycle, then a method
for removing Π is given in [Ol′91, Chapter 4, §11.6]. See also the discussion after
Lemma 4.12.

Corollary 1.27. Let Γ be a Gr(6)-labelled graph, let w ∈M(S) be trivial in G(Γ),
and let D be a diagram for w over 〈S | labels of non-trivial closed paths〉 whose
number of edges is minimal among all such diagrams. Then no interior edge of D
originates from Γ.

Proof. Suppose D satisfies the second claim of Lemma 1.25. Then we can remove all
interior edges of the subdiagram ∆ to obtain a face Π with a freely trivial boundary
word such that ∂Π+ is a simple cycle. Folding away Π as in Remark 1.26 yields a
diagram over the same presentation with the same boundary word. Since the folding
operation strictly decreases the number of edges, we obtain a contradiction.

Therefore, D satisfies the first claim of Lemma 1.25. Thus, removing all interior
edges originating from Γ yields a diagram over the same presentation with the same
boundary word. Since the number of edges of D is minimal, this shows that no
interior edge of D originates from Γ.

We are ready to conclude the proof of Theorem 1.23.

Proof of Theorem 1.23. Suppose D is a minimal diagram for w over 〈S | labels of
non-trivial closed paths in Γ〉. Then, by Corollary 1.27, no interior edge of D orig-
inates from Γ, and every face has a simple boundary cycle. We show that the
boundary cycle of every face of D lifts to a simple cycle, i.e. that D is a diagram
over Γ.

Suppose D has a face Π such that ∂Π+ does not lift to a simple cycle. Then there
is a simple subpath p of ∂Π+ that lifts to a closed path. Consider the faces Π1 and Π2

obtained by pinching together ιp and τp as in Figure 1.11. Then both Π1 and Π2 have
simple boundary cycles. If both Π1 and Π2 have freely non-trivial boundary words,
then we have obtained a diagram over 〈S | labels of non-trivial closed paths in Γ〉.
If Π1 or Π2 has a freely trivial boundary word, then it can be folded away as in
Remark 1.26 to yield a diagram over 〈S | labels of non-trivial closed paths in Γ〉.
Since the pinching operation strictly decreases the number of vertices and since any
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folding operation does not increase the number of edges or vertices, we obtain a
contradiction to the minimality of D.

Remark 1.28. Theorem 1.23 requires the small cancellation assumption, i.e. there
is no such result for arbitrary (reduced) labelled graphs. Consider, for example,
the graph Γ in Figure 1.12. Let D be a diagram over Γ with boundary word c.
Then D contains a face whose boundary cycle lifts to a simple cycle in the infinite
component of Γ. Therefore, D has an interior edge labelled by b. The label-preserving
automorphism group of Γ acts transitively on the set of edges labelled by b. Therefore,
in any diagram over Γ, any interior edge labelled by b originates from Γ.

a a a a a

c c c c c

b b b b. . . . . .

a

Figure 1.12: A graph Γ (with two components) exhibiting the failure of Theorem 1.23
in the absence of small cancellation conditions as explained in Remark 1.28.

The following lemma is proved just as Lemma 1.25 with the additional ob-
servation that if Γ is Gr(6)-labelled, then a simple spherical diagram over 〈S |
labels of non-trivial closed paths in Γ〉 where no edge originates from Γ is a (3, 6)-
diagram. By Corollary 1.20, such a diagram cannot exist.

Lemma 1.29. Let D be a simple spherical diagram over a Gr(6)-labelled graph Γ.
Then one of the following holds:

• All edges of D originate from Γ.

• D has a simple disk subdiagram with at least one face, with a freely trivial
boundary word, all interior edges of which originate from Γ and no boundary
edge of which originates from Γ.

Corollary 1.30. Let Γ be a Gr(6)-labelled graph with a finite set of labels, and
assume that Γ has infinitely many pairwise non-isomorphic components with non-
trivial fundamental groups. Then G(Γ) is not finitely presented.

Proof. Suppose G(Γ) admits a finite presentation. Then there exist finitely many
components Γ1,Γ2, . . . ,Γn of Γ such that the identity on the set of labels induces
an isomorphism G(Γ) → G(Γ′), where Γ′ = tni=1Γi. In particular, there exists a
component Γ0 of Γ that is not isomorphic to Γi for any 1 6 i 6 n and a word w
labelling a simple closed path in Γ0 such that w is trivial in G(Γ′). Let D be a
minimal diagram for w over Γ′. We can attach along the boundary of D a new face
Π with boundary label w to obtain a simple spherical diagram D′. Then D′ is a
diagram over Γ with at least one edge in which no interior edge originates from Γ
and in which every face has a freely non-trivial boundary word. This contradicts
Lemma 1.29.
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Figure 1.13: The group elements represented by the labels of paths between any two
vertices are the same in both graphs.

1.6 Graphical small cancellation conditions over free
products

We now present graphical small cancellation over free products of groups. Small
cancellation theory over free products has provided various embedding theorems
[LS77, Chapter V]. The notion of graphical small cancellation theory over free
products was introduced in [Ste15]. It has provided the first examples of torsion-free
hyperbolic non-unique product groups [Ste15] and a version of the Rips construction
for non-unique product groups [AS14].

We give new definitions of graphical small cancellation over free products that
generalize existing definitions. They provide a very efficient framework for studying
quotients of free products of groups. In particular, they enable straightforward
extensions of the methods established in the previous section and allow for a unified
treatment of graphical small cancellation over free groups and over free products.

We explain the notion of a graphical presentation over a free product:

Definition 1.31. Let Γ be a graph, let (Gi)i∈I be a family of groups, and for each
i ∈ I, let Si be a generating set of Gi. Let Γ be labelled by ti∈ISi. The group
defined by Γ over to ∗i∈IGi, denoted G(Γ)∗, is the quotient of ∗i∈IGi by the normal
closure of all labels of simple closed paths in Γ. We say that Γ is labelled over ∗i∈IGi
with generating sets (Si)i∈I .

1.6.1 The graphical Gr∗-conditions and C∗-conditions

When constructing a labelled graph (or a group presentation) over a free product, one
always chooses ways of writing elements of Gi as elements of M(Si), see Figure 1.13 for
an illustration. In order to obtain small cancellation conditions that are independent
of these choices, in the classical case, the notions of “reduced forms” and “semi-
reduced forms” [LS77, Chapter V], and in the graphical case, the terminology
“AO-move” and a notion of equivalence of graphs are used [Ste15]. The following
definition enables us to completely bypass these technicalities:

Definition 1.32 (The completion of Γ). Let Γ be a graph labelled over Gi∗i∈I
with generating sets (Si)i∈I . Denote by Γ the completion of Γ obtained as follows:
Onto every edge labelled by si ∈ Si, attach a copy of Cay(Gi, Si) along an edge of
Cay(Gi, Si) labelled by si. Moreover, for every i such that no si ∈ Si is the label of
any edge of Γ, add a copy of Cay(Gi, Si) as a new component. Then Γ is defined as
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Figure 1.14: An example of Γ (left) and Γ (right): G1 = Z/3Z and S1 = G1 =
{1G1 , s, s

2}, and G2 = Z/2Z and S2 = G2 = {1G2 , t}. A presentation for G(Γ)∗ is
given by 〈s, t | s3, t2, (st)2〉.

the quotient of the resulting graph by the following equivalence relation: For edges
e and e′, we define e ∼ e′ if e and e′ have the same label and if there exists a path
from ιe to ιe′ whose label is trivial in ∗i∈IGi.

Thus, G(Γ)∗ ∼= G(Γ). See Figure 1.14 for an example. Note that Γ is a reduced
labelled graph by definition. We use the same notion of piece as before. A path p
in Γ or in a diagram is locally geodesic if every subpath of p that lifts to a path in
Cay(Gi, Si) for some i lifts to a geodesic path in Cay(Gi, Si).

Definition 1.33. Let k ∈ N and λ > 0. Let Γ be a graph labelled over ∗i∈IGi with
generating sets (Si)i∈I . We say Γ satisfies

• the graphical Gr∗(k)-condition if every attached Cay(Gi, Si) in Γ is an embedded
copy of Cay(Gi, Si) and if in Γ no simple closed path whose label is non-trivial
in ∗i∈IGi is concatenation of strictly fewer than k pieces,

• the graphical Gr′∗(λ)-condition if every attached Cay(Gi, Si) in Γ is an embed-
ded copy of Cay(Gi, Si) and in Γ every piece p that is locally geodesic and that
is a subpath of a simple closed path γ such that the label of γ is non-trivial in
∗i∈IGi satisfies |p| < λ|γ|.

Here a piece is a piece with respect to Γ, see Definition 1.5.
If, moreover, every label-preserving automorphism of Γ is the identity on every

component Γ0 of Γ for which there exists a simple closed path in Γ0 whose label is non-
trivial in ∗i∈IGi, then we say Γ satisfies the graphical C∗(k)-condition, respectively
the graphical C ′∗(λ)-condition.

Note that for the graphical Gr∗(k)-condition, the choices of generating sets are
irrelevant in the following sense: Given generating sets Si and S′i of the groups Gi,
every s ∈ Si is represented by some ws ∈M(S′i). If Γ is a graph labelled over ∗i∈IGi
with generating sets (Si)i∈I , then we can construct from Γ a graph Γ′ labelled over
∗i∈IGi with generating sets (S′i)i∈I by replacing every edge e in Γ labelled by s ∈ Si
with a line graph pe labelled by ws. Then Γ satisfies the graphical Gr∗(k)-condition if
and only if Γ′ does. On the other hand, for the graphical Gr′∗(λ)-condition, changing
the generating sets can yield different word metrics on the Gi and thus indeed change
the small cancellation condition.
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Remark 1.34 (Graphical Gr vs. Gr∗-conditions). We can interpret a labelling
of a graph Γ by a set S as a labelling of Γ over ∗s∈SF (s) with generating sets
({s})s∈S , where F (s) denotes the free group on {s}. Thus, G(Γ) = G(Γ)∗. If Γ
satisfies the graphical Gr∗(k)-condition over a free product of free groups (with
respect to free generating sets), then Γ satisfies the graphical Gr(k)-condition since
there are no non-trivial closed paths in any attached Cay(Gi, Si). On the other hand,
Figure 1.15 shows that if Γ satisfies the graphical Gr(k)-condition, it need not satisfy
the graphical Gr∗(k)-condition. We discuss this subtlety.

Let Γ be a graph with a reduced labelling by S, and let Γ be the completion of
Γ, where Γ is considered as labelled over a free product as above. Note that since
the labelling of Γ is reduced, we may consider Γ as a subgraph of Γ.

Assume that every vertex in Γ is contained in a reduced closed path. This ensures
that the inclusion Γ ⊆ Γ induces an isomorphism of the respective label-preserving
automorphism groups, i.e. Aut(Γ) ∼= Aut(Γ). Let p1 and p2 be essentially distinct
paths in Γ that have the same label w. Assume there exists s ∈ S such that there
exist edges e1 and e2 with `(e1) = `(e2) = s and for each j we have ιpj ∈ {ιej , τej}.
Then, for every k ∈ Z, there exist essentially distinct paths p′1 and p′2 in Γ with
the same label skw, both containing p1, respectively p2 as terminal subpaths. The
analogous observation holds for the terminal vertices of p1 and p2.

Conversely, if p′1 and p′2 are essentially distinct paths in Γ with the same label
skwtl, where w does not start with s±1 and does not with t±1, then there exist
essentially distinct paths p1 and q2 in Γ with the same label w that are subpaths
of p′1, respectively p′2. Therefore, in order for a graph Γ with a reduced S-labelling
to satisfy the graphical Gr∗(k)-condition, the following is sufficient: No non-trivial
closed path in Γ can be written as p1q1p2q2 . . . pk−1qk−1, where each pi is empty or a
piece with respect to Γ and each qi is labelled by a product of at most two powers of
generators.

1.6.2 Graphical van Kampen’s lemma over free products

The following provides an analogy to Theorem 1.23. It strengthens an application of
Ollivier’s method to a stronger version of the graphical C ′∗(

1
6)-condition in [Ste15,

Section 1.3].

Theorem 1.35. Let Γ be a graph labelled over ∗i∈IGi with generating sets (Si)i∈I
that satisfies the graphical Gr∗(6)-condition, and let D be a minimal diagram for
w ∈M(S) over Γ. Then

• no interior edge originates from Γ,

• every interior arc is locally geodesic,

• every face that contains an interior edge has a boundary word that is non-trivial
in ∗i∈IGi,

Proof. Let R1 be the set of labels of closed paths in Γ that are non-trivial in ∗i∈IGi,
and let R2 be the set of labels of closed paths in all Cay(Gi, Si) with i ∈ I. Denote
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Figure 1.15: An example of Γ (left) and Γ (right) over the free product G1 ∗ G2,
where G1 is the free group on S1 = {a} and G2 is the free group on S2 = {b}. In
the picture, a is represented by and b is represented by . Note that Γ
satisfies the graphical Gr(6)-condition, since every reduced piece has length 1. On
the other hand, Γ does not satisfy the graphical Gr∗(6)-condition: For example, in Γ
there exist paths labelled a2b and a−1b−2 that are pieces and whose concatenation is
a simple closed path in Γ with non-trivial label in G1 ∗G2.

R := R1 ∪R2, and note that the label of every simple closed path in Γ lies in R. Let
D be a minimal diagram for w over 〈S | R〉. The edge-minimality of D immediately
implies that every interior arc is locally geodesic.

We observe that if Π is a face such that ∂Π+ lifts to Cay(Gi, Si) for some i, then
Π does not contain an interior edge: If Π intersects another face Π′ in an edge e,
then we can remove e, and, by construction, we still have a diagram over 〈S | R〉,
whence D violates the minimality assumptions. Moreover, by the pinching argument
of Theorem 1.23, ∂Π+ lifts to a simple cycle in Cay(Gi, Si).

Applying the arguments of Lemma 1.25 to D yields one of the following:

1) Removing all edges originating from Γ yields a diagram D′ such that every face
of D′ has a simple boundary cycle whose label is non-trivial in ∗i∈IGi.

2) D has an simple disk subdiagram ∆ with at least one face, whose boundary
word is trivial in ∗i∈IGi, such that all interior edges of ∆ originate from Γ and
such that every boundary edge of ∆ is an interior edge of D that originates
from Γ.

In case 1), the pinching argument of Theorem 1.23 yields the claim. In case 2),
remove all interior edges of ∆ to obtain a single face Π whose boundary word is
trivial in ∗i∈IGi. By our initial observation, ∂Π+ does not lift to any Cay(Gi, Si).
By pinching together vertices in the boundary of Π, we can replace Π by a bouquet
of faces each of which has a boundary path lifting to some Cay(Gi, Si). This reduces
the number of vertices and contradicts minimality.





Chapter 2

Generalizations of classical
results

In this chapter, we present generalizations of results of classical small cancellation
theory that readily follow using the tools developed in Chapter 1. In Section 1, we
show results about the Dehn functions of graphical small cancellation groups, and
results about relative Dehn function of graphical small cancellation groups over free
products. In particular, we show that groups defined by a finite Gr(7)-labelled graph
are hyperbolic. In Section 2, we show that graphical C(6)-groups admit aspherical
presentations. The main results of this chapter were published in [Gru15a].

2.1 Isoperimetric inequalities

We show results about Dehn functions of graphical Gr(6)-groups and graphical
Gr(7)-groups. These generalize facts for classical small cancellation groups found, for
example, in [LS77, Chapter V] and [Str90]. Our results are immediate consequences
of Theorem 1.23 and of well-known isoperimetric inequalities for (3, 6)-diagrams and
(3, 7)-diagrams. Results of this nature have been expected based on [Gro03, Oll06,
AD08].

Definition 2.1 (Isoperimetric inequality). Let 〈S | R〉 be a presentation, and let
w ∈M(S) be trivial over 〈S | R〉. Denote

AreaR(w) = min{|faces(D)| : D is a diagram for w over 〈S | R〉}.

The Dehn function of 〈S | R〉 is the map f : N→ N given by

f(l) = max{AreaR(w) : |w| 6 l}.

We say a group presentation satisfies a linear, respectively quadratic, isoperimetric
inequality if the corresponding Dehn function is bounded from above by a linear,
respectively quadratic, map R→ R.

A group is Gromov hyperbolic if and only if it admits a finite presentation
satisfying a linear isoperimetric inequality. A proof of this well-known fact can be
found in [ABC+91, Theorem 2.5 and Proposition 2.10].

41
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Definition 2.2 (Gromov hyperbolic group). Let X be a geodesic metric space. A
geodesic triangle in X is a triple of geodesics (g1, g2, g3) such that the endpoint τg1 of
g1 equals the starting point ιg2 of g2, τg2 = ιg3, and τg3 = ιg1. Let δ > 0. Then X
is called δ-hyperbolic if and only if for all geodesic triangles (g1, g2, g3) in X, im(g3) is
contained in the δ-neighborhood of im(g1)∪ im(g2). The space X is called hyperbolic
if it is δ-hyperbolic for some δ > 0.

Let G be a group generated by a finite set S. We can consider the Cayley graph
Cay(G,S) of G with respect to S as a connected 1-complex and, if we consider each
1-cell as image of the unit interval under a local isometry, Cay(G,S) becomes a
geodesic metric space. We say G is δ-hyperbolic with respect to S if Cay(G,S) is
δ-hyperbolic, and we say G is Gromov hyperbolic if it is δ-hyperbolic with respect to
S for some δ > 0 and some finite generating set S.

The following theorem is proved in [Str90, Proposition 2.7].

Theorem 2.3. Let D be a (3, 7)-singular disk diagram. Then

|faces(D)| 6 8|∂D|.

Therefore, Theorem 1.23 implies:

Theorem 2.4. Let Γ be a Gr(7)-labelled graph with set of labels S. Let R be the
set of words read on all simple closed paths in Γ. Then 〈S | R〉 satisfies the linear
isoperimetric inequality:

AreaR(w) 6 8|w|.

In particular, if S and Γ are finite, then G(Γ) is Gromov hyperbolic.

The statement on Gromov hyperbolicity generalizes a result of Ollivier [Oll06,
Theorem 1] for finite labelled graphs satisfying a stronger version of the graphical
C ′(1

6)-condition.
The following theorem is an immediate conclusion of [LS77, Theorem 6.2] and

Lemma 1.18:

Theorem 2.5. Let D be a (3, 6)-singular disk diagram. Then

|faces(D)| 6 3|∂D|2.

Therefore, we obtain:

Theorem 2.6. Let Γ be a Gr(6)-labelled graph with set of labels S. Let R be the set
of words read on all simple closed paths in Γ. Then 〈S | R〉 satisfies the quadratic
isoperimetric inequality:

AreaR(w) 6 3|w|2.

This implies, for example, that if S and Γ are finite, then every asymptotic cone
of G(Γ) is simply connected [Pap96].

In the case of graphical small cancellation presentations relative to free products,
we obtain results about Dehn functions relative to the generating free factors. Our
definitions follow [Osi06b].
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Definition 2.7 (Relative isoperimetric inequality). Let G be a group and {Gi | i ∈ I}
a collection of subgroups. Denote by Ri all elements of M(Gi) that represent the
identity in Gi. A presentation of G relative to {Gi | i ∈ I} is a pair of sets (X,R)
such that R ⊆M(ti∈IGi tX), and 〈ti∈IGi tX | ti∈IRi ∪R〉 is a presentation of
G that is compatible with the inclusion maps Gi → G. The relative area of a word
w ∈M(ti∈IGi tX) that represents the identity in G, denoted Arearel(w), is, among
all diagrams D for w over 〈ti∈IGi tX | ti∈IRi ∪R〉, the minimal number of faces
of D with boundary labels in R. The relative Dehn function associated to (X,R) is
the map N→ N, n 7→ sup{Arearel(w) | w ∈M(ti∈IGi tX), w = 1 ∈ G, |w| 6 n}. A
relative presentation (X,R) satisfies a linear relative isoperimetric inequality if the
relative Dehn function is bounded from above by a linear map R→ R.

Definition 2.8 (Relatively hyperbolic group). A group G is hyperbolic relative to
a collection of subgroups {Gi | i ∈ I} if G admits a presentation (X,R) relative to
{Gi | i ∈ I} such that X and R are finite and such that (X,R) satisfies a linear
relative isoperimetric inequality. A group G is non-trivially relatively hyperbolic if it
is hyperbolic relative to a collection of proper subgroups.

Theorem 2.9. Let Γ be a Gr∗(7)-labelled graph over ∗i∈IGi with generating sets
(Si)i∈I . Let R ⊆M(ti∈ISi) be such that for every simple closed path γ in Γ whose
initial vertex is in the intersection of at least two attached Cay(Gi, Si), R contains a
word that is equal to `(γ) in ∗i∈IGi. Then (∅, R) is a presentation of G(Γ)∗ relative to
the collection {Gi | i ∈ I}, and it satisfies the linear relative isoperimetric inequality:

Arearel(w) 6 8|w|.

There exists a set of words labelling closed paths in Γ that satisfies the above condition
on R. If Γ is finite, then there exists a finite set of words labelling closed paths in Γ
that satisfies the above condition on R, and, if Γ is finite, then G(Γ)∗ is hyperbolic
relative to the collection of subgroups {Gi | i ∈ I}.

Proof. We shall see in Corollary 3.5 that each Gi is a subgroup of G(Γ)∗. Therefore, if
R is as in the statement, then (∅, R) is a presentation of G(Γ)∗ relative to {Gi | i ∈ I}
which, by Theorems 1.35 and 2.3, has a relative Dehn function bounded form above
by a linear map.

We call a vertex in Γ that lies in the intersection of at least two attached
Cay(Gi, Si) an intersection vertex. By construction of Γ, every intersection vertex
in Γ lies in the image of the map Γ→ Γ. Moreover, if v′ is a vertex in Γ and if v is
its image in Γ, then the set of all elements of ∗i∈IGi represented by labels of closed
paths based at v′ coincides with the set of all elements of ∗i∈IGi represented by
labels of closed paths based at v. Therefore, if γ is a closed path in Γ starting at an
intersection vertex, then there exists a closed path γ′ in Γ such that `(γ) equals `(γ′)
in ∗i∈IGi. Thus, we may choose R to be a set of words labelling closed paths in Γ.

By the above observation, the number of intersection vertices in Γ is at most the
number of vertices in Γ. Moreover, if γ is a closed path in Γ starting at an intersection
vertex, then the element of ∗i∈IGi represented by Gi is uniquely determined by the
sequence of intersection vertices traversed by γ. If γ is a simple closed path, then
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it traverses any intersection vertex at most twice. Therefore, if Γ is finite, then the
number of elements of ∗i∈IGi represented by the labels of simple closed paths in Γ
starting at intersection vertices is finite, whence we may choose R to be finite. This
also implies the final claim.

The statement on relative hyperbolicity generalizes a result of Steenbock [Ste15,
Theorem 1] for finite labelled graphs satisfying a stronger version of the graphical
C ′∗(

1
6)-condition.

2.2 Asphericity of graphical C(6)-groups

For a presentation 〈S | R〉, the presentation complex of 〈S | R〉 is the following
2-complex: The 1-skeleton is the graph K that has a single vertex and the edge set
S t S−1. For every r ∈ R, a 2-cell Πr whose 1-skeleton is a cycle graph labelled

by r is attached to K along the labelling map Π
(1)
r → K. A connected topological

space is aspherical if its universal cover is contractible, and a presentation 〈S | R〉 is
aspherical if the presentation complex of 〈S | R〉 is aspherical.

We show that a group defined by a C(6)-labelled graph has an aspherical pre-
sentation. This is a generalization of the corresponding result for classical C(6)-
presentations where no relator is a proper power, see [Ol′91, Theorem 13.3] and
[CCH81], and of results of [Oll06, Theorem 1] for finitely presented graphical C ′(1

6)-
groups. It can easily be seen from Example 1.11 that our result cannot hold for
groups defined by Gr(6)-labelled graphs in general.

Theorem 2.10. Let Γ be a C(6)-labelled graph with set of labels S. Let R be the set
of cyclic reductions of words read on free generating sets of the fundamental groups
of the connected components of Γ. Then 〈S | R〉 is aspherical.

Remark 2.11. Given a group G, a connected topological space X is a K(G, 1)-space
if π1(X) ∼= G and if X is aspherical.

Let Γ be a graph labelled by S. Consider the space X with π1(X) ∼= G(Γ) that
is obtained from the 1-complex K with one vertex ν and with π1(K, ν) ∼= F (S) by
attaching topological cones over the components of Γ along the labelling map, as
discussed in Remark 1.3. Choose free generating sets of the fundamental groups of
the components of Γ associated to arbitrary base points and spanning trees of the
components, and let R be the set of cyclic reductions of the words read on these
generating sets. Then the presentation complex of 〈S | R〉 is homotopy equivalent to
X whence, if Γ satisfies the graphical C(6)-condition, then X is a K(G(Γ), 1)-space
by Theorem 2.10.

The following are corollaries of Theorem 2.10.

Corollary 2.12. Let Γ be a C(6)-labelled graph. Then G(Γ) has cohomological
dimension at most 2, and G(Γ) is torsion-free.

Proof. The first statement follows by [Bro82, Chapter VIII, Proposition 2.2] from
the fact that G(Γ) has an at most 2-dimensional K(G(Γ), 1)-space. The second
statement follows from the first by [Bro82, Chapter VIII, Corollary 2.5].
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Corollary 2.13. If Γ is a finite C(6)-labelled graph with a finite set of labels S and
if Γ has exactly k components, then χ(G(Γ)) = 1− |S| − χ(Γ) + k.

Here, for a group G admitting a finite CW-complex X as K(G, 1)-space, χ(G)
denotes the Euler characteristic of X, see [Bro82, Chapter IX, Section 6]. For a
finite graph Γ, χ(Γ) denotes the Euler characteristic of the 1-complex realizing Γ,

i.e. χ(Γ) = |V Γ| − |EΓ|
2 . (Remember that each 1-cell in the 1-complex realizing Γ

corresponds to a 2-element set {e, e−1} ⊆ EΓ.)

Proof. Denote the components of Γ by Γ1,Γ2, . . . ,Γk. For each component Γi we
have rk(π1(Γi)) = −χ(Γi) + 1. Thus, since χ(Γ) =

∑k
i=1 χ(Γi), the claim follows.

The proof of Theorem 2.10 also yields the following:

Lemma 2.14. Let Γ and R be as in Theorem 2.10. Let R′ be a proper subset of
R. Then the group homomorphism 〈S | R′〉 → 〈S | R〉 induced by the identity on S
is not injective. In particular, if S is finite and R is infinite, then G(Γ) admits no
finite presentation.

We postpone the proof of this lemma, as it will be derived from our proof of
Theorem 2.10. To prove asphericity, we will show that spherical diagrams over
the presentation in Theorem 2.10 are reducible in an appropriate sense. We use
definitions and results from [CH82] that allow an algebraic treatment of diagrams.

Let R ⊆ F (S), and set RS := {grεg−1|r ∈ R, g ∈ F (S), ε ∈ {±1}} ⊆ F (S). A
sequence over 〈S | R〉 is a finite sequence of elements of RS . In this context, we
consider F (S) as the set of freely reduced elements of M(S), and any multiplication
in such a sequence is a multiplication in F (S) (not the concatenation in M(S)).
Given a homotopy class [p] of paths in a reduced labelled graph, we denote by `([p])
the element of F (S) that is the reduction of a the label of an element of [p].

On all sequences over 〈S | R〉, we consider the following operations:

• Exchange: Replace a pair (x, y) by (xyx−1, x) or by (y, y−1xy).

• Deletion: Delete a pair (x, x−1).

• Insertion: Insert at any position a pair (x, x−1) for any x ∈ RS .

We call two sequences over 〈S | R〉 equivalent if one can be transformed into the
other by a finite sequence of these operations. We call a sequence over 〈S | R〉 an
identity sequence if the product of its elements (taken in the order they appear in
the sequence) is trivial in F (S). We call a sequence trivial if it is equivalent to the
empty sequence.

To a diagram D over 〈S | R〉, we can associate a sequence Σ over 〈S | R〉 as
follows: From D, we construct a singular disk diagram D′ by successively “ungluing”
faces of D along interior edges as in Figure 2.1 to obtain a diagram D′ that is a
bouquet of faces, each connected to a base point v by an arc, such that the boundary
word of D′ is freely equal to that of D. See Figure 2.2 for an example. The sequence
Σ is a sequence of boundary words of the faces of D′, each read from the terminal
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s ss

s ss

Figure 2.1: Left: Ungluing an interior edge e in a singular disk diagram, where τe is
an exterior vertex. Right: Ungluing an interior edge in a simple spherical diagram to
obtain a contractible 2-complex that can be embedded in R2.
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Figure 2.2: Given a diagram D (left), we unglue edges to obtain a bouquet of faces D′:
Each face of D′ is connected to the base vertex (drawn at the bottom) by an arc or by
an empty path, and no two faces intersect, except (possibly) in the base vertex. Note
that `(D′) is freely equal to `(D). For each face of D′, every boundary word is a cyclic
conjugate of an element of R∪R−1. Therefore, the following is a sequence over 〈S | R〉,
and we call it a derived sequence for D:

(
w1u

−1
2 u−1

1 , u1(u2w2u
−1
3 )u−1

1 , u1u3w3

)
.

vertex of the path connecting the face to v and each conjugated by the the connecting
path, in the order in which they appear in the boundary path of D′. The resulting
sequence is called a derived sequence for D. Its length is equal to the number of
faces of D, and the product over all elements of Σ is freely equal to the boundary
word of D. If D is a spherical diagram, we choose some embedding in the plane after
ungluing one edge in each simple spherical component as in Figure 2.1. In that case,
the boundary word of D′ is freely trivial.

Whilst a derived sequence for a diagram D is not unique, [CH82, Proposition 8]
yields that any two derived sequences for a singular disk diagram D are equivalent.
Moreover, [CH82, Corollary 1 of Proposition 8] implies that if Σ and Σ′ are derived
sequences for a spherical diagram D, Σ is trivial if and only if Σ′ is.

For any sequence Σ over 〈S | R〉, we can construct a singular disk diagram D
over 〈S | R〉 which has Σ as a derived sequence. This is done by reversing the
procedure described above. If Σ is an identity sequence, the diagram has freely trivial
boundary word. This freely trivial boundary word can be “sewn up” to obtain a
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spherical diagram by reversing the ungluing operation described in Figure 2.1, i.e.
by iteratively folding together consecutive edges with inverse labels in the boundary.
See [CH82, Section 1.5] for further details. We call a diagram constructed from a
sequence Σ an associated diagram for Σ.

The following theorem is deduced from [CCH81, Proposition 1.3 and Proposition
1.5]. A presentation 〈S | R〉 is concise if for any relator r ∈ R, no r′ ∈ R with r′ 6= r
is conjugate to r or r−1.

Theorem 2.15. Let 〈S | R〉 be a presentation where every relator is non-trivial and
freely reduced. Then the associated presentation complex is aspherical if and only if:

• The presentation is concise,

• no relator is a proper power, and

• every identity sequence over 〈S | R〉 is trivial.

We will show that the presentation in our theorem satisfies these three conditions.

Lemma 2.16. Let Γ be a C(2)-labelled graph. Let R be the set of cyclic reductions
of words read on free generating sets of the fundamental groups of the connected
components of Γ (with respect to some base vertices). Then R is concise and contains
no proper powers.

Proof. If γ is a reduced closed path in Γ, then there exists a maximal initial subpath
p such that γ = pγ′p−1 for some subpath γ′. Then γ′ is a closed path and, since the
labelling of Γ is reduced, `(γ′) is the cyclic reduction of `(γ). We call γ′ the cyclic
reduction of γ.

Let Γ = ti∈IΓi, where each Γi is connected, and for each i, let νi ∈ V Γi. Let
i ∈ I, and let γ be a reduced path representing an element of a free generating set
of π1(Γi, νi). Let γ′ be the cyclic reduction of γ such that γ = pγ′p−1 for a path p.
Note that since γ is non-trivial, γ′ and `(γ′) are non-trivial.

Suppose `(γ′) = wn for w 6= 1 and n > 1. Let γ′ = γ1γ2 . . . γn such that `(γj) = w
for j = 1, 2, . . . , n. Since Γ is C(2)-labelled, any two non-trivial closed paths with the
same label are equal, whence γ′ = γjγj+1 . . . γnγ1γ2 . . . γj−1 for every j. Thus γ1 = γj
for every j, and γ1 is closed, whence [γ] = [pγ1p

−1]n in π1(Γi, νi). (Here [·] denotes
the homotopy class of a closed path.) It is well-known that an element of a free
generating set of a free group cannot be a proper power; this yields a contradiction.

Now suppose that there are two distinct relators r and r′ in R that are labels
of the cyclic reductions of free generators [γ] and [δ] of π1(Γi, νi) and π1(Γi′ , νi′),
where γ and δ are reduced paths, such that r′ is conjugate to r (or r−1). Since r
and r′ are cyclically reduced, they coincide up to a cyclic permutation (and possibly
inversion). Again, consider the cyclic reductions γ′ and δ′. Then we can perform a
cyclic shift on δ′ such that the resulting closed path δ̃′ has the same label as γ′ (or
γ′−1). But then δ̃′ must be equal to γ′ (or γ′−1)) for otherwise, it would be a piece.
This implies that [γ] and [δ] lie in the same connected component of Γi of Γ, and
that they are conjugate in π1(Γi, νi) (or conjugate up to inversion). This cannot hold
for two elements of a free generating set.
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Lemma 2.17. Let Γ be a connected C(2)-labelled graph. Let R be the set of cyclic
reductions of words read on a set of free generators of π1(Γ, ν) for some ν ∈ Γ. Let
D be a simple disk diagram over 〈S | R〉 with freely trivial boundary word such that
every interior edge originates from Γ. Then any derived sequence is a trivial identity
sequence.

Proof. Let {φi | i ∈ I} be a set of free generators of π1(Γ, ν) such that

φi = [qiρiq
−1
i ],

where `(ρi) is equal to the cyclic reduction of `(φi) and qi is a reduced path. (Here
[·] denotes the homotopy class of a closed path.) Denote the terminal vertex of qi by
νi. Then {`(ρi) | i ∈ I} = R, and {`(φi) | i ∈ I} ⊂ RS .

The 1-skeleton D(1) of D admits a homomorphism of labelled graphs λ : D(1) → Γ
that is induced by the lifts of the boundary cycles of faces. Let v be the base vertex
of ∂D. Since Γ is connected, we may assume that ν was chosen such that ν = λ(v).
The path λ(∂D) is a closed path in Γ with initial vertex ν. Since the labelling of Γ
is reduced, the assumption that the boundary label of D is freely trivial implies that
λ(∂D) is a trivial path, i.e. [λ(∂D)] = 1 ∈ π1(Γ, ν).

We number the faces of D as Π1, ...,Πn. For every face Πj , there exist γj ∈ ∂Π+
j ,

tj ∈ I, and εj ∈ ±1 such that γj lifts to ρ
εj
tj

. Denote vj = ιγj . Then, for every j,

there exists a path pj in D(1) from v to vj such that:

1 = [λ(∂D)] = [λ(p1γ1p
−1
1 )] . . . [λ(pnγnp

−1
n )]

= [λ(p1)ρε1t1λ(p1)−1] . . . [λ(pn)ρεntnλ(pn)−1]

where [·] denotes the homotopy class of a closed path. Note that for each j, λ(vj) = νtj ,

whence λ(pj)q
−1
tj

is a closed path that is either empty or has initial vertex ν; we

denote ηj := [λ(pj)q
−1
tj

]. The sequence

Σ := (`(η1φ
ε1
t1
η−1

1 ), . . .) = (`(η1)`(φε1t1 )`(η−1
1 ), . . .)

is a derived sequence for (D, v). For each j, we can express ηj in the free generators
{φi | i ∈ I} as a reduced word Wj and write:

Σ = (`(W1)`(φε1t1 )`(W−1
1 ), . . . , `(Wn)`(φεntn )`(W−1

n )).

Now suppose W1 6= 1, and let the first letter of W1 be φe1f1 for f1 ∈ I, e1 ∈ {±1}.
Then we can insert the pair (`(φe1f1), `(φ−e1f1

)) into Σ at the first position and perform
an exchange operation to obtain

(`(φe1f1), `(W ′1)`(φε1t1 )`(W ′−1
1 ), `(φ−e1f1

), `(W2)`(φε2t2 )`(W−1
2 ), . . .),

where φe1f1W
′
1 = W1, and W ′1 is shorter than W1 (when expressed in the φi). Iterating

this procedure and applying it to all Wj yields a sequence Σ′ of the form

Σ′ = (`(φh1g1 ), . . . , `(φhNgN )),
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where each hi ∈ {±1}. Since 1 = φh1g1 . . . φ
hN
gN

in π1(Γ, ν) and since a free reduction
on the right hand side of this equation corresponds to a deletion operation in Σ′, we
see that Σ′ can be transformed into the empty sequence by deletion operations.

Lemma 2.18. Let Γ be a C(6)-labelled graph with set of labels S. Let R be the set
of cyclic reductions of words read on free generating sets of the fundamental groups
of the connected components of Γ. Then any identity sequence over 〈S | R〉 is trivial.

Proof. Let Σ be a non-trivial identity sequence over 〈S | R〉 of minimal length. Then
there is an associated spherical diagram D. We may restrict ourselves to the case
that D is a simple spherical diagram, as the general case can be constructed from
this. Lemma 1.29 implies that all edges of D originate from Γ, or that D has a
subdiagram ∆ that is a simple disk diagram with at least one face and with freely
trivial boundary word, and all interior edges of ∆ originate from Γ. Assume the
latter.

We associate to D a derived sequence Σ′ that has an initial subsequence σ that
is a derived sequence for ∆: We cut ∆ out of D and glue ∆ and D \∆ together
along a vertex; we embed the resulting contractible 2-complex in R2 such that the
boundary labels of the images ∆′ of ∆ and D′ of D \∆ are inverse. Let Σ′ be the
concatenation of a sequence σ for ∆′ and one for D′. Since ∆ has at least one face, σ
is non-empty. Note that Σ and Σ′ have the same length. By Lemma 2.17, σ reduces
to the trivial sequence, and therefore Σ′ is equivalent to a shorter sequence. Thus
the minimality assumption on Σ yields that Σ′ is trivial. Now, as mentioned before,
[CH82, Corollary 1 to Proposition 8] implies that Σ is trivial, a contradiction.

If all edges of D originate from Γ, we can unglue two faces along any edge of
D and embed the resulting 2-complex to R2 to obtain a simple disk diagram with
freely trivial boundary word whose 1-skeleton maps to Γ. Lemma 2.17 yields that
any derived sequence is trivial, and, therefore, Σ is trivial.

Proof of Lemma 2.14. Let R be as in Theorem 2.10. Assume there is r ∈ R such
that r ∈ 〈〈R \ {r}〉〉. Then there exists a diagram for r over R \ {r} and hence a
spherical diagram D over 〈S | R〉 with exactly one face labelled by r. There exists
a derived sequence for D containing a conjugate of r, but (using Lemma 2.16) no
conjugate of r−1. Therefore, the sequence is not trivial, which is a contradiction to
Lemma 2.18.





Chapter 3

Embedding the graph

In this chapter we study metric properties of the graph homomorphisms

Γ→ Cay(G(Γ), S)

induced by the labelling. In Section 1, we show that in the presence of the graphical
Gr(6)-condition, the map is injective on each component and, if Γ has finite com-
ponents, then it is a coarse embedding. In Section 2, we show that in the presence
of the graphical Gr(1

6)-condition, the map isometrically embeds each component of
Γ, and the image of each component is convex. We also discuss applications of the
free-product versions of these results.

3.1 Coarse embedding of Gr(6)-graphs

We show that any Gr(6)-labelled graph Γ with finite components embeds coarsely
into Cay(G(Γ), S). This result was published in [Gru15a].

Theorem 3.1. Let (Γn)n∈N be a sequence of connected finite labelled graphs such
that Γ :=

⊔
n∈N Γn is Gr(6)-labelled by a finite set S and such that |V Γn| → ∞. Then

the coarse union
⊔
n∈N Γn embeds coarsely into Cay(G(Γ), S).

The coarse union
⊔
n∈N Γn is the disjoint union

⊔
n∈N Γn endowed with a metric d

such that d restricts to the graph metric on each connected component and such that
d(Γan ,Γbn)→∞ as an + bn →∞ assuming an 6= bn for almost all n. For example,
we may set d(x, y) = diam(Γm) + diam(Γn) + m + n if x ∈ V Γm, y ∈ V Γn, and
m 6= n.

A coarse embedding is a map of metric spaces f : (X, dX) → (Y, dY ) such that
for all sequences (xn, x

′
n)n∈N in X ×X we have

dX(xn, x
′
n)→∞⇐⇒ dY (f(xn), f(x′n))→∞.

Consider the case of Theorem 3.1. If G(Γ) is infinite, then Cay(G(Γ), S) contains
an infinite geodesic ray. Then we can map Γ into Cay(G(Γ), S) via a map of labelled
graphs f by lining the Γn up along this geodesic ray such that, for all sequences

51
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Π

Figure 3.1: Left: The dotted line represents a subpath p of ∂D that lifts to a path
pΓ in Γ, the dashed line represents the boundary cycle ∂Π+ of a face Π. Right: We
remove edges of im(a) for a path a in p u ∂Π+ and, thus, remove Π. If the lift of a
in Γ via p essentially equals a lift of a via ∂Π+, then the resulting path, drawn as
dotted line, lifts to a path in Γ with the same endpoints as pΓ. Note that if the two
lifts are not essentially equal, then a is a piece.

an, bn we have d(f(Γan), f(Γbn))→∞ if and only if d(Γan ,Γbn)→∞. We show in
the following that f is a coarse embedding.

We begin by proving the following claim of Gromov [Gro03, Theorem 2.3]:

Lemma 3.2. Let Γ0 be a connected component of a Gr(6)-labelled graph Γ, and let f
be a label-preserving graph-homomorphism Γ0 → Cay(G(Γ), S). Then f is injective.

Proof. Let x and y be distinct vertices in Γ0, and assume that f(x) = f(y). Given x
and y, choose a path pΓ in Γ from x to y such that there exists a minimal diagram
D for `(pΓ) over Γ that has a minimal number of edges among all possible choices.
Let D be a minimal diagram for `(pΓ) over Γ. Since x 6= y, we have that `(pΓ) is
freely non-trivial, whence D has at least one face.

Suppose there exist a face Π and an edge e ∈ ∂D u ∂Π+ for which the lift of e
in Γ via ∂D 7→ pΓ and a lift of e in Γ via ∂Π+ coincide. Remove from D the edge
e, and thus the face Π, to obtain a diagram D′. Then ∂D′ is obtained from ∂D by
replacing the subpath e of ∂D with the subpath of ∂Π− that has the same endpoints
as e, see Figure 3.1. By the assumption on the lifts of e, we have that ∂D′ lifts to a
path p′Γ from x to y in Γ. This contradicts the minimality assumption on pΓ.

Therefore, for every face Π of D, every arc in ∂Π+u∂D is a piece. By minimality
of D, every interior arc is a piece, and D has at most one vertex of degree 1, namely
(possibly) the base vertex of ∂D. Now iteratively remove all vertices of degree 2
except for the base vertex (in case it has degree 2). This yields [3, 6]-diagram with
at most one vertex of degree at most 2, contradicting Lemma 1.19.

By Theorem 2.10, if Γ satisfies the graphical C(6)-condition, then G(Γ) is torsion-
free, whence:

Corollary 3.3. If Γ is a C(6)-labelled graph that has a connected component with
more than one vertex, then G(Γ) is infinite.

Remark 3.4. By Theorem 1.35, the proof and statement of Lemma 3.2 also apply
to the free product case replacing Γ with Γ, i.e. if Γ is a Gr∗(6)-labelled graph, then
each component of Γ injects into the Cayley graph of G(Γ)∗. In particular, the
Cayley graph of each Gi embeds into the Cayley graph of G(Γ)∗, which implies the
following corollary.



3.1. COARSE EMBEDDING OF GR(6)-GRAPHS 53

Corollary 3.5. Let Γ be a Gr∗(6)-labelled graph over a free product of groups Gi.
Then each Gi is a subgroup of G(Γ)∗.

We also show that the intersection of any two embedded components of Γ is
either empty or connected.

Lemma 3.6. Let Γ1 and Γ2 be components of a Gr(6)-labelled graph Γ, and for
each i ∈ {1, 2}, let fi be a label-preserving graph-homomorphism Γi → Cay(G(Γ), S).
Then f1(Γ1) ∩ f2(Γ2) is either empty or connected.

Proof. Let x and y be vertices in f1(Γ1) ∩ f2(Γ2). Denote X := Cay(G(Γ), S), and
let pX , respectively qX , be paths in Cay(G(Γ), S) from x to y such that pX = f1(pΓ)
for a path pΓ in Γ1 and qX = f2(qΓ) for a path qΓ in Γ2. Assume that, given x and y,
pX and qX are chosen such that there exists a minimal diagram D for `(pX)`(qX)−1

over Γ whose number of edges is minimal among all possible choices for pX and qX .
Denote ∂D = pq−1, i.e. p lifts to pX and q lifts to qX . Note that by our minimality
assumptions, the only (possible) vertices of D having degree 1 are the initial or
terminal vertices of p (or equivalently q).

For every face Π, any arc a in ∂Π+ u p or in ∂Π+ u q−1 is a piece since, otherwise,
we could remove edges in im(a) as in Figure 3.1. Moreover, by minimality, every
interior arc is a piece. Now iteratively remove all vertices of degree 2, except the initial
and terminal vertices of p (in case they have degree 2). This yields a [3, 6]-diagram
∆, where at most two vertices have degree less than 3. Thus, by Lemma 1.19, ∆ is
either a single vertex or a single edge. This implies p = q, whence pX = qX and,
therefore, pX = qX is a path in f1(Γ1) ∩ f2(Γ2) from x to y.

We are ready to conclude the proof of Theorem 3.1.

Proof of Theorem 3.1. The assumption of Theorem 3.1, together with Lemma 3.2,
implies that G(Γ) is infinite. Therefore, we can define our map f . Let (xn, yn)n∈N
be a sequence of pairs of vertices in Γ such that d(xn, yn) → ∞. We claim that
d(f(xn), f(yn))→∞. By construction of f , it is sufficient to consider the case where
for each n, both xn and yn lie in the same connected component.

Suppose our claim is false. Then (xn, yn) has a subsequence (x′n, y
′
n) such that

d(f(x′n), f(y′n)) is bounded. Since Cay(G(Γ), S) is locally finite, there exists an
infinite subsequence (x′′n, y

′′
n) such that for all n, the labels of paths from x′′n to

y′′n define the same element of G(Γ). Since every Γn is bounded, we also assume
that for n 6= m, the components containing {x′′n, y′′n} and {x′′m, y′′m} are distinct and
non-isomorphic as labelled graphs.

For every n, denote by Γ′n be the connected component of Γ containing x′′n and
y′′n. By Lemma 3.6, for every n > 1 there exist reduced paths pn in Γ′1 and qn in Γ′n
such that `(pn) = `(qn). This, in particular, implies that for every n > 1, pn is a
piece. Since no reduced path that is a piece can be closed by the Gr(6)-condition,
we obtain that for every n > 1, pn is a simple path. Since Γ′1 is finite, the length of a
simple path in Γ′1 is bounded from above by a uniform constant. Note that for every
n > 1, we have |qn| = |pn|. Since d(x′′n, y

′′
n) 6 |qn|, this contradicts the assumption

that d(x′′n, y
′′
n)→∞.
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Obviously, d(f(x), f(y)) 6 d(x, y) for any vertices x and y in a connected compo-
nent of Γ. Hence d(f(xn), f(yn))→∞ implies d(xn, yn)→∞.

Remark 3.7. By Theorem 1.35, Theorem 3.1 holds for the free product case if Γ
is Gr∗(6)-labelled relative to a finite set of finite groups. Note that without the
finiteness assumptions, the components of Γ need not be finite.

We show that, while the graphical Gr(6)-condition gives rise to a coarse embed-
ding, it does not in general give rise to a quasi-isometric embedding.

Example 3.8. Let k ∈ N. We construct a sequence of finite, connected labelled
graphs (Γn)n∈N such that their disjoint union Γ is C(k)-labelled and such that every
label-preserving graph homomorphism f : Γ→ Cay(G(Γ), S) is not a quasi-isometric
embedding. Let S = S1 ∪ S2 ∪ {a, b}, where S1, S2 and {a, b} are pairwise disjoint
and |S1| > 1. Let (wn)n∈N be a sequence of pairwise distinct reduced words in M(S1)
such that |wn| = O(log n), and let (vn)n∈N be a sequence of pairwise distinct reduced
words in M(S2). For each n, let Γn be the graph given in Figure 3.2. In Figure 3.2,
pn, xn, yn are words in S as follows:

• pn = bg(n), where g(n) is a map N→ N such that log n = o(g(n)),

• xn = w(k−1)n+1aw(k−1)n+2a . . . awkna,

• yn = v(k−1)n+1av(k−1)n+2a . . . avkna
g(n).

ηn νn
pn

xn

pn

yn

Figure 3.2: The graph Γn. Here pn, xn, yn are words given in Example 3.8, and a
drawn edge labelled by a word w represents a line graph of length |w| labelled by w.
The symbols ηn and νn denote vertices for reference.

The reader can easily check that the resulting labelled graph Γ satisfies the
graphical C(k)-condition by considering how many non-consecutive instances of a can
occur in the label of a piece. By construction |pn| 6 |yn| and hence d(ηn, νn) = |pn|.
Since pn and xn represent the same element of G(Γ), we have d(f(ηn), f(νn)) 6
|xn| = o(d(ηn, νn)). Therefore, f cannot be a quasi-isometric embedding.

3.2 Convex embedding of Gr′(1
6)-graphs

We first show that the image of every component of Γ is convex in Cay(G(Γ), S).
We also prove that it is isometrically embedded. The isometric embedding result
was proved in [Oll06] for finite graphs assuming a slightly stronger condition than
our graphical C ′(1

6)-condition. We observed in [Gru15a] that Ollivier’s isometric
embedding result extends to arbitrary Gr′(1

6)-labelled graphs. A proof of Lemma 3.12
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Figure 3.3: A diagram D of shape I1. All faces except the two distinguished ones are
optional, i.e. D may have as few as 2 faces.

was given in [GS14]. Our proof uses properties of the following particular type of
(3, 7)-diagrams:

Definition 3.9. A (3, 7)-n-gon is a (3, 7)-diagram with a decomposition of ∂D into
n reduced subpaths ∂D = γ1γ2 . . . γn with the following property: Every face Π of
D with e(Π) = 1 for which the maximal exterior arc that is a subpath of ∂Π+ is
a subpath of one of the γi satisfies i(Π) > 4. A face Π for which there exists an
exterior arc that is a subpath of ∂Π+ and that is not a subpath of any γi is called
distinguished. We use the words bigon, triangle and quadrangle for 2-gon, 3-gon and
4-gon.

Theorem 3.10 (Strebel’s bigons, [Str90, Theorem 35]). Let D be a simple disk
diagram that is a (3, 7)-bigon. Then D is either a single face, or it has shape I1 as
depicted in Figure 3.3. Having shape I1 means:

• There exist exactly 2 distinguished faces. For each distinguished face Π, there
exist δ ∈ ∂Π+, an interior arc δ1, and an exterior arc δ2 such that δ = δ1δ2.

• For every non-distinguished face Π, there exist δ ∈ ∂Π+, exterior arcs δ1 and
δ3 that are subpaths of the two sides of D and that are not both subpaths of the
same side, and interior arcs δ2 and δ4 such that δ = δ1δ2δ3δ4.

Remark 3.11. Strebel also provided a classification of (3, 7)-triangles [Str90, Theo-
rem 43]. While his results are originally stated for reduced van Kampen diagrams
over (not necessarily finite) classical C ′(1

6)-presentation whose boundaries decompose
into two, respectively three, geodesic words, the proofs actually apply to our notion
of (3, 7)-bigon, respectively (3, 7)-triangle. Using our Theorem 1.23, it is an easy
observation that if D is a minimal diagram over a Gr′(1

6)-labelled graph Γ for a
word w, where w = w1w2, respectively w = w1w2w3, and each wi labels a geodesic
in Cay(G(Γ), S), then D is a (3, 7)-bigon, respectively (3, 7)-triangle. Therefore, we
deduce that Strebel’s results also apply to geodesic bigons and triangles in the Cayley
graphs of graphical Gr′(1

6)-groups.

Lemma 3.12. Let Γ0 be a component of a Gr′(1
6)-labelled graph Γ, and let f be a

label-preserving graph homomorphism Γ0 → Cay(G(Γ), S). Then f is an isometric
embedding, and its image is convex.

Proof. Denote X := Cay(G(Γ), S). Let pΓ be a geodesic path in Γ0, and let qX be
a geodesic path in X that has the same endpoints as f(pΓ). Let D be a minimal
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diagram for `(pΓ)`(qX)−1 over Γ, and denote ∂D = pq−1, i.e. p is a lift of pΓ and q
is a lift of qX . If D has no faces, then qX = f(pΓ), and the claim holds. From now
on assume that D contains at least one face. Note that, by the Gr′(1

6)-assumption,

for any face Π of D, any interior arc a that is a subpath of ∂Π+ satisfies |a| < |∂Π+|
6 .

Let Π be a face of D. Since qX is geodesic, any arc a in ∂Π+ u q−1 satisfies

|a| 6 |∂Π+|
2 . Suppose there exists an arc a in ∂Π+ u p, and suppose a lift of a via

∂Π+ equals the lift of a via p 7→ pΓ. Then the lift of a in Γ is a geodesic subpath

of a simple closed path γ in Γ, where |γ| = |∂Π+|; therefore, |a| 6 |∂Π+|
2 . If the lifts

are distinct for every choice of lift of ∂Π+, then a is a piece, and, hence, |a| < |∂Π+|
6 .

Therefore, D is a (3, 7)-bigon, and every disk component is either a single face, or it
has shape I1 as in Theorem 3.10.

Let Π be a face of D. Then Π has interior degree at most two, and any interior

arc that is a subpath of ∂Π+ is shorter than |∂Π+|
6 . Since |max(∂Π+ u q−1)| 6 |∂Π+|

2 ,

we obtain |max(∂Π+u p)| > |∂Π+|
6 . Therefore, a := max(∂Π+u p) is not a piece, and

a lift of a to Γ via ∂Π+ and the lift of a via p 7→ pΓ are equal. Since this holds for
every face Π, there exists a label-preserving graph homomorphism of the 1-skeleton
of D to Γ0 that induces the lift p 7→ pΓ. This implies that qX lies in f(Γ0), whence
the image of f(Γ0) is convex. Since qX lifts to a path in Γ0 with the same endpoints
as pΓ, and since pΓ is geodesic, we have |qX | > |pΓ|. Thus, the map Γ0 → X is an
isometric embedding.

Remark 3.13. By Theorem 1.35, the proof and statement of Lemma 3.12 also apply
to the free product case replacing Γ with Γ, i.e. if Γ is a Gr′∗(

1
6)-labelled graph over

∗i∈IGi with generating sets (Si)i∈I , then each component of a Γ isometrically embeds
into Cay(G(Γ)∗,ti∈ISi) and has a convex image. In particular, if a component of Γ
embeds isometrically into Γ, then it embeds isometrically into Cay(G(Γ)∗,ti∈ISi).
Moreover, if an attached Cay(Gi0 , Si0) embeds isometrically into Γ, then Cay(Gi0 , Si0)
embeds isometrically into Cay(G(Γ)∗,ti∈ISi). Thus, if I and all Si are finite, then
Gi0 embeds quasi-isometrically into G(Γ)∗ (where both groups are considered with
their corresponding word-metrics).

In order for an attached Cay(Gi0 , Si0) to be isometrically embedded (and convex)
in Γ, it is sufficient that the label-preserving automorphism group of Γ does not act
transitively on the union of all vertex-sets of all attached Cay(Gi0 , Si0): If it does
not act transitively, then every geodesic path in Cay(Gi0 , Si0) is a piece. The small
cancellation condition ensures that any geodesic path in Cay(Gi0 , Si0) that is a piece
is a geodesic path in Γ, and any other geodesic path with the same endpoints is
contained in the same copy of Cay(Gi0 , Si0).



Chapter 4

Free subgroups &
SQ-universality

In this chapter, we prove that infinitely presented graphical Gr(7)-groups have
non-abelian free subgroups. In the case of classical small cancellation theory, we
strengthen this result to show that infinitely presented classical C(6)-groups are
SQ-universal. The first result, contained in Section 1, was published in [Gru15a]; the
second result, contained in Section 2, was published in [Gru15b].

4.1 Free subgroups in graphical Gr(7)-groups

We prove that graphical Gr(7)-groups are either virtually cyclic, or they have non-
abelian free subgroups.

Theorem 4.1. Let Γ be a Gr(7)-labelled graph whose components are finite. Then
either G(Γ) contains a non-abelian free subgroup, or G(Γ) is virtually cyclic.

Theorem 4.2. Let Γ be a C(7)-labelled graph with a finite set of labels. Then G(Γ)
contains a non-abelian free subgroup, or G(Γ) is trivial or infinite cyclic.

Remark 4.3. In the case of Theorem 4.2, it is easy to check if G(Γ) is trivial or
infinite cyclic: First, Lemma 1.18 implies that there is no minimal diagram over Γ
whose boundary has length 1 and which has more than one face. Hence G(Γ) is
trivial if and only if for every s ∈ S, Γ contains a loop labelled by s, i.e. an edge e
with ιe = τe and `(e) = s.

Second, we check when an infinite cyclic group can arise. Suppose an edge e in Γ
is not a piece, and assume that e is contained in a simple closed path. Note that,
since we are in the case of Theorem 4.2, the component of Γ containing e admits no
label-preserving automorphism, whence the label of e occurs on no other edge than e.
Therefore, removing {e, e−1} from Γ and removing its label (or possibly the inverse
thereof) from S corresponds to a Tietze-transformation. Iteratively removing all such
edges and their labels gives rise to a graph Γ′ labelled by a set S′ ⊆ S such that, in
Γ′, every simple closed path is a concatenation of pieces. Now assume G(Γ) ∼= G(Γ′)
is cyclic. Then G(Γ′) is abelian, and for every s1 6= s2 in S′, there exists a minimal

57
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diagram D over Γ′ with `(∂D) = s1s2s
−1
1 s−1

2 . By construction, Γ′ is either a forest,
or it has girth at least 7. Therefore, D has at least 2 faces. Moreover, D has at most
4 boundary faces, and every boundary face of D has interior degree at least 3. Hence,
the existence of D contradicts Lemma 1.18. Therefore, G(Γ) is infinite cyclic if and
only if |S′| = 1.

We shall now construct elements of G(Γ) that freely generate a free subgroup.
This construction was first used in [Gru15a]. We further refined it when proving the
main results of [GS14], and the version we present here is based on this later work.

From now until the end of this section, we fix a C(7)-labelled graph for the proof
of Theorem 4.2, respectively a Gr(7)-labelled graph Γ for the proof of Theorem 4.1,
with a set of labels S such that the following hold:

• Every s ∈ S occurs on an edge of Γ.

• No s ∈ S occurs on exactly one edge of Γ.

• Γ has at least one component, and every component of Γ has a non-trivial
fundamental group.

• No two components Γ1 and Γ2 of Γ admit a label-preserving isomorphism
Γ1 → Γ2.

We explain why these properties can assumed for the proofs: If the first property
does not hold for s ∈ S, then s generates a free factor in G(Γ), and either G(Γ)
is isomorphic to Z or to G′ ∗ Z for some non-trivial group G′. In both cases, the
statements of the respective theorems hold. For the second property, let e be an
edge whose label s occurs on no other edge of Γ. The operation of removing e
from Γ and simultaneously removing s from the alphabet corresponds to a Tietze-
transformation if e is contained in an embedded cycle graph. If e is not contained
in an embedded cycle graph, then the operation corresponds to projecting to the
identity the free factor of G(Γ) that is the infinite cyclic group generated by s. Thus,
if we simultaneously remove all such edges and the corresponding labels from the
alphabet, the resulting graph defines either G(Γ), or it defines a group G′ such that
G(Γ) ∼= G′ ∗ F for some non-trivial free group F . In the latter case, the claim of the
theorems holds for G(Γ). The third and fourth properties can be arranged by simply
discarding superfluous components. If no component remains, G(Γ) is a free group.

The idea for finding generators of a free subgroup is to use appropriate “subwords
of relators”, i.e. words read on the graph. Using the geometry of van Kampen
diagrams, we shall show that if we choose such words correctly, then there cannot
exist a diagram representing a non-trivial relation among these words. The words
we construct will be products of “halves of relators”, which can be made precise by
counting pieces. The following lemmas will enable our construction.

Lemma 4.4. Let Γ0 be a finite component of Γ. Then one of the following holds:

• There exist distinct vertices x and y in Γ0 such that no path from x to y is a
concatenation of pieces.
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• There exists a simple closed path in Γ0 that is a concatenation of pieces.

Proof. Suppose the first claim does not hold. Then any two vertices of Γ0 can be
connected by a path that is a concatenation of pieces. If every edge is a piece, the
second claim holds since Γ0 has a non-trivial fundamental group. Now assume an
edge e is not a piece.

Since the label of e occurs more than once on Γ and since no two components of
Γ are isomorphic, there exists a label-preserving automorphism φ : Γ0 → Γ0 with
φ(e) 6= e. Let p be a reduced path from ιe to φ(ιe) that is a concatenation of pieces.
Since p is reduced and non-trivial, its label is freely non-trivial. Since Γ0 is finite,
there exists k > 0 with φk = id, whence the path γφ(p) . . . φk−1(p) is closed. It is
non-trivial since its label is freely non-trivial. Therefore, its reduction contains a
subpath that is a simple closed path that is a concatenation of pieces.

Lemma 4.5. Suppose Γ has distinct finite components Γ1 and Γ2. Then there exist
vertices x1, y1 and x2, y2 in Γ with the following properties:

• x1 and y1 lie in the same component of Γ, and x2 and y2 lie in the same
component of Γ. Moreover, x1 6= y1, x2 6= y2, x2 and y1 are essentially distinct,
and y2 and x1 are essentially distinct.

• If α1 = p−1α1q is a path from x1 to y1, where p is empty or a piece and q is
empty or a lift of a path terminating at x2, then α1 is non-empty and not a
piece.

• If α2 = q−1α2p is a path from x2 to y2, where q is empty or a lift of a path
terminating at y1 and p is empty or a piece, then α2 is non-empty and not a
piece.

• There exists at most one reduced path α1 = p−1α1q from x1 to y1 such that
p is empty or a lift of a path terminating at y2, q is empty or a lift of a path
terminating at x2, and α1 is a concatenation of at most two pieces.

• There exists at most one reduced path α2 = q−1α2p from x2 to y2 such that
q is empty or a lift of a path terminating at y1, p is empty or a lift of a path
terminating at x1, and α2 is a concatenation of at most two pieces.

Proof. Denote X := Cay(G(Γ), S). First assume both Γ1 and Γ2 satisfy the second
claim of Lemma 4.4. For i = 1, 2, let γi be simple closed paths in Γi that are
concatenations of pieces, and denote their initial vertices by vi. Consider the
maps of labelled graphs fi : Γi → X obtained by mapping vi to 1 ∈ G(Γ). Let
C := f1(Γ1) ∩ f2(Γ2). The maps fi are injective by Lemma 3.2, and C is connected
by Lemma 3.6. Since v1 and v2 are essentially distinct, we have that any non-empty
path in C is a piece.

For each i ∈ {1, 2}, let pi be the maximal subpath of γi whose edges are contained
in f−1

i (X \ C). (See Figure 4.1 for an illustration.) Then pi is not a concatenation
of at most 5 pieces. Let wi be the initial vertex of the maximal terminal subpath of
pi that is a concatenation of at most 3 pieces. Then fi(wi) cannot be connected to



60 CHAPTER 4. FREE SUBGROUPS & SQ-UNIVERSALITY

C f1(w1)f2(w2)

1

Figure 4.1: An illustration of the union of f1(Γ1) (right) and f2(Γ2) (left) in X. The
intersection f1(Γ1) ∩ f2(Γ2) is denoted by C. The dashed lines represent the paths
f1(p1) (right) and f2(p2) (left). Note that 1 = f1(v1) = f2(v2).

any vertex of C by any path in fi(Γi) that is a concatenation of at most two pieces,
for else there would exist a non-trivial closed path in Γ that is a concatenation of
at most 6 pieces. Denote x1 = w1, y1 = v1, x2 = v2, y2 = w2. Then first claim holds
since Γ1 and Γ2 are non-isomorphic, and our above observation proves the second
and third claims.

If one or both Γi satisfy the first claim of Lemma 4.4, then we make the above
construction letting vi and wi be any distinct vertices in Γi that cannot be connected
by a path that is a concatenation of pieces.

For the fourth claim, suppose there are two distinct reduced paths α1 and α′1 as
in the claim. We write α1 = p−1α1q and α′1 = p′−1α′1q

′ as above. Note that each one
of pp′−1 and q′q−1 is empty or a piece by construction. Therefore, pp′−1α′1q

′q−1α−1
1

is a closed path that is a concatenation of at most 6 pieces, and it is non-trivial since
the label of its cyclic conjugate α′1α

−1
1 is freely non-trivial; this is a contradiction.

For the fifth claim, the same argument applies.

Lemma 4.6. Suppose Γ admits no non-trivial label-preserving automorphism. Let
c be an embedded cycle graph in Γ such that every edge of c is a piece. Then there
exist vertices x1, y1 and x2, y2 in c for which the statement of Lemma 4.5 holds.

Proof. Let γ1 be a simple closed path based at a vertex v1 such that im(γ1) = c. Let
v2 be the terminal vertex of the longest initial subpath of γ1 made up of at most 3
pieces, and let γ2 be the cyclic shift of γ1 with initial vertex v2. (See Figure 4.2.)
Note that v1 6= v2 and, hence, v1 and v2 are essentially distinct because Γ has no
non-trivial label-preserving automorphism. We make the same construction as in
Lemma 4.5 for the component Γ0 of Γ containing c, i.e. we map Γ0 to Cay(G(Γ), S)
by f1(v1) = 1 and by f2(v2) = 1 and choose the vertices w1 and w2 as above. By
construction, there is a path from v1 to w2 that is a concatenation of at most two
pieces, whence w1 6= w2, and w1 and w2 are essentially distinct. All other claims of
Lemma 4.5 follow with the same proofs.

For the proof of Theorem 4.2, we may assume that G(Γ) is not finitely presented
since, otherwise, G(Γ) is hyperbolic by Theorem 2.4, and Theorem 4.2 holds. There-
fore, we may assume that Γ contains infinitely many pairwise distinct embedded cycle
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v1

v2

Figure 4.2: An illustration of c = im(γ1) ⊆ Γ. The outer dashed line represents γ1,
and the inner dashed line represents γ2.

graphs. To construct a non-abelian free subgroup, we will require two vertex-disjoint
embedded cycle graphs, which will be provided by the following lemma. Note that in
the case of Theorem 4.2, Γ must have bounded vertex-degree since the set of labels
is assumed to be finite.

Lemma 4.7. Let X be a graph of bounded vertex-degree that contains infinitely many
pairwise distinct embedded cycle graphs. Then X contains infinitely many pairwise
vertex-disjoint embedded cycle graphs.

Proof. First assume that X has infinitely many connected components that contain
embedded cycle graphs. Then the claim is obvious. Therefore, we will assume that
X is connected.

We prove by contradiction. Let Ω be a maximal subgraph of X that is a union
of pairwise vertex-disjoint cycle graphs in X, and assume that Ω is finite. Consider
a spanning tree T of X. Then, by assumption, there are infinitely many edges in
X that do not lie in T . Therefore, since X has bounded vertex-degree, T is infinite.
The forest F obtained by removing from T all vertices and edges of Ω has finitely
many connected components. Moreover, there are infinitely many edges in X that
do not meet any vertex in Ω and that do not lie in T . Thus one of the following
must hold:

• There exists a component C of F such that there is an edge e in X but not in
T , such that e connects two vertices of C and such that e does not intersect Ω
in any vertex, or

• there exist two components C, C ′ of F such that there are two edges e and e′

in X but not in T , such that e and e′ connect vertices of C to vertices of C ′,
and such that both e and e′ are disjoint from Ω.

In both cases, we obtain an embedded cycle graph that is vertex-disjoint from Ω.
This contradicts the maximality of Ω.

We now simultaneously prove Theorems 4.1 and 4.2. We add to our list of
assumptions on Γ:
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• In the case of Theorem 4.1, Γ has at least four finite components Γ1,Γ2 and
Γ′1,Γ

′
2.

• In the case of Theorem 4.2, Γ contains at least two pairwise vertex-disjoint
embedded cycle graphs c and c′.

In both cases, if these assumptions do not hold, then G(Γ) is hyperbolic, and the
claim holds.

In the following, given vertices x and y in a graph, we use the notation p : x→ y
for a path p with ιp = x and τp = y.

Proof of Theorems 4.1 and 4.2. In the case of Theorem 4.1, we denote x1, y1, x2, y2

in Γ1,Γ2 as in Lemma 4.5 and x′1, y
′
1, x
′
2, y
′
2 in Γ′1,Γ

′
2 as in Lemma 4.5. In the case

of Theorem 4.2, we denote x1, y1, x2, y2 in c as in Lemma 4.6 and x′1, y
′
1, x
′
2, y
′
2 in

c′ as in Lemma 4.6. Let W1 be the set of all words of the form `(p1)`(p2), where
p1 : x1 → y1 and p2 : x2 → y2; similarly, let W2 be the set of all words of the form
`(p′1)`(p′2), where p′1 : x′1 → y′1 and p′2 : x′2 → y′2. Denote by g1 the element of G(Γ)
represented by an element of W1, and by g2 the element of G(Γ) represented by an
element of W2.

Suppose the homomorphism F (2) → G(Γ) defined by a 7→ g1, b 7→ g2 is not
injective. Then there exists a non-trivial cyclically reduced x(a, b) ∈ F (a, b) that is
mapped to the identity. Let w be a word obtained as follows: Replace every a in
x(a, b) by an element of W1 and every b in x(a, b) by an element of W2. Here we
do not require that every a, respectively b, is replaced by the same element of W1,
respectively W2. Moreover, among all such possibilities for w, we choose w such that
there exists a diagram for w over Γ whose number of edges is minimal among all
possible choices of w.

Denote by D such a diagram with minimal number of edges. We can write
∂D = β1β2 . . . βn, where each βi lifts to a path xj → yj or yj → xj or x′j → y′j or

y′j → x′j with j ∈ {1, 2}. By the minimality assumption and by Lemma 3.2, every βi
is a simple path. Moreover, for every face Π, every path in ∂Π+u∂D that is subpath
of some βi is a piece by minimality, for else we could remove edges as in Figure 3.1.

Any exterior spur σ of D lies in some βi u β
−1
i+1 for some i (indices mod n). We

observe:

• If i ≡ 1 mod 2, then σ has two lifts with terminal vertices y1 and x2 or with
terminal vertices y′1 and x′2 (i.e. σ lifts to paths q as in the second and third
statements of Lemma 4.5).

• If i ≡ 2 mod 2, then σ is a piece since x(a, b) is cyclically reduced.

We remove from D all edges that are contained in exterior spurs to obtain a diagram
D′ without spurs such that `(∂D′) is the cyclic reduction of w. We can write
∂D′ = β1β2 . . . βn, where each βi is a subpath of βi and where, by construction, no
βi is empty or a piece. See Figure 4.3 for an illustration.

Let Π be a face in D′. If p is an exterior arc that is a subpath of ∂Π+, then p
does not contain any βi as a subpath, for otherwise βi would be a piece. Hence, p is a



4.2. SQ-UNIVERSALITY OF CLASSICAL C(6)-GROUPS 63

β1

β2β3

β4

β5

β6 β7

β8

β1

β2β3

β4

β5

β6 β7

β8

D D′

Figure 4.3: Illustrations of the diagrams D and D′ in the proof of Theorems 4.1
and 4.2. D′ is obtained from D by removing all exterior spurs. The βi lift to paths
connecting xj and yj (or x′j and y′j) for j ∈ {1, 2} as in Lemmas 4.5 or 4.6. The βi

are the subpaths of the βi obtained by removing spurs. By construction, no βi is
empty or a piece.

concatenation of at most 2 pieces. Therefore, if e(Π) = k, then i(Π) > 7− 2k by the
Gr(7)-condition. Now forget all vertices of degree 2. This operation preserves degrees
of faces. We can apply Lemma 1.17 to D′: Any face with e(Π) = k contributes
6 − 2k − i(Π) 6 6 − 2k − 7 + 2k 6 −1 to the right hand side of the formula, and
the contributions of the vertices are non-positive since there are no spurs. This is a
contradiction.

Note that for the above proof, if we are given pairs of vertices as in Lemmas 4.5
or 4.6 in our graph Γ, then the graphical Gr(6)-condition is sufficient to make the
final conclusion.

4.2 SQ-universality of classical C(6)-groups

In this section, we show that infinitely presented classical C(6)-groups are SQ-
universal.

Definition 4.8 (SQ-universality). Let G be a group. G is SQ-universal if for every
countable group C there exists a quotient Q of G such that C admits an injective
homomorphism into Q.

Theorem 4.9. Let G be defined by a classical C(6)-presentation 〈S | R〉, where S is
finite and R is infinite. Then G is SQ-universal.

The classical C(6)-condition, in our words, has been stated in Example 1.10: A
presentation 〈S | R〉 satisfies the classical C(6)-condition if and only if:

• The graph ΓR that is the disjoint union of cycle graphs labelled by the elements
of R satisfies the Gr(6)-condition.
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• If r ∈ R, then all cyclic conjugates and their inverses are elements of R.

We will employ the following notion and result from [Ol′95]: Let G be a group
and F a subgroup. Then F has the congruence extension property (CEP) if for every
normal subgroup N of F (i.e. N is normal in F ), we have 〈N〉G ∩ F = N , where
〈N〉G denotes the normal closure of N in G. The group G has property F (2) if there
exists a subgroup F of G that is a free group of rank 2 and that has the CEP.

Proposition 4.10 ([Ol′95]). If a group G has property F (2), then G is SQ-universal.

In fact, we will show:

Theorem 4.11. Let G be defined by a classical C(6)-presentation 〈S | R〉, where S
is finite and R is infinite. Then G has property F (2).

The proof of Theorem 4.11 in fact only requires a sufficient (finite) number of
relators, and it does not necessarily require a finite set of generators. The details of
this are explained in Remark 4.18.

4.2.1 More tools of classical small cancellation theory

We shall use the following refinement of van Kampen’s lemma due to Ol′shanskii
[Ol′91, Chapter 4,§11.6].

Lemma 4.12. Let 〈S | R〉 be a presentation, let R′ ⊆ R, and let D be a singular
disk diagram over 〈S | R〉. Let Π1 and Π2 be faces in D that share a vertex v.

• If Π1 = Π2, assume that a boundary label of Π1 is freely equal to an element of
the normal closure of R′ in F (S).

• If Π1 6= Π2, assume that there exist paths γ1 ∈ ∂Π+
1 and γ2 ∈ ∂Π+

2 with
ιγ1 = v = ιγ2 such that `(γ1)`(γ2) is freely equal to an element of the normal
closure of R′ in F (S).

Then there exists a diagram D′ containing faces f1, f2, . . . , fk, k > 0, such that each fi
has a boundary word in R′, such that D′ has the same boundary word as D, and such
that there exists an injection f : faces(D′) \ {f1, f2, . . . , fk} → faces(D) \ {Π1,Π2}
such that for each Π ∈ faces(D′) \ {f1, f2, . . . , fk} we have `(∂Π+) = `(f(∂Π)+).

In the particular case that R′ = ∅, the above lemma states that adjacent faces
with freely inverse labels can be removed.

We remark that the diagrams in [Ol′91] contain certain 0-faces (we do not use
the terminology “0-cells” to avoid confusion), and the diagram D′ in [Ol′91] contains
such 0-faces. These 0-faces are faces with boundary labels xsys−1, where s ∈ S and
x and y are powers of a symbol 1 that does not lie in S t S−1 and that denotes
the identity in F (S). Using the following steps, which we consider as operations
on a planar graph, we can iteratively remove all 0-faces to obtain the statement of
Lemma 4.12. Note that each of the operations does not alter the boundary word of
D′ or of any R-face (unless the face is removed), and it does not alter the fact that
D′ is a singular disk diagram.
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• Contract to a point an edge e with `(e) = 1 and ιe 6= τe.

• Remove a loop, i.e. an edge e with `(e) = 1 and ιe = τe, and also remove any
subdiagram enclosed by e. (We contract e and everything inside e to a point.)

• Replace a face with label ss−1 by an edge with label s. (We homotope one side
of the bigon and the enclosed face onto the other side.) See Figure 1.11.

The following formula for curvature in simple spherical diagrams will be useful in
our proofs. It is analogous to formulas proven in [LS77, Section V.3].

Lemma 4.13 (Curvature formula). Let Σ be a simple spherical diagram. Then:

6 =
∑

v∈vertices(Σ)

(3− d(v)) +
1

2

∑
Π∈faces(Σ)

(6− d(Π).

Proof. Let V denote the number of vertices, E the number of pairs of oriented
edges {e, e−1}, and F the the number of faces of Σ. Then the well-known Euler
characteristic formula 2 = V − E + F holds. Moreover, note:

E =
1

2

∑
v∈vertices(Σ)

d(v) =
1

2

∑
Π∈faces(Σ)

d(Π).

Thus:

6 = (3V − 2E) + (3F − E)

=
∑

v∈vertices(Σ)

(3− d(v)) +
1

2

∑
Π∈faces(Σ)

(6− d(Π)).

4.2.2 Finding subwords of relators

From now on, we fix a classical C(6)-presentation 〈S | R〉 for a group G as in
Theorem 4.11. Whenever we speak of pieces, we mean pieces with respect to the
labelled graph ΓR.

The strategy of proof of Theorem 4.11 is the following: We define group elements
α1, α2 as suitable products of subwords of relators. Then we prove that α1 and
α2 freely generate a free subgroup F of G that has the CEP. This is achieved by
translating the problem into spherical diagrams and applying the curvature formula
(Lemma 4.13). The αi will be products of “halves of relators” in the sense of piece
distance (Definition 4.14). We use the notion of support (see Definition 4.15) to
ensure that no free cancellation occurs when forming the products.

Definition 4.14 (Piece distance). Let r ∈ R, and let x and y be distinct vertices
in γr. The piece distance of x and y, denoted dp(x, y), is the least number of pieces
with respect to ΓR whose concatenation is a path in γr from x to y. If there is no
such path, set dp(x, y) =∞. If x is a vertex in γr, set dp(x, x) = 0.
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Definition 4.15 (Support of a vertex). Let r ∈ R, and let v be a vertex in γr. The
support of v, denoted supp(v), is the set of labels of paths of length 1 starting at v.

The elements of supp(v) are in StS−1, and for any v ∈ V ΓR we have | supp(v)| =
d(v) = 2 since the labelling of ΓR is reduced (or, equivalently, since the elements
of R are cyclically reduced). Since S is finite and R is infinite, we may choose an
infinite subset R0 ⊆ R such that for every r ∈ R0, every edge in γr is a piece.

The following is immediate from the classical C(6)-condition.

Lemma 4.16. Let r ∈ R0, and let x be a vertex in γr. Then there exists a vertex y
in γr with dp(x, y) > 3.

Given r ∈ R, we denote by [r] the set of all cyclic conjugates and their inverses
of r.

Lemma 4.17. There exist relators r1, ..., r16 in R0 and vertices xn, yn ∈ γrn with:

• [rn] = [rm]⇔ n = m,

• dp(xn, yn) > 3,

• supp(yn) ∩ supp(xn+1) = ∅ for n ∈ {1, ..., 16} \ {8, 16}.

This lemma is the only instance in this section, where we actually use the
assumption that our group G is defined by a classical C(6)-presentation and not,
more generally, a Gr(6)-labelled graph. The important property of classical C(6)-
presentations we use is that they correspond to Gr(6)-labelled graphs in which all
vertices have degree 2. This fact will be necessary in the following proof to construct
vertices with pairwise disjoint supports.

The following proof aims to use the least number of relators possible in the
construction. This will be used in Remark 4.18 for the case that R0 is finite. If, as
assumed now, R0 is infinite, many technicalities, such as keeping track of L and L′,
can be skipped.

Proof of Lemma 4.17. Take R1 to be a set of representatives of [·]-classes in R0. By
Lemma 4.16, for every r ∈ R1, for every vertex x in γr there exists a vertex y ∈ γr
with dp(x, y) > 3. We construct the rk in R1 inductively: Given rk and xk, we pick
yk with dp(xk, yk) > 3 such that there exists rk+1 distinct from all ri, i 6 k, and a
vertex xk+1 in γk+1 such that supp(yk)∩ supp(xk+1) = ∅. If this is possible for every
k < 16, the claimed sequence exists.

Now suppose there exists some K < 16 such that for every choice of yK with
dp(xK , yK) > 3, every vertex x in every γr with r ∈ R2 := R1 \ {r1, r2, . . . , rK}
satisfies supp(yK)∩ supp(x) 6= ∅. Choose any yK with dp(xK , yK) > 3 in γrK . There
are two cases to consider:

1) supp(yK) = {a−1, b} for a 6= b, a, b ∈ S tS−1. Then every r ∈ R2 has the form
(up to inversion and cyclic conjugation) r = ak1b−k2ak3 ...b−kl , where all ki > 0.

2) supp(yK) = {a−1, a} for a ∈ S. Then every r ∈ R2 has the form (up to cyclic
conjugation) r = ak1s1a

k2s2a
k3 ...sl, where ki ∈ Z \ {0}, si ∈ S t S−1.
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If K < 8, set L := 0. If K > 8, set L := 8. We continue by choosing anew the
relators rL+1, ..., r16 in R2 (keeping the chosen r1, ..., r8 and x1, ..., x8 and y1, ..., y8 if
L = 8). We call a path in ΓR that is labelled by a power of a or by a power of b and
that is maximal with respect to the relation “is a subpath of” a block.

Suppose we are in case 1. Note that for all but at most two r ∈ R2, all blocks
in γr are pieces. The only (up to two) relators where this may not be the case are
relators where maximal powers of a, respectively b, occur. Let R3 denote the subset
of R2 where all blocks are pieces.

Choose rL+1 arbitrary in R3 and xL+1 arbitrary in γrL+1 . We claim: There exists
yL+1 in γrL+1 with dp(xL+1, yL+1) > 3 such that yL+1 is an endpoint of a block.
By Lemma 4.16, there exists a vertex y in γrL+1 with dp(xL+1, y) > 3. Suppose
y is not endpoint of a block, and denote by β a block for which im(β) contains y.
Suppose both endpoints of β, denoted ιβ and τβ, have piece distance at most 2 from
xL+2. Then there exist edge-disjoint paths xL+1 → ιβ and xL+1 → τβ in γrL+1 that
are each concatenations of at most 2 pieces. Since β is a piece, this gives rise to a
non-trivial closed path that is a concatenation of at most 5 pieces, a contradiction.
Thus we can choose yL+1 as claimed. Since we are in case 1, we can now choose any
rL+2 ∈ R3\{rL+1}, and there exists xL+2 in γrL+2 with supp(yL+1)∩supp(xL+2) = ∅.
Since rL+1 and xL+1 were arbitrary, we can proceed inductively to complete the
proof.

Suppose we are in case 2. Then there exists a block β such that yK lies in im(β)
and yK is not an endpoint of β. If β is a piece, we can use the same argument as
above to replace yK by an endpoint of β, reducing the problem to case 1. If β is
not a piece, then the label of β is the maximal power of a±1 occurring in R, and all
blocks labelled by powers of a±1 that occur in other relators are pieces.

By the same argument as above, whenever we have a vertex x in γr for r ∈ R2,
we can find a vertex y with dp(x, y) > 3 that is endpoint of a block. Now we apply
our initial naive algorithm to the set R2, i.e. inductively try to construct the set
of relators rL+1, ..., r16 and corresponding vertices. If this algorithm fails to choose
xK′+1 in a new relator, where K ′ < 16, we choose yK′ with dp(xK′ , yK′) > 3 as
endpoint of a block. Since the algorithm fails, we are in case 1 (for the set of relators
R3 := R2 \ {rL+1, ..., rL+K′}) with the additional property that all blocks are pieces.
This holds for a-blocks because we have already excluded maximal powers of a by
excluding rK , and it holds for all b-blocks, because b-blocks have length 1.

If K ′ < 8, let L′ := 0. If K ′ > 8, let L′ := 8. We choose anew the relators
rL+L′+1, ..., r16 and corresponding vertices as in case 1, not having to exclude the
maximal powers of a and b by the additional property that all blocks are pieces.

Remark 4.18. We show that Lemma 4.17 also applies to large enough finite presenta-
tions, and that it does not necessarily require a finite generating set. Proposition 4.20
will show that also in many such cases, which we discuss now, the defined group has
property F (2).

Let 〈X | Y 〉 be a presentation. For each r ∈ Y , denote by [r] the set of all
cyclic conjugates of r and their inverses. A concise refinement is a presentation
〈X | Ỹ 〉, where Ỹ is a set of representatives for the [·]-classes in Y (i.e. for each
[r] ∈ {[ρ] : ρ ∈ Y }, we choose exactly one element of [r]).
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We call a relator r ∈ Y redundant in 〈X | Y 〉 if it contains a subword sε with
s ∈ X and ε ∈ {±1}, where sε occurs exactly once in r and in no other relator,
and s−ε occurs in no relator. We call the generator s ∈ X redundant in 〈X | Y 〉 if
it occurs in such a way in a redundant relator. A Tietze-reduction of 〈X | Y 〉 is
a presentation obtained as follows: Simultaneously remove from Y all redundant
relators, and for each redundant relator r, remove from X one redundant generator
in r. This operation is a Tietze-transformation, i.e. the resulting presentation defines
the same group. (This is not an iterative process, i.e. the Tietze-reduction of a
presentation may again contain redundant relators and generators.)

Suppose 〈X | Y 〉 is symmetrized. Note that if a relator r in a Tietze-reduction
〈X ′ | Y ′〉 of a concise refinement of 〈X | Y 〉 is not a product of classical pieces
with respect to Y (i.e. there exists an edge in γr that is not a piece with respect to
ΓY ) then it is a proper power, and for any vertex x in γr there exists y in γr with
dp(x, y) = ∞. Therefore, we can apply Lemma 4.17 to 〈X ′ | Y ′〉. Analyzing the
proof shows that if |Y ′| > 30, then the conclusion of the lemma holds.

Remark 4.19. By a claim in [AJ77], which has been restated in a still unpublished
recent work of Al-Janabi, Collins, Edjvet, and Spanu, any group defined by a classical
C(6)-presentation 〈X | Y 〉 with |Y | < ∞ is either cyclic, infinite dihedral, or SQ-
universal. (The generating set X may be infinite.) Thus, by Remark 4.18, every group
defined by a classical C(6)-presentation (with no restrictions on the cardinalities of
the sets of generators and relators) is either cyclic, infinite dihedral, or SQ-universal.
By [BW13], no classical C(6)-group can contain F2 × F2 as a subgroup. Thus, every
infinite classical C(6)-group must have a non-trivial proper quotient, i.e. there does
not exist an infinite simple classical C(6)-group.

4.2.3 Proof of Theorem 4.11

We retain the notation of the previous section and use Lemma 4.17 to define a
subgroup of G that will turn out to be a free subgroup of rank 2 with the CEP.

Definition of the free subgroup with the CEP. For each k ∈ {1, ..., 16}, we
denote γk := γrk . Let α1 and α2 be symbols not in S, and denote for i ∈ {1, 2}:

Wi := {α−1
i `(p8i−7)`(p8i−6) . . . `(p8i) | pk a path from xk to yk}.

Let α := {α1, α2} and W := W1∪W2. The identity on S induces an isomorphism
of groups 〈S | R〉 → 〈S, α | W,R〉. Using the presentation on the right-hand side,
α admits a map to G. We claim that the image of α in G generates a rank 2 free
subgroup with the CEP. Showing this claim will complete our proof of Theorem 4.11.

If Π is a face in a diagram such that Π has a boundary word in W , then there
exists γ ∈ ∂Π such that γ = a−1β1β2 . . . β8, where `(a) ∈ α, and each βi lifts to a
path pk from xk to yk (with i ≡ k mod 8). We call the subpaths βi and β−1

i of ∂Π
blocks. In the above notation, the blocks β±1

1 and β±1
8 with (i.e. those blocks adjacent

to a, where γ is considered cyclic) are called boundary blocks; all other blocks are
called interior blocks. Note that by construction, every block has a fixed associated
lift in Γ.
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Proposition 4.20. The set α injects into G, the image of α freely generates a free
subgroup F of G, and F has the CEP.

Proof. We first show the CEP. Let N P F be normal in F . Suppose there exists
g ∈ (〈N〉G ∩ F ) \ N . Let L be the set of elements of M(α) representing elements
of N , and consider the presentation 〈S, α | L,W,R〉. Then there exists w ∈ M(α)
representing g and a diagram D over 〈S, α | L,W,R〉 for w. Assume g, w, and D are
chosen such that the (L,W,R)-lexicographic area of D is minimal for all possible
choices (i.e. we first minimize the number of faces labelled by elements of L, then
the number of faces labelled by elements of W and then the number of faces labelled
by elements of R), and among these choices, the number of edges of D is minimal.
Note that by assumption, w is freely non-trivial, i.e. D has at least one face. We will
construct from D a 2-complex Σ′ tessellating a 2-sphere that violates the curvature
formula (Lemma 4.13), whence w does not exist and our claim holds.

Claim 1. D has the following properties:

a) D is a simple disk diagram, and w is cyclically reduced.

b) No L-face intersects ∂D. Therefore, every edge of ∂D is contained in a W -face.

c) Every L-face is simply connected, and no two L-faces intersect. Therefore, every
L-face shares all its boundary edges with W -faces. We say it is surrounded by
W -faces.

d) The intersection of two W -faces does not contain an α-edge. For a path a in
β u β′ for blocks β and β′ of two W -faces, the two lifts of a via β and via β′

are distinct.

e) An arc in the intersection of two R-faces is a piece. For a path a in β u ∂Π+,
where β is a block of a W -face and Π is an R face, the lift of a via β does not
coincide with any lift of a via ∂Π+. Therefore, a is a piece.

f) Every R-face is simply connected.

We prove each part of claim 1:

a) `(∂D) is a product of conjugates of the boundary labels of its simple disk
components. At least one of these components must have label not in L, and, by
minimality, equals D. If the boundary word of D is not cyclically reduced, we can
fold together consecutive edges with inverse labels in (a cyclic shift of) ∂D as in
Figure 4.4 to reduce the number of edges of D, contradicting minimality. Thus, w is
cyclically reduced.

b) Suppose an L-face Π contains a boundary vertex v. Let h be the initial
subpath of ∂D terminating at v, and h′ the terminal subpath of ∂D starting at
v. Let γ ∈ ∂Π+ with ιγ = v. Then, in F (S ∪ α), we have the following equality:
w′ := `(h)`(γ)−1`(h′) = `(∂D)`(h′)−1`(γ)−1`(h′), whence w′ represents an element
of (〈N〉G ∩ F ) \ N . We can remove Π and “cut up” the resulting annulus as in
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ss

s

Figure 4.4: Left: Folding together edges e1 and e2 with ιe1 = ιe2 and `(e1) = `(e2).
Right: If Π intersects the boundary in a vertex v, we remove Π and “cut up” the
resulting annulus to obtain a singular disk diagram.

Figure 4.4 to obtain a diagram for w′ that has fewer L-faces than D, contradicting
minimality.

c) If an L-face Π is non-simply connected, it encloses some simple disk subdiagram
∆. Then `(∂∆) ∈ L by the minimality assumption, whence, by minimality, ∆ is a
single face. Thus, Π and ∆ can be merged into one L-face by removing an edge in
their intersection as in Figure 1.9; this contradicts minimality. If two distinct L-faces
intersect in a vertex v and if their labels read from v are not freely inverse, we can
merge them into one L-face because N is normal in F . (The merging operation
corresponds to the inverse of the pinching move depicted in Figure 1.11.) This
contradicts minimality. If they are freely inverse, we use Lemma 4.12 to remove
them, again contradicting minimality.

d) If two W -faces Π and Π′ intersect in an α-edge e, then we can remove e as
in Figure 1.9 to obtain a face whose boundary label, by construction, lies in the
normal closure of R in F (S ∪ α). Thus, by Lemma 4.12, we can replace Π and Π′

by R-faces, contradicting (L,W,R)-minimality. Let e be an edge in β u β′, where β
and β′ are blocks of two W -faces Π and Π′. Suppose the lifts of e via β and via β′

coincide. Removing e then yields a face whose boundary label is cyclically conjugate
to a word y := αixα

−1
i x′ where i ∈ {1, 2}, and x and x′ represent elements of the

normal closure in F (S) of R. Thus, y lies in the normal closure in F (S ∪ α) of R,
and we can replace Π and Π′ by R-faces, contradicting (L,W,R)-minimality.

e) An arc in the intersection of two R-faces is a piece, for otherwise, the faces
have freely inverse labels and can be removed, contradicting minimality. Suppose
for a path a in β u ∂Π+, where β is a block of a W -face and Π is an R-face, the lift
of a via β and a lift of a via ∂Π′+ coincide. Removing the edges of a removes the
R-face and replaces Π by another W -face in which the block β has been replaced by
another block β′ that lifts to a path with the same endpoints as β. This operation
reduces the (L,W,R)-area, a contradiction.

f) For a contradiction, assume Π is an innermost non-simply connected R-face, i.e.
Π encloses some simple disk diagram ∆ in which every R-face is simply connected.
We may choose ∆ and the base vertex of ∆ such that ∂∆ is a subpath of ∂Π−.
Consider ∆ on its own and glue on a face with boundary label `(∂∆) to obtain a
simple spherical diagram ∆′. The proof of claim 2 will show that ∆′ violates the
curvature formula (Lemma 4.13) using the fact that every R-face of ∆ is simply
connected. We recommend first considering the proof of claim 2 and then going back
to the following paragraph.
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Figure 4.5: Left: An α-face corresponding to a word in α t α−1 of length 1 is
surrounded by 1 W -face. The exterior boundary of the W -face decomposes into 8
blocks. Right: The α-face and W -face are replaced by a wheel. The vertex in the
wheel coming from the intersection of the two boundary blocks may have degree 2.
The vertices coming from the endpoints of interior blocks must have degree at least
3, since they come from gluing together vertices with disjoint supports.

We only need to make one adaption in the proof of claim 2 when considering
∆′: When deleting vertices of degree 2 in ∆′, we do not delete the base vertex v of
∂∆, which may have degree 2. All arcs that are subpaths of ∂∆ are pieces by claim
1e). Therefore, the resulting curvature for ∆′ is at most (3− 2) + 1

2(6− 1) < 6: The
contribution (3− 2) comes from the possible degree 2 vertex, and the contribution
1
2(6−1) comes from the degree at least 1 face that we glued on. This is a contradiction.

Claim 2. The existence of D contradicts the curvature formula.

We construct a spherical diagram out of D: First we glue a new face with
boundary label w onto D to obtain a simple spherical diagram Σ.

In Σ, each face with a boundary word in M(α) is surrounded by W -faces by
claims 1a) and 1b). For each α-face Π, we add in a new vertex in the interior of Π, the
apex. Then we remove all boundary edges of Π to obtain Π′, a face whose boundary
is made up of the blocks that were contained in the boundary of the W -faces sharing
edges with Π. Now we connect each vertex that lies at the end of a block to the apex
by gluing in an (unlabelled) edge, a so-called cone-edge. (See Figure 4.5.) We call the
subdiagram of faces incident at the apex a wheel, and each face in the wheel a cone.
Each cone has a boundary path made up of two consecutive cone-edges and a block.

Suppose there are cones Π1 and Π2 with corresponding blocks β1 and β2 such
that an arc a in β1 u β2 is not a piece, and suppose Π1 6= Π2. Then both β1 and β2

lift to the same γr. We now remove the arc a, turning Π1 and Π2 into a new face Π.
Every path in Π(1) that does not contain cone-edges lift to a path in γr. Hence, by
Claim 1d), any arc in the intersection of an R-face with Π is a piece. By Claim 1e),
Π has no more than two consecutive cone-edges, i.e. any adjacent pair of cone-edges
in Π is separated from any other pair by non-empty paths.

We call a face that arises from merging multiple cones a star. We iterate the
above procedure as follows: Whenever an arc in the intersection of two distinct cones,
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or in the intersection of a cone and a star is not a piece, remove that arc. Note that,
by claims 1d) and 1e), still, an arc in the intersection of an R-face with a star is a
piece, and any adjacent pair of cone-edges in a star is separated from any other pair
by non-trivial paths. In the end, the resulting spherical diagram has the following
properties:

• Each arc in the boundary of an R-face is a piece. Hence, every R-face has
degree at least 6.

• Each cone has a boundary path that is the concatenation of 2 cone-edges and
a block β. If β u β−1 6= ∅ (i.e. β does not self-intersect in an arc), then every
arc that is a subpath of β is a piece, i.e. β is not the concatenation of fewer
than 3 arcs. If β does self-intersect in an arc, then β is not the concatenation
of fewer than 3 arcs in any case.

By our assumptions on the supports of vertices, every vertex that is an endpoint
of an interior block has degree at least 3. We deduce for the degrees of cones and
stars:

• A cone coming from an interior block has degree at least 5.

• A star coming from interior blocks has degree at least 6.

• A cone coming from a boundary block has degree at least 4.

• A star coming from boundary blocks has degree at least 4.

We now iteratively remove all vertices of degree 2, thus replacing each arc by
a single edge. Denote the resulting spherical 2-complex by Σ′ and consider the
curvature formula (Lemma 4.13).

All (images of) R-faces have degree at least 6 by the C(6)-assumption and thus
contribute non-positively to curvature. Any face that is not an R-face is a cone or a
star and thus is incident at an apex. Consider an apex a. Each face incident at a that
comes from a boundary block has degree at least 4. Each face incident at a that comes
from an interior block has degree at least 5. By construction, k := d(a) > 8. The
number of faces incident at a that come from boundary blocks is at most k

4 , and the

number of faces that come from interior blocks is at most 3k
4 . Thus the subdiagram

incident at a contributes at most 3 − k + 3k
4

1
2(6 − 5) + k

4
1
2(6 − 4) = 3 − 3k

8 6 0 to
the right-hand side of the curvature formula. We now sum over all apices (leaving
out faces that have already been counted, which does not change the fact that the
contribution to the right-hand side is non-positive), to get:

0 >
∑

v∈Σ
′(0)

(3− d(v)) +
1

2

∑
Π∈Σ

′(2)

(6− d(Π)).

This is a contradiction to the curvature formula, whence N = 〈N〉G ∩ F .

To prove that F is free and freely generated by the injective image of the set α,
let w be a cyclically reduced non-trivial element of M(α) with a diagram D over
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〈S, α |W,R〉 for w of minimal (W,R)-area and minimal number of edges (as above).
Then D is a simple disk diagram. We can again glue on a face Π whose label is w to
obtain a simple spherical diagram. Replacing Π by a wheel as above again gives a
contradiction to the curvature formula.

4.2.4 SQ-universality of graphical Gr∗(6)-groups

In this section, we extend Theorem 4.11 to graphical small cancellation presentations
over free products.

Theorem 4.21. Let Γ be a Gr∗(6)-labelled graph over a free product of infinite
groups that has at least 16 pairwise non-isomorphic finite components with non-trivial
fundamental groups. Then G(Γ)∗ is SQ-universal.

Here, we say two components are non-isomorphic if their completions are non-
isomorphic as labelled graphs. We say a component Γ0 has non-trivial fundamental
group if the set of labels of closed paths in Γ0 is non-trivial in the free product.

The main obstruction to extending Theorem 4.11 to graphical Gr(6)-groups is
the fact that we have no explicit control on the supports of vertices, and, therefore,
it is difficult to find vertices with large enough pairwise piece distance and disjoint
supports. For graphical Gr∗(6)-groups, this problem is remedied by the assumptions
of Theorem 4.21: We will be able to choose vertices with disjoint supports in the
interiors of attached Cayley graphs corresponding to distinct groups.

An interior vertex in an attached Cayley graph in Γ is a vertex that is not
contained in any other attached Cayley graph. We say a component of Γ is finite if
it has only finitely many vertices that are not interior vertices of attached Cayley
graphs, and we say it has non-trivial fundamental group if the set of labels of closed
paths is non-trivial in the free product.

Lemma 4.22. Let Γ be a Gr∗(6)-labelled graph over a free product of infinite groups.
Let x be a vertex in a finite component Γ0 of Γ with non-trivial fundamental group.
Then there exists a vertex y in Γ0 that is distinct from x such that:

• No path from x to y is concatenation of at most two pieces, and

• y lies in the interior of an attached Cayley graph.

Proof. Since Γ0 is finite and every attached Cay(Gi, Si) is infinite, the group of
label-preserving automorphisms of Γ0 cannot operate transitively on any attached
Cay(Gi, Si). Therefore, every edge of Γ0 is a piece.

Let x be a vertex, and let Γ
′
0 the subgraph of Γ0 that is the union of all paths

starting at x that are concatenations of at most two pieces. Then Γ
′
0 has trivial

fundamental group by the Gr∗(6)-assumption and, therefore, is a proper subgraph.

By construction, Γ
′
0 is a union of attached Cayley graphs, and the subgraph Γ

′′
0 of Γ0

whose edges are the edges not contained in Γ
′
0 is a union of attached Cayley graphs.

Choosing y in the interior of an attached Cayley graph in Γ
′′
0 yields the claim.
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Proof of Theorem 4.21. There exist at least 16 pairwise non-isomorphic finite com-
ponents of Γ with non-trivial fundamental groups. By Lemma 4.22, we may choose
vertices xi, yi, i ∈ {1, 2, . . . , 16} in each component such that yi and xi+1 never lie in
attached components corresponding to the same Gi. Thus yi and xi+1 have disjoint
supports. We make the same definitions as those leading up to Proposition 4.20.
Let R be the set of all labels of closed paths in Γ. We can carry out the proof of
Proposition 4.20 with only the following additional observations:

When considering D, we can assume that each R-face has a boundary word that
is non-trivial in ∗i∈IGi. If this is not the case for a face Π then, by Lemma 4.12, we
can replace Π by a diagram made up of faces Π1,Π2, . . . ,Πl such that each ∂Πi lifts
to a closed path contained in one of the attached Cay(Gi, Si). Observe that if such
a face Πi intersects another face Π̃ in an edge, by our definitions, we can merge Πi

into Π̃. Thus, we can merge all faces Πi into other faces, and, hence, the existence of
Π contradicts minimality. Therefore every R-face has a boundary path made up of
no fewer than 6 pieces. When considering an arc a in the intersection of two R-faces,
we can assume that it does not essentially originate from Γ, for else, we could remove
the arc a to obtain a single R-face, contradicting minimality. Therefore a is a piece.
The rest of claims 1 and 2 follows with the same proofs.



Chapter 5

Acylindrical hyperbolicity of
graphical Gr(7)-groups

In this chapter, we show that every infinitely presented graphical Gr(7)-group is
acylindrically hyperbolic. A group is acylindrically hyperbolic if and only if it is
non-elementary and admits an acylindrical action by isometries with unbounded
orbits on a Gromov hyperbolic space, see Definition 5.22. This property has strong
structural implications for these groups, showing that they share many features
of free groups, as discussed in the introduction. The results of this chapter were
obtained in a joint work with Alessandro Sisto [GS14]. We prove:

Theorem 5.1. Let Γ be a Gr(7)-labelled graph whose components are finite. Then
G(Γ) is either virtually cyclic or acylindrically hyperbolic.

Theorem 5.2. Let Γ be a C(7)-labelled graph. Then G(Γ) is either trivial, infinite
cyclic, or acylindrically hyperbolic.

In Section 1, we construct for every graphical Gr(7)-group G(Γ) a Gromov
hyperbolic space Y on which the group acts. Our method of proof produces for
every (infinite) presentation satisfying a certain subquadratic isoperimetric inequality
a Gromov hyperbolic (non-locally finite) Cayley graph. The space is obtained by
coning-off every relator, turning it into a subspace of uniformly bounded diameter.

In Section 2, we construct a particular type of hyperbolic element for the action of
G(Γ) on Y , a so-called WPD element, see Definition 5.8. It is shown in [Osi13] that
if a group G acts by isometries on a Gromov hyperbolic space such that there exists
a WPD-element for this action, then G is acylindrically hyperbolic. We construct
WPD elements for G(Γ) as in Theorems 5.1 and 5.2, thus proving the main theorems
of this chapter. We, moreover, strengthen the results for the case of Gr′(1

6)-labelled
graphs, and we provide versions for graphical small cancellation presentations over
free products.

In Section 3, we study more closely the geometry of the cone-off space Y and, in
particular, obtain a description of the geodesics in Y in terms of the geodesics in
the (usual, locally finite) Cayley graph of G(Γ). As an application, we show that the
action of G(Γ) on Y is not necessarily acylindrical, not even in the case of classical
C ′(1

6)-presentations.

75
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5.1 The hyperbolic space

In this section, we construct for a group G defined by a (possibly infinite) presentation
〈S | R〉 satisfying a certain subquadratic isoperimetric inequality a (possibly non-
locally finite) Gromov hyperbolic Cayley graph Y of G:

Proposition 5.3. Let 〈S | R〉 be a presentation of a group G, where R ⊆M(S) is
closed under cyclic conjugation and inversion. Let W0 be the set of all subwords of
elements of R. Suppose there exists a subquadratic map f : N→ N with the following
property for every w ∈M(S): If w is trivial in G and if w can be written as product
of N elements of W0, then there exists a diagram for w over 〈S | R〉 with at most
f(N) faces. Denote by W the image of W0 in G. Then Cay(G,S ∪W ) is Gromov
hyperbolic.

We can think of the space Cay(G,S ∪W ) as obtained from the Cayley 2-complex
of 〈S | R〉 by replacing the every 2-cell by the complete graph on its vertices. Our
proof uses the following result of Bowditch, and it shows that our technique applies
in the more general context of simply-connected 2-complexes.

Theorem 5.4 ([Bow95]). Let Y be a connected graph, let Ω be the set of all closed
paths in Y , and let A : Ω→ N be a map satisfying:

• If γ1, γ2, γ3 are closed paths with the same initial vertex and if γ3 is homotopic
to γ1γ2, then A(γ3) 6 A(γ1) +A(γ2).

• If γ ∈ Ω is split into four subpaths γ = α1α2α3α4, then A(γ) > d1d2, where
d1 = d(imα1, imα3) and d2 = d(imα2, imα4).

Here d is the graph-metric. If sup{A(γ) | γ ∈ Ω, |γ| 6 n} = o(n2), then Y is Gromov
hyperbolic.

Proof of Proposition 5.3. Let Y := Cay(G,S ∪W ). If w ∈ W0 ⊆ M(S), we denote
by ẇ the image of w in W ⊆ G. Consider the presentation 〈S ∪W | R∪RW 〉, where
RW := {wẇ−1 | w ∈W0} ⊆M(S ∪W ). This is a presentation of G.

Let γ be a closed path in Y . Then the label `(γ) of γ admits a diagram D over
〈S ∪W | R ∪RW 〉 such that D has at most |γ| boundary faces and such that every
interior edge of D is labelled by an element of S, i.e. all interior faces have labels
in R. If D has a minimal number of faces among all diagrams for `(γ), then, by
construction, D has at most |γ|+ f(|γ|) faces. For a closed path γ, denote by A(γ)
the minimal number of faces of a diagram for `(γ) over 〈S ∪W | R ∪ RW 〉. Then
sup{A(γ) | γ ∈ Ω, |γ| 6 n} is a subquadratic map as required. The map A moreover
satisfies the first assumption of Theorem 5.4.

To prove the second assumption of Theorem 5.4, it is sufficient to consider the
case that γ is a simple closed path, as the general case can be constructed from this.
Let γ be decomposed into four subpaths γ = α1α2α3α4, and let d1 := d(imα1, imα3)
and d2 := (imα2, imα4). We may assume that d1 > 0 and d2 > 0. Let D be a simple
disk diagram for the label of γ with a minimal number of faces. By definition of
Y , any two vertices in the image the 1-skeleton of a face of D in Y are at distance
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Figure 5.1: Left: The graph induced by the image of a component of the labelled
graph Γ in Cay(G(Γ), S). Right: The (complete) graph induced by the image of a
component of Γ in Y = Cay(G(Γ), S ∪W ).

at most 1 from each other. Thus, no path in D connecting α1 to α3 (respectively
connecting α2 to α4) is contained in strictly fewer than d1 (respectively d2) faces.
Induction on d1 (or d2) yields that D has at least d1d2 faces, i.e. A(γ) > d1d2.
Therefore, we can apply Theorem 5.4.

Corollary 5.5. Let Γ be a Gr(7)-labelled graph over a set S, and let W be the set
of all elements of G(Γ) represented by labels of paths in Γ. Then Cay(G(Γ), S ∪W )
is hyperbolic.

Proof. This follows from Proposition 5.3 by considering the presentation 〈S | R〉 of
G(Γ), where R is the set of all labels of closed paths in Γ. Let W0 be the set of all
labels of paths in Γ, and let w = w1 . . . wN for wi ∈W0 such that w is trivial in G(Γ).
Then there exists a diagram for w over 〈S | R〉 with at most N boundary faces. Let
D be a diagram with a minimal number of edges among all such diagrams. Then the
arguments of Theorem 1.23 yield that D has no interior edge originating from Γ and
that every interior face has a freely non-trivial boundary word. Therefore, D is a
(3, 7)-diagram and, thus, has at most 8N faces by Theorem 2.3.

In Remark 5.11, we provide alternative arguments showing that Cay(G(Γ), S∪W )
is Gromov hyperbolic which do not rely on Proposition 5.3 but on geometric features
specific to (3, 7)-bigons and (3, 7)-triangles.

The arguments of Corollary 5.5, replacing Γ with Γ, also yield the following:

Corollary 5.6. Let Γ be a Gr∗(7)-labelled graph over a free product ∗i∈IGi, and
let W be the set of all elements of G(Γ)∗ represented by labels of paths in Γ. Then
Cay(G(Γ)∗,ti∈IGi ∪W ) is hyperbolic.

Remark 5.7. Corollary 5.6 can be considered as an application of Proposition 5.3
to a relative presentation having a subquadratic relative Dehn function. Let R be
the set all words read on closed paths in Γ (not Γ). Then, by Theorem 2.9, (∅, R) is
a presentation of G(Γ)∗ relative to {Gi | i ∈ I} with a linear relative Dehn function.
Let W ′ be the set of all elements of G(Γ)∗ represented by subwords of elements of R.
Then Cay(G(Γ)∗,ti∈IGi ∪W ′) is quasi-isometric to Cay(G(Γ)∗,ti∈IGi ∪W ) as in
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Corollary 5.6 and, hence, hyperbolic. Therefore, G(Γ)∗ is weakly hyperbolic relative
to W ′ and {Gi | i ∈ I} in the sense of [DGO11, Definition 4.1].

5.2 The WPD element

In this section, we complete the proofs of Theorems 5.1 and 5.2. We then provide
a slight refinement for the case of Gr′(1

6)-groups, and we show that all results hold
for the corresponding free product small cancellation cases as well. We will use the
following equivalent definition of acylindrical hyperbolicity given in [Osi13] to prove
our results. Here, WPD is an abbreviation for “weak proper discontinuity” as defined
in [BF02].

Definition 5.8. Let G be a group acting by isometries on a Gromov hyperbolic
space Y . We say g ∈ G is a WPD element if both of the following hold:

• g acts hyperbolically, i.e. for every x ∈ Y , the map Z → Y, z 7→ gzx is a
quasi-isometric embedding and

• g satisfies the WPD condition, i.e. for every x ∈ Y and every K > 0 there
exists N0 > 0 such that for all N > N0 the following set is finite:

{h ∈ H | dY (x, hx) 6 K and dY (gNx, hgNx) 6 K}.

We say G is acylindrically hyperbolic if G is not virtually cyclic and if there exists
an action of G by isometries on a Gromov hyperbolic space for which there exists a
WPD element.

5.2.1 The graphical Gr(7)-case

We show that the generators of the free subgroups of Chapter 4 are WPD elements
for the action of G(Γ) on Cay(G(Γ), S ∪W ).

We from now until the end of the subsection fix a C(7)-labelled graph Γ for
the proof of Theorem 5.2, respectively a Gr(7)-labelled graph Γ for the proof of
Theorem 5.1, with a set of labels S. We assume the additional properties of Γ and
S stated on page 58, which are no restrictions since any non-trivial free product
satisfies the conclusions of Theorems 5.1 and 5.2, see e.g. [Osi13, Proposition 5.2]
and [Osi06a, Corollary 4.6]. Moreover, we assume:

• In the case of Theorem 5.1, Γ has at least two finite components Γ1,Γ2.

• In the case of Theorem 5.2, Γ contains at least one embedded cycle graph c.

If, in either case, this additional property is not satisfied, then G(Γ) is Gromov
hyperbolic (if it is finitely generated) by Theorem 2.4 or a non-trivial free product,
and Theorem 5.1, respectively Theorem 5.2, holds.

Given vertices v and w in a labelled graph, we denote by p : v → w a path with
ιp = v and τp = w, and we denote by `(v → w) the label of such a path.
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Construction of the WPD element g. In the notation of Lemmas 4.5, respec-
tively 4.6, let g be the element of G(Γ) represented by `(x1 → y1)`(x2 → y2).

Denote X := Cay(G(Γ), S) and Y := Cay(G(Γ), S ∪W ), where W is the set of
all elements of G(Γ) represented by words read on Γ. If αY = (e1, e2, . . . , ek) is a
path in Y , then a path in X representing αY is a path αX in X together with a
decomposition αX = α1,Xα2,X . . . αk,X with, for each i, ιei = ιαi,X and τei = ταi,X
such that, for each i, a lift αi,Γ in Γ of αi,X is chosen. We call the paths αi,X segments.
Observe that if αY is a geodesic in Y of length k, and if αX is a path representing
αY , then any two vertices in im(αX) are at distance (in Y ) at most k from each
other.

Lemma 5.9. Let N ∈ N. Then there exists a path αY in Y from 1 to gN of length
2N with the following properties:

• There exists a reduced path αX in X representing αY and a decomposition
αX into segments α1,X , α2,X , . . . , α2N,X with the following properties, where we
denote by αi,Γ the lift in Γ of each αi,X .

– For every i, there exist paths pi in X and αi,Γ : xi → yi in Γ, where i ≡ i
mod 2, such that p0 and p2N are the empty paths and such that for every i,
the path p−1

i−1αi,Xpi lifts to αi,Γ, and this lift induces the lift αi,X 7→ αi,Γ.

– Given αY , for every choice of α1,X , α2,X , . . . , α2N,X with the above prop-
erties, every αi,X is non-empty and not a piece.

• αY is a geodesic in Y .

Proof. By definition of g, there exist paths αi,X in X such that each α2i−1,X lifts to
a path α2i−1,Γ : x1 → y1, such that each α2i,X lifts to a path α2i,Γ : y2 → x2, and
such that α1,Xα2,X . . . α2N,X is a path from 1 to gN in X. The path αX obtained as
the reduction of this path satisfies the first part of the first statement and, conversely,
any path satisfying the first part of the first statement can be constructed in this
manner. The second part of the first statement now follows by definition of g, i.e.
applying the assertions of Lemmas 4.5, respectively 4.6.

We proceed to the proof of the second statement. Let βY be a geodesic in Y from
1 to gN of length k. Choose paths αX representing αY as above and βX representing
βY such that there exists a diagram D for `(αX)`(βX)−1 over Γ whose number of
edges is minimal among all possible choices. We denote ∂D = αβ−1, i.e. α lifts to
αX and β lifts to βX . Note that if an edge e is a subpath of α, then the lift α 7→ αX
and the lifts of segments αi,X 7→ αi,Γ induce a lift of e in Γ; the analogous observation
holds for β.

Claim 1. D has no faces, whence αX = βX .

Let Π be a face, and let e be an edge in ∂Π+ u α. If a lift of e via ∂Π+ equals
the lift via αi,X 7→ αi,Γ for some i, then we can remove e from D as in Figure 3.1,
and we can remove any resulting spurs and fold together resulting consecutive edges
with inverse labels as in Figure 4.4 to obtain a diagram with fewer edges than D
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that satisfies our assumptions; a contradiction. The same observation holds for any
edge in ∂Π+ u β−1. Therefore, any arc in the intersection of a face with the image of
a segment is a piece.

No segment of αX is a piece. Therefore, for any face Π, any path in ∂Π+ u α is a
concatenation of at most 2 pieces. Suppose a path p in ∂Π− u β lifts to a subpath
of βX that is a concatenation of two segments. Then these two segments can be
replaced by a single segment, whence βX can be decomposed into k − 1 segments,
contradicting the fact that βY is a geodesic. Therefore, any path in ∂Π− u β is a
concatenation of at most 3 pieces. Thus, any face Π with e(Π) = 1 whose exterior
edges are contained in im(α) or in im(β−1) has interior degree at least 4. This implies
that D is a (3, 7)-bigon, whence it has shape I1 as in Theorem 3.10, or it has at most
one face.

If D has at least one face, then there exist a face Π and a closed path γ ∈ ∂Π+

such that γ is the concatenation of at most 3 subpaths as follows: A subpath γ1 of
α, a subpath γ2 of β−1, and possibly an interior arc γ3. By our above observation,
this implies that γ is a concatenation of no more than 6 pieces, a contradiction.
Therefore, D has no faces, whence α = β and αX = βX .

Claim 2. k = 2N , whence αY is a geodesic.

We denote the decomposition into segments of βX as βX = β1,Xβ2,X . . . βk,X
and the lift in Γ of βi,X by βi,Γ. Since k 6 2N , there exist i and j such that
αi,X is a subpath of βj,X . Consider the lift αi,X 7→ αi,Γ and the lift of αi,X via
βj,X 7→ βj,Γ. Since αi,X is not a piece, these lifts are essentially equal. Therefore,
the decomposition α = α1,Xα2,X . . . α

′
i−1,Xβj,Xα

′
i+1,X . . . α2N,X , where α′i−1 is an

initial subpath of αi and α′i+1 is a terminal subpath of αi+1, with the associated lifts
(where the lift βj,X 7→ βj,Γ may have to be composed with an automorphism of Γ) is
a decomposition as in the first statement; in particular no segment is empty or a
piece.

We can now apply the above procedure to the initial subpath of α terminating
at ιβj,X and to the terminal subpath of α starting at τβj,X . Induction yields
that the decomposition αX = β1,Xβ2,X . . . βk,X is as in the first statement, whence
k = 2N .

Corollary 5.10. g acts hyperbolically.

Remark 5.11. The arguments of claim 1 in the proof of Lemma 5.9 show the
following: Given two geodesics αY and βY in Y with the same endpoints, there exist
paths αX and βX in X representing the αY , respectively βY , such that there exist
paths α′X and β′X in X with the same endpoints as αX and βX such that (denoting
by dH the Hausdorff-distance in Y , where Y is considered as a geodesic metric space)
dH(im(αX), im(α′X)) 6 2 and dH(im(βX), im(β′X)) 6 2, and there exists a diagram
D with a boundary path α′β′−1, where α′ is a lift of α′X and β′ is a lift of β′X , such
that D is a (3, 7)-bigon. Hence, every disk component of D has shape I1, whence
dH(im(α′X), im(β′X)) 6 2. This implies dH(im(αY ), im(βY )) 6 10 and, thus, geodesic
bigons in Y are uniformly thin. Therefore, Y is Gromov hyperbolic by [Pap95]
independently of Theorem 5.4.
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Another way to prove Gromov hyperbolicity of Y is observing, as above, that
geodesic triangles in Y are close to triangles in X that give rise to (3, 7)-triangles
over Γ. Such triangles are 3-slim by Strebel’s classification of (3, 7)-triangles [Str90,
Theorem 43].

Proposition 5.12. g satisfies the WPD condition.

Proof. Let K > 0, and let N0 such that dY (1, gN ) > 2K + 5 for all N > N0. Let
N > N0, and let h ∈ G(Γ) with dY (1, h) 6 K and dY (1, g−NhgN ) 6 K. We will
show that, given K and N0, there exist only finitely many possibilities for choosing h.
Let D be a diagram over Γ with the following properties, where ∂D = αδ1β

−1δ−1
2 .

• α lifts to a reduced path αX in X representing a geodesic 1→ gN in Y with a
decomposition as in the statement of Lemma 5.9.

• β lifts to a reduced path βX in X representing a geodesic 1→ gN in Y with a
decomposition as in the statement of Lemma 5.9.

• δ1 lifts to a path δ1,X in X representing a geodesic 1→ g−NhgN in Y .

• δ2 lifts to a path δ2,X in X representing a geodesic 1→ h in Y .

• Among all such choices, the number of edges of D is minimal.

Given D, we make additional minimality assumptions on the decompositions
of αX and βX : Denote the decompositions αX = α1,Xα2,X . . . α2N,X and βX =
β1,Xβ2,X . . . β2N,X , and denote by αi, respectively βj , the lifts of αi,X , respectively
βj,X in D. Denote the lifts in Γ of αi, respectively βj , by αi,Γ, respectively βj,Γ and
the corresponding paths x1 → y1 or x2 → y2 by αi,Γ, respectively βj,Γ. We assume
that, given αX and βX , the decompositions and their lifts are chosen such that both∑2N

i=1 |αi,Γ| and
∑2N

j=1 |βj,Γ| are minimal. Since αX and βX are reduced, this readily

implies that every αi,Γ and every βj,Γ is a reduced path. Also, observe that our
assumptions on D imply that both δ1 and δ2 are reduced paths.

Claim 1. D has no faces.
By minimality, for any face Π and any i, j, any path in ∂Π+ u αi or ∂Π+ u β−1

j

is a piece since, otherwise, we could remove edges as in Figure 3.1 and subsequently
remove any resulting spurs and fold away any resulting consecutive inverse edges as
in Figure 4.4. The same observation holds for any path in ∂Π+ u δ, where δ is a
subpath of δ1 or δ−1

2 that is a lift of a segment of δ1,X or δ−1
2,X .

No αi or βj is a piece, whence for any face Π we have that any path in ∂Π+uα or
in ∂Π+ u β−1 is a subpath of the concatenation of no more than two αi, respectively
βj , and, thus, it is a concatenation of no more than two pieces. Suppose for a face Π,
there exists a subpath δ of δ1 (or of δ−1

2 ) that is a lift of a segment such that δ is a
subpath of ∂Π+. Then we can remove the edges of δ from D, thus replacing δ by a
path δ′ such that δδ′−1 ∈ ∂Π+. The resulting path δ′1,X (or δ′2,X) can be decomposed
with the same number of segments, contradicting the minimality assumptions on D.
Therefore, any path in ∂Π+ u δ1 or in ∂Π+ u δ−1

2 is a subpath of the concatenation
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of at most two lifts of segments and, therefore, a concatenation of at most two pieces.
This shows that D is a (3, 7)-quadrangle.

Let ∆ be a disk component of D. If there exist 4 distinguished faces, then every
distinguished face of ∆ with exterior degree 1 intersects at most two sides of ∆ in
arcs and thus has interior degree at least 3. This contradicts Lemma 1.17 (after
removing vertices of degree 2), since any such distinguished face contributes at most
1 positive curvature, and the only positive contributions come from distinguished
faces with exterior degree 1. Similarly, the existence of 3 distinguished faces yields a
contradiction.

Thus, there exist at most two distinguished faces, whence ∆ is a (3, 7)-bigon
and, by Theorem 3.10, it is of shape I1. Note that ∆ must intersect all 4 sides of
D: If Π is a distinguished face of ∆, then its boundary path cannot be made up of
fewer than 7 pieces. Hence, since its interior degree is 1, Π must intersect at least
3 sides because the intersection of Π with any side is made up of at most 2 pieces.
Considering shape I1, we also see that there cannot exist a non-distinguished face,
since such a face would have a boundary path made up of at most 6 pieces. Thus ∆
has at most two faces. The lifts δ1,X and δ2,X of δ1 and δ2 represent geodesics in Y of
length at most K, whence, for each i, any two vertices in im(δi,X) are at Y -distance
at most K from each other. Any two vertices in the image in Y of the 1-skeleton a
face of D at are at distance at most 1 from each other by definition of Y . Therefore,
the assumption that dY (1, gN ) > 2K + 5 > 2K + 2 implies that ∆ cannot contain
vertices of both im(δ1) and im(δ2), whence ∆ does not exist. Thus, D has no faces.

Claim 2. Given K and N0, there exist only finitely many possibilities for h.
Recall that α and β lift to paths in X representing geodesics in Y , and δ2 lifts to

a path in X representing a geodesic of length at most K in Y . Therefore, im(δ2) is
contained in im(α1α2 . . . αK+1) ∪ im(β1β2 . . . βK+1). Each αi and each βj lifts to a
path in either the component of Γ containing x1 or in the component of Γ containing
x2. Therefore, if the components of Γ containing x1 and x2 are both finite, there
exist only finitely many possibilities for h. This completes the proof in the case of
Theorem 5.1.

We proceed to show that it is actually sufficient for the components to have finite
automorphism groups, which also completes the proof in the case of Theorem 5.2, as
in that case, the automorphism groups are trivial. Denote p := max(αuβ). Applying
our above observation on δ2 to δ1 and using the fact that dY (1, gN ) > 2K + 5 yields
that there exist i0 6 K + 4 and j0 6 K + 4 such that:

• αi0αi0+1 is a subpath of p,

• βj0βj0+1 is a subpath of p, and

• ιβj0 ∈ im(αi0) \ {ταi0}.

The last property can be attained by an index shift of up to 2, since the concatenation
of two consecutive αi cannot be a subpath of one βj because the paths αX and βX
represent geodesics in Y , and the symmetric statement holds for βj and αi. (Hence,
our upper bound for the indices is K + 4 instead of K + 2.)
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Consider i ∈ {i0, i0 + 1} and j ∈ {j0, j0 + 1} for which there exists a non-empty
path q ∈ αi uβj . There exist lifts of q in Γ via αi 7→ αi,Γ and via βj 7→ βj,Γ. Suppose
these lifts are essentially equal. Then there exists a label-preserving automorphism φ
of Γ such that the lift of q to a subpath of αi,Γ is equal to the lift of q to a subpath
of φ(βj,Γ). If i ≡ i mod 2 and j ≡ j mod 2, then xi is the initial vertex of αi,Γ and

by xj is the initial vertex of βj,Γ. Thus, there exists a path in D from ια to ιβ whose
label is freely equal to a word of the form

`(x1 → y1)`(x2 → y2)`(x1 → y1) . . . `(xi → φ(xj)) . . . `(y2 → x2)`(y1 → x1),

where no more than 2K+9 factors occur. (See also Figure 5.2.) If the label-preserving
automorphism groups of the components of Γ containing x1 and x2 are finite, then
there exist only finitely many elements of G(Γ) represented by words of this form.
Thus, we conclude that in this case, there are only finitely many possibilities for h.

It remains to prove the case that, for every i ∈ {i0, i0+1} and every j ∈ {j0, j0+1},
whenever q ∈ αi u βj , then the induced lifts of q are essentially distinct. Note that in
this case, q is a piece.

By the choice of i0 and j0, αi0 u βj0 contains a non-empty maximal path q, such
that q is an initial subpath of βj0 . Since βj0 is not a piece, βj0 is not a subpath of
αi0 . By the same argument, αi0+1 is not a subpath of βj0 , whence βj0 is a subpath
of αi0αi0+1. Similarly, it follows that αi0+1 is a subpath of βi0βi0+1. Hence, both
αi0+1 and βj0 are concatenations of no more than two pieces.

We now invoke the last two conclusions of Lemma 4.5, which imply that there exist
at most two possibilities for the reduced path αi0+1,Γ, and at most two possibilities
for the reduced path βj0,Γ. There exist initial subpaths q1 of αi0+1,Γ and q2 of βj0,Γ
such that we may represent h by a word

`(x1 → y1)`(x2 → y2)`(x1 → y1) . . . `(q1)`(q−1
2 ) . . . `(y2 → x2)`(y1 → x1),

with at most 2K + 9 factors, whence also in this case, there exist only finitely many
possibilities for h.

5.2.2 The graphical Gr′(1
6
)-case

In the presence of the Gr′(1
6)-condition, we can drop all finiteness assumptions:

Theorem 5.13. Let Γ be a Gr′(1
6)-labelled graph that has at least two non-isomorphic

components that each contain a simple closed path of length at least 2. Then G(Γ) is
either virtually cyclic or acylindrically hyperbolic.

We will rely on the following adaption of Lemma 4.5 to define our WPD element
as before.

Lemma 5.14. Let Γ be a Gr′(1
6)-labelled graph that has at least two non-isomorphic

(not necessarily finite) components Γ1 and Γ2 that each contain a simple closed path
of length at least 2. Then there exist vertices x1, y1 in Γ1 and x2, y2 in Γ2 for which
the conclusion of Lemma 4.5 holds.
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Figure 5.2: The horizontal line represents the intersection im(α) ∩ im(β) in D. The
vertical lines are for illustration only, providing support for the dashed paths, which
lift to paths αi,Γ : xi → yi. If the q traverses the thick part in the left-hand picture
and if the induced lifts of q are essentially equal, then the dotted paths in the
right-hand picture lift to paths xi → φ(xj), respectively yi → φ(yj) in Γ for some
label-preserving automorphism φ of Γ.

Proof. Denote X := Cay(G(Γ), S). For each i ∈ {1, 2}, let γi be a simple closed
path in Γi of minimal length greater than 1, and denote by vi the initial vertex of γi.
Consider the maps fi : Γi → X that send vi to 1, and denote C := f1(Γ1) ∩ f2(Γ2).
For each i, let wi be a vertex in im(γi) ⊆ Γi for which d(wi, f

−1
i (C)) is maximal.

Since |γi| > 2 and since any non-trivial path in C is a piece, we have wi /∈ f−1
i (C)

by the small cancellation condition.

Let i ∈ {1, 2}, and suppose there exists a path p in Γi with ιp = wi and
τp ∈ f−1

i (C) that is a concatenation of at most 2 pieces. Choose such a p with
minimal length. Then p is a simple path. Let q be a shortest path in im(γi) with
ιq = wi and τq ∈ f−1

i (C). If τp = τq, denote by c the empty path. If τp 6= τq then,
since C is connected by Lemma 3.6, there exists a shortest path c in f−1

i (C) with
ιc = τp and τc = τq which, as observed above, is a piece.

If pcq−1 is a non-trivial closed path, then there exists a subpath γ′ of its reduction
that is a simple closed path of length at least 2. The path γ′ can be written as a
concatenation of at most 3 pieces and a subpath of q−1. Since |γ′| > |γi| and since

|q| 6 b |γi|2 c, this is a contradiction to the small cancellation assumption.

If pcq−1 is a trivial closed path, then c is the empty path, and p = q. Now there
exists a simple path q′ in im(γi) such that ιq′ = wi, τq

′ ∈ f−1
i (C) and such that q and

q′ are edge-disjoint. If τq = τq′, denote by c′ the empty path, and otherwise let c′ be
a simple path in f−1

i (C) with ιc′ = τq and τc′ = τq′. Then γ′′ := qc′q′−1 is a simple

closed path. Note that |q′| 6 |q|+1. Thus, if c′ is non-empty, then |qc′| > |γ′′i |
2 , which,

together with the fact that qc′ is a concatenation of at most 3 pieces, contradicts the
small cancellation assumption. If, on the other hand, c′ is empty, then the fact that
q is a concatenation of at most 2 pieces yields that |q| < 2|q|+1

3 , which cannot hold
since |q| > 1.

We conclude for x1 = w1, y1 = v1, x2 = v2, y2 = w2 as in Lemma 4.5.

To remove the requirement that the automorphism groups of the components
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containing x1 and x2 have finite automorphism groups, which we use in the proof of
Proposition 5.12, we prove the following:

Lemma 5.15. Let Γ1 and Γ2 be components of a Gr′(1
6)-labelled graph such that Γ1

and Γ2 are not isomorphic. Suppose there exist vertices x1, y1 ∈ Γ1 and x2, y2 ∈ Γ2,
such that that x1 6= y1 and such that no path from x1 to y1 is a concatenation of at
most two pieces. Let φ : Γ2 → Γ2, φ1 : Γ1 → Γ1, and φ2 : Γ2 → Γ2 be label-preserving
automorphisms such that:

• There exist paths q2 : y2 → φ(y2) and p1 : x1 → φ1(x1) such that q2 and p1

have the same label.

• There exist paths q1 : y1 → φ1(y1) and p2 : x2 → φ2(x2) such that q1 and p2

have the same label.

Then φ, φ1, and φ2 are the identity maps.

Proof. Assume φ1 is non-trivial. By assumption, for every k there exist paths
p(k) : x1 → φk1(x1) and q(k) : y1 → φk1(y1) that are pieces and whose labels are k-th
powers of a freely non-trivial word each. Let γ be a geodesic x1 → y1. Suppose φ1

has infinite order. By assumption, im(p(k)) and im(q(k)) do not intersect whence, for
k large enough, the reduction of p(k)φk(γ)(q(k))−1γ−1 contains a simple closed path
that contradicts the Gr′(1

6)-condition. Therefore, φ1 has finite order K. But in this

case, the path p1φ1(p1)φ2
1(p1) . . . φK−1

1 (p1) is a non-trivial closed path whose label is
a piece, a contradiction. Therefore, φ1 is trivial.

This implies that y2 is connected to φ(y2) by the empty path and x2 is connected
to φ2(x2) by the empty path, whence these two automorphisms are trivial as well.

Proof of Theorem 5.13. We define g as before to be the element of G(Γ) represented
by `(x1 → y1)`(x2 → y2), where the xi and yi are those produced by Lemma 5.14.
Then the statement and proof of Lemma 5.9 clearly apply to g. This shows hyper-
bolicity of g.

To prove the WPD condition, consider the proof of Proposition 5.12, and choose
the constant N0 such that dY (1, gN ) > 2K + 7 for all N > N0. The only ingredient
in the proof of Proposition 5.12 that is not present in the case of Theorem 5.13 is the
finiteness of the automorphism groups of the components of Γ. This ingredient is
used exclusively in the following case of claim 2: There exists i 6 K + 5, j 6 K + 5
and qi ∈ αiuβj such that the lifts of q via αi 7→ αi,Γ and via αj 7→ αj,Γ are essentially
equal. In this case, we may represent h by a word

`(x1 → y1)`(x2 → y2)`(x1 → y1) . . . `(xi → φ(xj)) . . . `(y2 → x2)`(y1 → x1),

with at most 2K + 9 factors. Since x1 and x2 are contained in non-isomorphic
components of Γ we have i = j.

By our choice of N0, the paths αiαi+1αi+2 and βjβj+1βj+2 are subpaths of p.
Using arguments of claim 2 in the proof of Lemma 5.9 it now follows that there
exists q′ ∈ αi+1 u βj+1 for which the two resulting lifts are essentially equal and that
there exists q′′ ∈ αi+2 u βj+2 for which the lifts are essentially equal. Therefore, we
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Figure 5.3: The horizontal line represents the intersection im(α) ∩ im(β) in D. The
vertical lines are for illustration only, providing support for the dashed paths, which
lift to paths αi,Γ : xi → yi. If the q traverses the thick part in the left-hand picture
and if the lifts of q are essentially equal, then the dotted paths in the right-hand
picture lift to paths xi → φ(xi), respectively yi → φ(yi) in Γ for some label-preserving
automorphism φ of Γ. Hence, the properties of the αi,Γ imply the path q′ traversing
the thick part in the right-hand picture cannot be a piece, whence the lifts of q′

are also essentially equal. Since im(α) ∩ im(β) is long enough, we have at least 3
consecutive situations as in the figure, and we obtain the situation of Lemma 5.15.

are in the situation of Lemma 5.15 where, if i 6≡ 2 mod 2, the indices 1 and 2 in the
statement of the lemma have to be switched. (See also Figure 5.3 for an illustration.)

Therefore, φ is the identity and, in this case, h is equal to g
i−j
2 , whence finiteness is

proved.

5.2.3 The free product case

The corresponding results for groups defined by graphical free product small cancel-
lation presentations also hold with the same proofs if we assume that at least two of
the Gi are non-trivial. Here “finiteness” means that there exists a finite graph Γ′

whose completion is Γ. Equivalently, it means that there are finitely many vertices in
Γ that are incident at two edges whose labels lie in distinct factors Gi, and that for
every vertex v, the set of labels of edges incident at v is contained in finitely many
Gi.

Theorem 5.16. Let Γ be a Gr∗(7)-labelled graph over a free product with at least
two non-trivial factors such that the components of Γ are finite. Then G(Γ)∗ is either
virtually cyclic or acylindrically hyperbolic.

Theorem 5.17. Let Γ be a C∗(7)-labelled graph over a free product with at least two
non-trivial factors. Then G(Γ)∗ is either virtually cyclic or acylindrically hyperbolic.

Theorem 5.18. Let Γ be a Gr′∗(
1
6)-labelled graph such that Γ contains at least two

non-isomorphic components that contain closed paths whose labels are non-trivial in
∗i∈IGi. Then G(Γ)∗ is either virtually cyclic or acylindrically hyperbolic.
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We explain how these results are deduced from the proofs we have already
obtained in this section.

Proof of Theorems 5.16, 5.17, and 5.18. If Γ is finite, then G(Γ)∗ is hyperbolic rel-
ative to the {Gi | i ∈ I} by Theorem 2.9. By Corollary 3.5, Γ injects into
Cay(G(Γ),ti∈ISi). Thus, G(Γ)∗ is non-trivially relatively hyperbolic unless the
vertex set of every non-trivial component of Γ is equal to the vertex set of each one
of the attached non-trivial Cay(Gi, Si) and for every non-trivial Gi, Cay(Gi, Si) is
attached at every component of Γ. In the case of Theorem 5.16 this can only hold
if every Gi is finite, in which case G(Γ)∗ ∼= Gi is finite and the statement holds. In
the cases of Theorems 5.17 and 5.18 this cannot hold at all. If G(Γ)∗ is non-trivially
relatively hyperbolic and not virtually cyclic, then it is acylindrically hyperbolic as it
acts acylindrically with unbounded orbits on the hyperbolic space Cay(G(Γ),ti∈IGi)
by [Osi13, Proposition 5.2] and [Osi06a, Corollary 4.6].

Now assume that Γ is infinite. We explain how to adapt the proofs from Section 5.2.
Instead of considering Γ, we must now consider Γ. For simplicity, assume that each
Gi is non-trivial. Then, automatically, there does not exist an edge whose label occurs
exactly once on the graph, and we can apply the proofs of Lemmas 4.4, 4.5, and 4.6.
Here, when considering non-trivial closed paths or simple closed paths, we always
require that their labels are not trivial in the free product of the Gi. In Lemma 4.5,
we replace the claim that there exists at most one reduced path αi,Γ : xi → yi such
that αi,Γ is a concatenation of at most two pieces by the claim that there exist at
most one element of ∗i∈IGi represented by the labels of paths αi,Γ for which αi,Γ is
a concatenation of at most two pieces. For convenience, we denote the set of these
(at most two) elements of ∗i∈IGi by Z. The statements and proofs of Lemmas 5.14
and 5.15 also apply.

Thus, we are able to define the WPD element g as before, and the proof of
hyperbolicity of g, Lemma 5.9, applies. In the proof of Proposition 5.12, we need
to make an additional observation: It is no restriction to assume that for every i,
the terminal edge of αi has a label from a different generating factor than that of
the initial edge of αi+1, and to make the same assumption for every βj and βj+1.
This assumption is required since any finiteness statement only applies to vertices
in the intersections of two attached Cayley graphs. We also choose N0 such that
dY (1, gN ) > 2K + 6 for all N > N0. The corresponding adaption of the arguments
of Proposition 5.12 occurs in the last case of the proof of claim 2.

By our choice of N0, αi0αi0+1αi0+2 and βj0βj0+1βj0+2 are subpaths of p, i.e. in
the last case of the proof of claim 2, we may consider all i ∈ {i0, i0 + 1, i0 + 2} and
j ∈ {j0, j0 + 1, j0 + 2}. Every αi (or βj) under consideration is a concatenation of
two pieces, but not a piece itself. Observe that, in any attached Cayley graph in Γ,
either every non-empty path is a piece, or no non-empty path is a piece. Therefore,
the label of αi (or βj) cannot lie in one of the generating free factors and, hence
im(αi) (or im(βj)) contains in its interior a vertex where two edges with labels
from distinct free factors meet. Note that βj0 is a subpath of αi0αi0+1, αi0+1 is a
subpath of βj0βj0+1, and βj0+1 is a subpath of αi0+1αi0+2. Hence, each of these
3 paths is a concatenation of at most 2 pieces and hence, the labels of the paths
αi0+1,Γ, βj0,Γ, βj0+1,Γ all represent elements of Z. Consider a vertex v in the interior
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of im(αi0+1) incident at edges with labels from two distinct factors. Then at least
one of the lifts βj0 7→ βj0,Γ or βj0+1 7→ βj0+1,Γ is defined on v and takes v to a vertex

in the intersection of two edges of βj0,Γ, respectively two edges of βj0+1,Γ, with labels
from distinct factors. We first assume this holds for j0, and note that the proof for
j0 + 1 is completely analogous; only the final constant must be raised by 1.

Our minimality assumptions on
∑2N

i=1 |αi,Γ| and
∑2N

j=1 |βj,Γ| imply that the labels

of αi0+1,Γ and βj0,Γ are reduced words in the free product sense. We may write
the elements of Z uniquely as z = g1g2 . . . gn1 and z′ = g′1g

′
2 . . . g

′
n2

, where each gl
is non-trivial in some Gkl and for each l we have kl 6= kl+1, and, similarly, each g′l
is non-trivial in some Gk′l and for each l we have k′l 6= k′l+1. Since αi0+1 and βj0
intersect in v and since, in each case, the image of v in Γ lies in the intersection of
edges in the paths αi0+1,Γ and βj0,Γ with labels from distinct factors, we may write
h as

`(x1 → y1)`(x2 → y2)`(x1 → y1) . . . w1w
−1
2 . . . `(y2 → x2)`(y1 → x1),

where each wi is an initial subword of z or z′ as written above (of which, in particular,
there are only finitely many), and where at most 2K+9 factors occur. This completes
the proof.

5.3 Geodesics in the hyperbolic space

In this section, we show that geodesics in Cay(G(Γ), S ∪W ) are close to geodesics in
Cay(G(Γ), S) in the case that Γ is Gr′(1

6)-labelled by providing a description of the
geodesics in Cay(G(Γ), S). Applying our construction, we show that the action of
G(Γ) on Cay(G(Γ), S ∪W ) is not acylindrical in general, even in the case of classical
C ′(1

6)-groups.

Proposition 5.19. Let Γ be a Gr′(1
6)-labelled graph, and let W be the set of all

elements of G(Γ) represented by words read on Γ. Let x 6= y be vertices in X :=
Cay(G(Γ), S) and γX a geodesic in X from x to y. Denote k := dY (x, y), where
Y := Cay(G(Γ), S ∪W ). Then:

• k is the minimal number such that γX = γ1,X . . . γk,X , where each γi,X is a lift
of a path in Γ or (the inverse of) an edge labelled by an element of S. This
means (ιγ1,X , τγ1,X) . . . (ιγk,X , τγk,X) is a geodesic in Y from x to y.

• If Γ1, . . . ,Γk are images of components of Γ or of single edges labelled by
elements of S such that Γ1 ∪ · · · ∪ Γk ⊆ X contains a path from x to y, then
γX is contained in Γ1 ∪ · · · ∪ Γk and intersects each Γi in at least one edge.

Here, if v 6= w are vertices, then (v, w) denotes an edge e with ιe = v and τe = w.

Remark 5.20. Let x 6= y be vertices in Cay(G(Γ), S). The sequence Γ1,Γ2, . . . ,Γk
considered in Proposition 5.19 has the following properties:

•
⋃k
i=1 Γi contains every geodesic in Cay(G(Γ), S) from x to y.
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•
⋃k
i=1 Γi is connected and no three Γi pairwise intersect. There exist (not

necessarily distinct) Γi0 and Γi1 that each intersect at most one other Γi.

The second part follows from the minimality of k. Γi0 and Γi1 are the components
containing x and y, respectively.

Our result is similar in some respects to the description of geodesics provided in
[AD12, Theorem 4.15]. In [AD12, Theorem 4.15], given any classical small C ′(1

8)-
group G, for any two vertices x 6= y ∈ Cay(G,S), a sequence Γ1,Γ2, . . . ,Γk with the
two above properties is constructed. In this case, each Γi is either an embedded cycle
graph labelled by a relator or a single edge. [AD12, Theorem 4.15] is not concerned
with a minimal number k of components and provides further details on metric
properties of the sequence such as pairwise distance of non-intersecting Γi.

Proof of Proposition 5.19. For the proof, assume that every letter occurs on an edge
of Γ. If this is a priori not the case, it can be achieved by adding for each s ∈ S that
does not occur on Γ a new component to Γ that is simply an edge labelled by s.

Let x 6= y be vertices in X, and let k := dY (x, y). Let γX be a geodesic in X
from x to y, and let l be minimal such that γX = γ1,Xγ2,X . . . γl,X , where each γi,X
lifts to a path in Γ. We will show that l = k.

Since dY (x, y) = k, there exists a path σX in X from x to y such that σX =
σ1,Xσ2,X . . . σk,X , where each σi,X is a path in the image Γi in Cay(G(Γ), S) of a
component of Γ. This gives rise to a lift σi,Γ in Γ of each σi,X . Given the embedded
components Γ1,Γ2, . . . ,Γk, we choose σX and σi,X such that |σX | is minimal and

such that, for every j < k,
∑j

r=1 |σr,X | is maximal. Note that, since |σX | is minimal,
σX is labelled by a reduced word, and each σi,X lifts to a geodesic in Γ.

Let D be a minimal diagram for `(σX)`(γX)−1 over Γ, i.e. we can write ∂D = σγ−1

where σ lifts to σX and γ lifts to γX . Denote by σi the lifts in D of the σi,X .

Claim 1. D is a (3, 7)-bigon.
Let Π be a face of D with e(Π) = 1. Then there exists a unique maximal exterior

arc p that is a subpath of ∂Π+. If p is a subpath of γ−1, then |p| 6 |∂Π+|
2 since γX is

a geodesic, whence i(Π) > 4.
Now suppose p is a subpath of σ, and suppose that i(Π) 6 3. Then |p| >

|∂Π+|
2 , whence p is not a concatenation of at most 3 pieces. Since d(x, y) = k, the

concatenation of two consecutive σi cannot lift to a path in Γ. Therefore, p must
be a subpath of σi0σi0+1σi0+2 for some i0. Since p is not a concatenation of at most
3 pieces, there exists j ∈ {i0, i0 + 1, i0 + 2} for which max(p u σj) is not a piece.
Therefore, a lift of max(p u σj) via ∂Π+ equals the lift via σj 7→ σj,Γ. This implies
that in the decomposition σ1,Xσ2,X . . . σk,X , we can replace σj,X by a lift σ̃j,X of p
such that σ̃j,X is a path in Γj , and we correspondingly shorten the paths σj−1,X and
σj+1,X that are (possibly) intersected by σ̃j,X . (By minimality of k, no other paths
are intersected.) The resulting decomposition σX = σ̃1,X σ̃2,X . . . σ̃k,X still satisfies
that every σ̃i,X is path in Γi. Since σ̃j,X is a subpath of a lift in Γj of ∂Π+ with

|σ̃j,X | = |p| > |∂Π+|
2 , we have that σ̃j,X is not a geodesic path in Γj . Thus, we can

replace σ̃j,X by a shorter path in Γj , contradicting the minimality of |σX |. Therefore,
i(Π) > 4.
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Claim 2. D(1) maps to Γ1 ∪ Γ2 ∪ · · · ∪ Γk. Since, each Γi is convex by Lemma 3.12,
this proves that l = k, and our proposition follows.

Suppose D contains a disk component ∆. Then we can number the faces of
∆ by Π1,Π2, ... starting from the one closest to ισ. (This makes sense since ∆ is
a single face or has shape I1 by Theorem 3.10.) Consider Π1. Denote by σ0 the
empty path. As argued above, max(∂Π+

1 u σ) is a subpath of σi−1σiσi+1 for some
i. By maximality of

∑i
r=1 |σr,X |, it is a subpath of σi−1σi with ∂Π+

1 u σi 6= ∅.
We have |max(∂Π+

1 u γ)| 6 |∂Π+
1 |

2 since γX is a geodesic. Moreover, ∂Π+
1 has at

most one subpath p that is a maximal interior arc, and |p| < |∂Π+
1 |

6 . Therefore,

|max(∂Π+
1 u σ)| > |∂Π+

1 |
3 , whence max(∂Π+

1 u σ) cannot be the concatenation of two

pieces. Thus, by maximality of
∑i−1

r=1 |σr,X |, the lift of max(∂Π+
1 u σi) via σi 7→ σi,Γ

must equal a lift via ∂Π+
1 .

Now suppose Π2 exists. Then max(∂Π+
2 u σ) is a subpath of σiσi+1 (i from the

above paragraph), and max(∂Π+
2 u σ) has an initial subpath σ′i that is a (possibly

empty) terminal subpath of σi. By the above observation, the lifts of ∂Π−1 give rise
to lifts of q := max(∂Π−1 u ∂Π+

2 )σ′i in Γ. Note that q is a subpath of ∂Π+
2 and, thus,

has lifts via ∂Π+
2 in Γ. Since no interior edge of D originates from Γ, these lifts are

never equal, whence q is a piece. Therefore, the same argument as above shows that
the lift of max(∂Π+

2 u σi+1) via σi+1 7→ σi+1,Γ equals a lift via ∂Π+
2 . Claim 2 follows

inductively.

Remark 5.21. In the case of a Gr′∗(
1
6)-labelled graph over a free product, the above

proof and, hence, result apply if Γ is replaced by Γ. The only additional observation
required is that any geodesic in X is, in particular, locally geodesic.

Proposition 5.19 lets us study the action of G(Γ) on Y . We use it to show that
the action need not be acylindrical in general.

Definition 5.22 ([Osi13, Introduction]). A group G acts acylindrically on a metric
space Y if for every ε > 0 there exist K ∈ N and N ∈ N such that for every x, y ∈ Y
with d(x, y) > K, there exist at most N elements g ∈ G satisfying:

d(x, gx) 6 ε and d(y, gy) 6 ε.

Example 5.23. We construct a classical C ′(1
6)-presentation 〈S | R〉 of a group G

such that the action of G on Y := Cay(G,S ∪W ) is not acylindrical. Here W is the
set of all elements of G represented by subwords of elements of R. This corresponds
to our above definition of W by taking Γ to be the disjoint union of cycle graphs
labelled by the elements of R as in Example 1.10.

Let G be defined by a classical C ′(1
6)-presentation 〈S | R〉 with the following

property for every N ∈ N: There exists a cyclically reduced word wN ∈ M(S)
satisfying the following conditions. (Denote by ωN an infinite ray in Cay(G,S)
starting at 1 ∈ G with label wNwN . . . . A ray is a sequence of edges (e1, e2, . . . ) for
which every finite connected subsequence is a path.)

a) wNN is a subword of a relator in R.
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b) If γ is a path in Cay(G,S) with label in R and if p is a path in γ u ωN , then

|p| 6 |γ|
6 .

c) There exists an integer CN such that if γ is a path in Cay(G,S) with label in
R and if p is a path in γ u ωN , then |p| 6 CN |wN |.

Let N ∈ N. By Theorem 3.10, b) implies that every subpath of ωN is a geodesic in
Cay(G,S). Therefore, Proposition 5.19 and c) yield for every K ∈ N and L := CNK
that dY (1, wLN ) > K. By a), for every 0 6 m 6 N we have

dY (1, wmN ) = dY (wLN , w
m
Nw

L
N ) 6 1.

The elements of G represented by wN , w
2
N , . . . , w

N
N are pairwise distinct. We conclude

that, for every K ∈ N and every N ∈ N, there exist points x and y in Y and at least
N elements g of G satisfying:

dY (x, y) > K and dY (x, gx) = dY (y, gy) 6 1.

Therefore, the action of G on Y is not acylindrical.
The (symmetrized closure) of the presentation 〈a, b, s1, s2, . . . s12 | r1, r2, . . . 〉 with

rN := (abN )NsN
2+N

1 sN
2+N

2 . . . sN
2+N

12

is a classical C ′(1
6)-presentation that satisfies the above conditions with wN = abN

and CN = N .





Chapter 6

Lacunary hyperbolicity of
graphical Gr(7)-groups

In this chapter, we show that infinitely presented graphical Gr(7)-groups give rise to
lacunary hyperbolic groups. A finitely generated group is lacunary hyperbolic if and
only if one of its asymptotic cones is an R-tree, see definitions below. The results of
this chapter were published in [Gru15a]. We prove:

Theorem 6.1. Let Γ = tn∈NΓn be a Gr(7)-labelled graph, where each Γn is finite
and where the set of labels is finite. Then there exists an infinite sequence (kn)n∈N
such that G(tn∈NΓkn) is lacunary hyperbolic.

In the case of graphical Gr′(1
6)-groups, the following generalization of [OOS09,

Proposition 3.12] presents a refinement:

Theorem 6.2. Let Γ = tn∈NΓn be a Gr′(1
6)-labelled graph, where each Γn is fi-

nite and connected and where the set of labels is finite. Assume that diam(Γn) =
O(girth(Γn)). Then G(Γ) is lacunary hyperbolic if and only if for every K > 0 there
exists a > 1 such that [a, aK] ∩ {girth(Γn) | n ∈ N} = ∅.

We give terminology leading up to the definition of a lacunary hyperbolic group,
following the exposition in [OOS09]. An ultrafilter is a finitely additive map ω :
2N → {0, 1} such that ω(N) = 1. An ultrafilter ω is called non-principal if ω(F ) = 0
for all finite subsets F of N. Let f : N → R be a sequence. Then for x ∈ R we
say x = limω

n f(n) if ∀ε > 0 : ω(f−1([x − ε, x + ε])) = 1. It is a fact that given an
ultrafilter ω, any bounded sequence f : N→ R has exactly one limit with respect to
ω.

Let ω be a non-principal ultrafilter and (dn)n∈N a sequence of real numbers
such that dn → ∞ as n → ∞. The sequence (dn)n∈N is called scaling sequence.
Let G be a group generated by a finite set S. Let GN denote the space of se-
quences of elements of G, and X := {(xn) ∈ GN | dS(1, xn) = O(dn)}, where
dS denotes the distance in Cay(G,S). We define a pseudo-metric d on X by

setting d
(
(xn), (yn)

)
= limω

n
dS(xn,yn)

dn
. An equivalence relation on X is given by

(xn) ∼ (yn) ⇐⇒ d
(
(xn), (yn)

)
= 0. The asymptotic cone of G with respect to S,
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ω and (dn)n∈N is defined as X/ ∼ with the metric induced by d. We denote it by
Conw(G, (dn)).

If G is a group generated by a set S and π : G→ H is a group homomorphism,
then the injectivity radius of π with respect to S, denoted rS(π), is the largest
r ∈ R ∪ {∞} such that π restricted to the open ball of radius r at 1 in Cay(G,S) is
injective. An R-tree is a 0-hyperbolic geodesic metric space (see Definition 2.2). In
particular, an R-tree Y does not admit an injective continuous map R/Z→ Y . We
recall the definition and a characterization of lacunary hyperbolicity from [OOS09,
Section 3.1]:

Definition 6.3 (Lacunary hyperbolic group). A finitely generated group G is called
lacunary hyperbolic if the following equivalent conditions hold:

• There exists an asymptotic cone of G that is an R-tree.

• G is the direct limit of finitely generated groups and epimorphisms

G1
α1−→ G2

α2−→ . . .

such that every Gi is generated by a finite set Si with αi(Si) = Si+1 and every
Cay(Gi, Si) is δi-hyperbolic with δi = o(rSi(αi)).

6.1 The case of graphical Gr(7)-groups

The following lemma will enable our proof of Theorem 6.1:

Lemma 6.4. Let Γ be a finite labelled graph and (Γn)n∈N a sequence of connected,
finite labelled graphs such that Γ′ := Γ t

⊔
n∈N Γn is Gr(6)-labelled and such that for

n 6= n′, the labelled graphs Γn and Γn′ are non-isomorphic. Then the injectivity radii
ρn of the projections πn : G(Γ) → G(Γ t Γn) induced by the identity on S tend to
infinity.

Proof. Suppose this is false. Then there exist an infinite sequence (kn)n∈N and
w ∈M(S) such that w is non-trivial in G(Γ) and such that for all n ∈ N, w is trivial
in G(Γ t Γkn). For each n ∈ N, let Dn be a minimal diagram for w over Γ t Γkn . By
construction, each Dn contains at least one face whose boundary cycle lifts to Γkn .
For each n ∈ N, let ∆n be an inclusion-minimal subdiagram of Dn containing all
faces whose boundary cycles lift to Γkn . Then all exterior faces of ∆n have boundary
cycles lifting to Γkn .

Lemma 1.18 implies that for every n, there exist a face Πn of ∆n and a path pn
in Πn which is an exterior arc of ∆n that is not a piece with respect to Γ′. Hence, if
n 6= n′ then `(pn) 6= `(p′n), whence |pn| → ∞. Note that for every n, the edges of pn
are contained in the union of im(∂Dn) and all faces of Dn whose boundary cycles
lift to Γ. By Theorem 2.6, the length of any such simple path is bounded from above
by |w|+ 3|w|2|V Γ|.

Proof of Theorem 6.1. If there exist only finitely many isomorphism classes of compo-
nents of Γ, then G(Γ) is hyperbolic by Theorem 2.4 and, hence, lacunary hyperbolic.
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Therefore, we can assume that for n 6= n′, Γn and Γn′ are non-isomorphic. We
choose the subsequence recursively: Let k0 = 1, and let k1, . . . , kN be chosen. Set
ΓN := tNi=1Γki . Then, by Theorem 2.4, Cay(G(ΓN ), S) is δN -hyperbolic for some
δN > 0. By Lemma 6.4, the injectivity radii ρn of the maps G(ΓN )→ G(ΓN t Γn)
induced by the identity on S tend to infinity. Hence we may choose kN+1 such that
kN+1 > max{k1, . . . , kN} and such that ρkN+1

> NδN and proceed inductively. The
resulting group G(ti∈NΓki) is lacunary hyperbolic.

6.2 The case of graphical Gr′(1
6)-groups

We now prove Theorem 6.2, using the fact that the graphical Gr′(1
6)-condition gives

strong metric control on the Cayley graph of the group it defines. We will use the
following facts. The first follows readily from Theorem 1.23 and [Str90, Theorem 43]
(see Remark 3.11), and the second from Theorem 1.23 and [Oll06, Lemma 13].

Lemma 6.5. Let Γ be a finite Gr′(1
6)-labelled graph, and let ∆ be the maximum of

the diameters of its connected components. Then Cay(G(Γ), S) is 2∆-hyperbolic.

Lemma 6.6. Let D be a minimal diagram for a word w over a Gr′(1
6)-labelled graph

Γ. If Π is a face of D, then |∂Π+| 6 |∂D|.

We deduce:

Lemma 6.7. Let Γ t Γ′ be a Gr′(1
6)-labelled graph. Denote by π the map from G(Γ)

to G(Γ t Γ′) induced by the identity on S. Then

rS(π) >
girth(Γ′)

2
.

Moreover, the restriction of π to the open ball of radius girth(Γ′)
4 at 1 is an isometric

embedding.

Proof. Consider a non-closed path p in Cay(G(Γ), S) that is mapped to a closed
path in Cay(G(Γ t Γ′), S). By Lemma 6.6, we have |p| > girth(Γ′). This observation
implies both claims.

Proof of the Theorem 6.2. Note that given our preliminary observations, a proof can
be deduced from [OOS09, Proof of Proposition 3.12]. In fact, the first part of our
proof uses the same arguments.

By identifying isomorphic connected components of Γ, we can assume that for
n 6= n′, Γn and Γn′ are non-isomorphic. We say that L ⊆ N is sparse if for every
K > 1 there exists a > 1, such that [a, aK] ∩ L = ∅.

Assume that L is sparse. Then there exists a sequence (αn)n∈N of numbers
in [1,∞) such that for all n ∈ N we have L ∩ [αn, nαn] = ∅. It is no restriction
to assume that (αn)n∈N is unbounded and, by going to a subsequence, we may
assume that nαn < αn+1 for every n. Fix C ∈ R+ such that for all n we have
diam(Γn) 6 C girth(Γn). Let

Γk := tgirth(Γn)<αk
Γn.
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Then for every k, the graph Γk is finite and Gr′(1
6)-labelled. For any connected

component of Γk, the girth is bounded from above by αk, and hence the diameter
is bounded by Cαk. Lemma 6.5 implies that the Cayley graph of Gk := G(Γk) is
2Cαk-hyperbolic. Set δk := 2Cαk, and denote by πk the epimorphism Gk → Gk+1

induced by the identity on S. Lemma 6.7 implies rS(πk) > kαk
2 = kδk

4C . Therefore
δk

rS(πk) 6 4C
k → 0 as k →∞, and G(Γ) is lacunary hyperbolic.

We now prove the converse. Assume that the set of girths L is not sparse. Choose
any scaling sequence (dn)n∈N tending to infinity and any non-principal ultrafilter
ω on N. We show that Y := Conω(G(Γ), (dn)) is not an R-tree. Without loss of
generality, we may assume dn > 1 for every n ∈ N. Lemma 3.12 implies that for
each n, there exists a cycle graph cn of length girth(Γn) isometrically embedded in
X := Cay(G(Γ), S). For each n, denote by γn a simple closed path with im(γn) = cn.
Since L is not sparse, there exists K > 1 such that for every a > 1 we have
[a, aK]∩L 6= ∅. Hence, for every n ∈ N there exists k(n) ∈ N such that the inequality

dn 6 girth(Γk(n)) 6 Kdn

holds, or, in other words, 1 6 |γk(n)|/dn 6 K. Since the interval [1,K] is bounded, the
sequence (|γk(n)|/dn)n∈N converges to some R ∈ [1,K] with respect to the ultrafilter ω.
Each path γk(n) gives rise to a continuous map γk(n) : R/Z→ X, and we may assume

that for every t and for every ε ∈ (−1
2 ,

1
2 ] we have d(γk(n)(t), pk(n)(t+ ε)) = |ε||pk(n)|.

Consider the continuous map γ : R/Z→ Y, t 7→ [(pk(n)(t))n∈N]. Let t 6= t′ ∈ R/Z
and ε ∈ (−1

2 ,
1
2 ] such that t′ = t+ ε. We have

d(γ(t), γ(t′)) =
ω

lim
n

d(γk(n)(t), γk(n)(t+ ε))

dn
=

ω
lim
n
|ε|
|γk(n)|
dn

= |ε|R > 0.

Hence, γ is injective, whence Y is not an R-tree.



Chapter 7

New divergence functions &
non-relatively hyperbolic groups

In this chapter, we construct the first examples of finitely generated groups whose
divergence functions lie in the gap between polynomial and exponential functions.
We, moreover, provide a tool for producing groups that are not non-trivially relatively
hyperbolic, and we apply this tool to construct non-relatively hyperbolic groups
with prescribed hyperbolically embedded subgroups. The geometric arguments
for obtaining new divergence functions are similar to those for constructing non-
relatively hyperbolic groups and heavily rely on the fact that, given a classical
C ′(1

6)-presentation, every cycle graph labelled by a relator is isometrically embedded
in the Cayley graph, see Lemma 3.12. The results of this chapter were obtained in a
joint work with Alessandro Sisto [GS14].

7.1 New examples of divergence functions

We recall the definition of divergence of a geodesic metric space following [DMS10].
Let X be a geodesic metric space. A curve in X is a continuous map I → X, where
I is a compact real interval. Fix constants 0 < δ < 1, and let γ > 0. For a triple of
points a, b, c ∈ X with d(c, {a, b}) = r > 0, let divγ(a, b, c; δ) be the infimum of the
lengths of curves from a to b whose images do not intersect Bδr−γ(c), where Bλ(Y )
denotes the open ball of radius λ around a subset Y of X. If no such curve exists,
set divγ(a, b, c; δ) =∞.

Definition 7.1. The divergence function DivXγ (n, δ) of the space X is defined as
the supremum of all numbers divγ(a, b, c; δ) with d(a, b) 6 n.

If X is a connected graph, then we may consider X as a geodesic metric space by
isometrically identifying each edge of X with either the unit interval or the 1-sphere.
With this identification, every path gives rise to a curve.

For functions f, g : R+ → R+ we write f � g if there exists C > 0 such that for
every n ∈ R+, f(n) 6 Cg(Cn+C) +Cn+C, and define �,� similarly. By [DMS10,
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Corollary 3.12], if X is a Cayley graph then we have DivXγ (n, δ) � DivX2 (n, 1/2)

whenever 0 < δ 6 1/2 and γ > 2. Also, the �-equivalence class of DivXγ (n, δ) is a
quasi-isometry invariant (of Cayley graphs). Given a group G with a specified finite
generating set, we write DivG(n) for DivX2 (n, 1/5), where X is the Cayley graph
realized as geodesic metric space.

Theorem 7.2. Let rN := (aNbNa−Nb−N )4, and for I ⊆ N, let G(I) be defined by
the presentation 〈a, b | ri, i ∈ I〉. Then, for every infinite set I ⊆ N we have:

lim inf
n→∞

DivG(I)(n)

n2
<∞. (7.1)

Let {fk | k ∈ N} be a countable set of subexponential functions. Then there exists
an infinite set J ⊆ N such that for every function g satisfying g � fk for some k we
have for every subset I ⊆ J :

lim sup
n→∞

DivG(I)(n)

g(n)
=∞. (7.2)

The set of relators {r1, r2, . . . } satisfies the classical C ′(1
6)-condition. Thus, the

groups constructed in this theorem are acylindrically hyperbolic by Theorem 5.1.

The idea of proof for Theorem 7.2 is to use the fact that cycle graphs labelled by
the relators of a classical C ′(1

6)-presentation are isometrically embedded. This enables
us to construct detours in the Cayley graph which provide the upper (quadratic)
bound, see Figure 7.1. The facts that every finitely presented classical C ′(1

6)-group
is hyperbolic and that hyperbolic groups have exponential divergence give the lower
(subexponential) bound.

Remark 7.3. Let J be an infinite subset of N as in the second statement of the
Theorem, and let I be a subset of J whose elements are a sequence of superexponential
growth. Then, for any I1, I2 ⊆ I, G(I1) and G(I2) are quasi-isometric if and only
if the symmetric difference of I1 and I2 is finite by [Bow98, Proposition 1]. Hence,
given the countable set of subexponential functions {fk | k ∈ N}, we construct an
uncountable family of pairwise non-quasi-isometric groups whose divergence functions
satisfy the conclusion of Theorem 7.2.

We first prove the second claim of Theorem 7.2. We collect useful facts:

Lemma 7.4. Let G be a group whose Cayley graph with respect to a given generating
set is δ-hyperbolic. Then DivG(n) > 2(n/5−3)/δ.

Proof. This is an easy consequence of [BH99, Proposition III.H.1.6]. Consider points
a and b in the Cayley graph. If c is the midpoint of a geodesic of length n from a to
b and α is any curve from a to b not intersecting Bn/5−2(c) then

n/5− 2 6 d(c, im(α)) 6 δ log2 |α|+ 1,

whence |α| > 2(n/5−3)/δ, as required.
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Proof of Equation 7.1. We recursively define the set J = {j1, j2, . . . }. Let {gk | k ∈
N} be an enumeration of all functions of the form t 7→ Cfm(Ct+C) +Ct+C, where
m,C ∈ N. First, choose j1 arbitrary. Then, for n > 1, suppose we have chosen
Jn := {j1, j2, . . . , jn}, and let Gn := G(Jn). Let δn be the hyperbolicity constant of
Gn.

Since every gk is subexponential, for each sufficiently large N we have for every
k 6 n:

gk(N) <
1

N
2(N/5−3)/(2ρn) 6

1

N
2(N/5−3)/δn 6

1

N
DivGn(N), (7.3)

where ρn is the length of the longest relator in the presentation of Gn. This
uses Lemmas 6.5 and 7.4. Furthermore, employing Lemma 6.7 we obtain that if
|rji | > 4

(
2(N/5−3)/(2ρn)

)
for every i > n, then

gk(N) <
1

N
2(N/5−3)/(2ρn) 6

1

N
DivG(J)(N).

Therefore, we choose rjn+1 of length at least 4
(
2(N/5−3)/(2ρn)

)
. We proceed inductively

to define J , letting the numbers N in the construction go to infinity. Then we have
for every gk:

lim sup
n→∞

DivG(J)(n)

gk(n)
=∞.

If I is a subset if J , then Inequality 7.3 still holds for ρn unchanged (i.e. the length
of the longest relator in Jn), and δn and Gn defined by the set of relators I ∩ Jn.
Again, the estimate for the divergence function at N carries over to G(I).

The following will enable us to prove Equation 7.2:

Proposition 7.5. Let G be defined by a classical C ′(1
6)-presentation 〈a, b | R〉, and

let X = Cay(G, {a, b}). Let n,N ∈ N such that N > 2n. Suppose rN ∈ R. Let
x, y,m be vertices in X with 0 < d(x, y) 6 n, with r := d(x,m) 6 d(y,m), and with
r > 0. Then there exists a path from x to y of length at most 20nN + 32N that does
not intersect Br/5(m).

Proof. Let g be a geodesic path from x to y. If im(g) does not intersect B := Br/5(m)
in a vertex, then the statement holds. Hence we assume B ∩ im(g) contains a vertex.
Since im(g) ⊆ Bn/2({x, y}), we obtain r/5 + n/2 > r, whence r 6 5n/8.

Let g′ be the shortest initial subpath of g that terminates at a vertex of B.
Then |g′| > (4/5)r. Thus, if g = g′g′′, then |g′′| < n − (4/5)r, whence d(y,m) <
n − (4/5)r + r/5 = n − (3/5)r. Let g1 be a geodesic path from x to m and g2 a
geodesic path from m to y, and σ the simple path from x to y obtained as the
reduction of g1g2 (i.e. by removing any backtracking). Then |σ| < n+ (2/5)r, and
every vertex in im(σ) has distance less than n− (3/5)r from m. We decompose σ
into subpaths σ = σ1σ2 . . . σk, where k 6 |σ|, such that each σi is a maximal subpath
whose label is a power of a generator. Note that each σi satisfies |σi| < n+ (2/5)r.

Denote by Ω the set of all simple closed paths in X that are labelled by rN .
By Lemmas 3.12 and 3.6, for every γ, γ′ ∈ Ω, im(γ) is an isometrically embedded
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cycle graph, and im(γ) ∩ im(γ′) is either empty or connected. A block in γ ∈ Ω is a
maximal subpath that is labelled by a power of a generator.

Note that N > 2n > n + (2/5)r > |σi| for each i. Therefore, we can choose
γ1 ∈ Ω such that σ1 is an initial subpath of a block of γ1. Then we can choose γ2 ∈ Ω
such that σ2 is an initial subpath of a block of γ2, and such that |max(γ1 u γ−1

2 )| >
N − n− (2/5)r > 2n− n− (2/5)r > n− (2/5)r. Iteratively, we can find a sequence
γ1, γ2, . . . , γk of elements of Ω with these properties.

Denote by δ1 the maximal initial subpath of γ−1
1 that does not contain edges of

im(γ2). Denote by δk the maximal initial subpath of γ−1
k that does not contain edges

of im(γk−1). For 1 < i < k, denote by δi the maximal subpath of γ−1
i that does not

contain edges of im(σi) ∪ im(γi−1) ∪ im(γi+1). Then δ := δ1δ2 . . . δk is a path in X
from x to y. Figure 7.1 for an illustration.

Let 1 < i < k. Then γi = σipδ
−1
i p′ for paths p, p′ with |p| > n − (2/5)r and

|p′| > n− (2/5)r. Since im(γi) is an isometrically embedded cycle graph, this implies
that every vertex in im(δi) has distance at least n − (2/5)r from im(σi). Since σi
contains a vertex at distance at most n − (3/5)r from m, every vertex in δi has
distance at least n− (2/5)r − n+ (3/5)r > r/5 by the reverse triangle inequality.

Suppose im(δ1) contains a vertex at distance less than r/5 from m. Since
d(x,m) > r, we must have d(x, v) > (4/5)r. There exists γ0 ∈ Ω such that
im(γ0) ∩ im(σ1) is a vertex and such that |max(γ0 u γ−1

1 )| > n − (2/5)r. Let
δ̃0 be the maximal initial subpath of γ−1

0 that does not contain edges of im(γ1), and
let δ̃1 be the maximal terminal subpath of δ1 that does not contain edges of im(γ0).
Then, as above, d(im(δ1),m) > r/5

Suppose im(δ̃0) contains a vertex v′ with d(v′,m) < r/5. Then, by the triangle
inequality, d(v, v′) < (2/5)r. By the above arguments, v must lie in the image of
an initial subpath of δ0 of length less than n− (2/5)r, and v′ must lie in the image
of an initial subpath of δ̃0 of length less than n − (2/5)r. Therefore, there exists
a subpath p of a cyclic shift of γ0 from v to v′ of length less than 2n − (4/5)r.
Since |rN | = 4N > 8n, this is a geodesic path. Note that im(p) contains x. Since
d(v, x) > (4/5)r and d(v′, x) > (4/5)r, this implies d(v, v′) > (8/5)r, a contradiction.

In the case that δk contains a vertex v at distance less than r/5 from m, we can
analogously choose γk+1 ∈ Ω and replace δk by a concatenation of paths δ̃kδ̃k+1. The
resulting path δ̃ is a path that does not intersect the ball of radius r/5 around m.
Its length is at most (|σ| + 2)|rN | 6 (n + (2/5)r + 2)(16N) 6 ((5/4)n + 2)16N 6
20nN + 32N .

We also consider the case that x, y, and m are not necessarily vertices but possibly
interior points of edges.

Corollary 7.6. Let n ∈ N, and let G be given by the a classical C ′(1
6)-presentation

〈a, b | R〉 with r2n ∈ R. Then DivG(n) 6 40n2 + 64n.

Proof. Consider a triple of points x, y,m in X with d(x, y) 6 n and r = d({x, y},m),
where r > 0. Let x′ and y′ be vertices with d(x, x′) 6 1, d(y, y′) 6 1, d(m,m′) 6 1/2
such that d(x′, y′) 6 d(x, y) 6 n. Then r − 2 < d({x′, y′},m′). By Proposition 7.5
there exists a path p from x′ to y′ of length at most 40n2 + 84n + 32 (we take
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Figure 7.1: The construction of the path δ̃ = δ̃0δ̃1δ2 . . . δk−1δ̃kδ̃k+1 from x to y in the
proof of Proposition 7.5.

N = 2n) such that im(p) does not intersect B(r−2)/5(m′). Note that Br/5−1(m) ⊆
Br/5−1/2(m′) ⊆ B(r−2)/5(m′). Therefore im(p) does not intersect Br/5−1(m). Then
d({x, y}, Br/5−1(m)) > r − (r/5− 1) > 1, whence p can be extended to a path from
x to y whose image does not intersect Br/5−1(m).

Proof of Equation 7.2. If I is infinite, then by Corollary 7.6, DivG(I)(n) is bounded
from above by 40n2 + 64n at infinitely many values of n.

7.2 New non-relatively hyperbolic groups

We give a tool for constructing finitely generated groups that are not hyperbolic
relative to any collection of proper subgroups. We use it to show that the groups
constructed in Theorem 7.2 are not non-trivially relatively hyperbolic and to construct
for every finitely generated infinite group G a finitely generated group H that is not
non-trivially relatively hyperbolic and contains G as a non-degenerate hyperbolically
embedded subgroup.

Proposition 7.7. Let G be a group with a finite generating set S, and denote
X := Cay(G,S). Assume that for each K > 0 there exists a set ΩK of isometrically
embedded cycle graphs in X with the following properties:

• ∪γ∈ΩK
γ = X, and

• for all γ, γ′ ∈ ΩK there exists a finite sequence

γ = γ0, γ1, . . . , γn = γ′

with diam(γi ∩ γi+1) > K.

Then G is not hyperbolic relative to any collection of proper subgroups.

Proof. Suppose that X is hyperbolic relative to a collection of subsets {Pi | i ∈ I},
and assume that X =

⋃
i∈I N1(Pi). We show that there exists i0 ∈ I and C1 > 0

such that X = NC1(Pi0), where Nr denotes the r-neighborhood. This implies the
proposition: If G is hyperbolic relative to a collection of proper subgroups, then
the Cayley graph X is hyperbolic relative to the collection of the cosets of these
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x1

y1
x2

y2
x3

y3

Figure 7.2: The cycle graph γ. The gray area represents Nσ(Pi), and the entrance
points xk, yk are marked.

peripheral subgroups. Our proof implies that a peripheral subgroup has finite index
in G. Since G is infinite by our assumptions, this contradicts the fact that peripheral
subgroups of a hyperbolic group are almost malnormal, see e.g. [Osi06b].

Let γ be an isometrically embedded cycle graph in X. We first show that there
exist a constant C1, independent of γ, and i ∈ I (which may depend on γ) such that
γ ⊆ NC1(Pi).

There exists a simple closed path q1q2q3 whose image is γ such each pk is a
geodesic path of length at least |V γ|/3 − 1. Since X is hyperbolic relative to the
collection {Pi | i ∈ I}, it has the following property stated in [Dru09, Definition 4.31
(P)]: There exists constants σ and δ, independent of γ, such that there exists i ∈ I
for which Nσ(Pi) intersects each im(qk). Moreover, for each k there exist vertices
xk, yk ∈ im(qk) ∩ Nσ(Pi) (the entrance points) such that d(xk, yk+1) < δ for each
k ∈ {1, 2, 3} (indices mod 3), see Figure 7.2. Note that we do need to consider the
case [Dru09, Definition 4.31 (C)], since the N1(Pi) cover X. A proof of the above
property is found in [DS05, Section 8].

By [DS05, Lemma 4.15], there exists σ′ such that for every i, any geodesic with
endpoints in Nσ(Pi) is contained in Nσ′(Pi). Let C1 = σ′+2δ. Then, if diam(γ) 6 2δ,
we have γ ⊂ NC1(Pi). If diam(γ) > 2δ, then we may write a cyclic conjugate of
q1q2q3 as d1p1d2p2d3p3, where ιdk = xk, τdk = yk+1 (indices mod 3), |dk| < δ, and
pk is a subpath of qk for each k. By the assumption on the diameter, each dk is a
geodesic, and each qk is a geodesic since it as subpath of a geodesic. Therefore, each
dk and qk is a geodesic with endpoints in Nσ(Pi), whence it is contained in NC1(Pi).
Thus, γ ⊆ NC1(Pi).

We now show that, in fact, i can be chosen independently of γ: By [DS05,
Theorem 4.1], there exists a constant C2 such that for any distinct Pi and Pj we have
diam(NC1(Pi)∩NC1(Pj)) < C2. Let γ ∈ ΩC2 , and let i0 ∈ I such that γ ⊆ NC1(Pi0).
Then, for every γ′ ∈ ΩC2 , our second assumption implies that γ′ ⊆ NC1(Pi0). Thus,
our first assumption yields that X = NC1(Pi0).

Proposition 7.8. If I ⊆ N is infinite, then the group G(I) in Theorem 7.2 is not
hyperbolic relative to any collection of proper subgroups.

Proof. Since I is infinite, for every K > 0 there exists N with min{N − 1, dN2 e} > K
such that rN is in the presentation for G. Let X := Cay(G(I), {a, b}), and let Ω be
the set of embedded cycle graphs in X whose label is rN . A block of such a cycle
graph is a maximal subgraph that is a line graph in which every edge is labelled by
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sN−1s′N−1 sN−1
ss′

s′N−1

γkγ

γk+1

v′

sN−2sssN−2

γkγ

γk+1

v′

Figure 7.3: The case that γ 6= γk. Left: The blocks of γ and γk containing v′ are
labelled by distinct elements s 6= s′ of S. Right: The blocks are labelled by the same
s ∈ S.

the same generator. By a 1-st vertex in a block we mean a vertex in the block that
is at distance 1 from one of the endpoints of the block.

Let γ ∈ Ω, and let v be a 1-st vertex in a block β of γ. Let v′ be a vertex in X
at distance 1 from v. We show: There exists γ′ ∈ Ω with diam(γ ∩ γ′) > N − 1 such
that v′ is a 1-st vertex of a block in γ′.

Let e be an edge in β such that ιe = v and τe is an endpoint of β, and let e′ be
the edge in X with ιe′ = v and τe′ = v′. Denote s = `(e) and s′ = `(e′). If s = s′

or s−1 = s′, then we can choose γ′ to be the translate of γ by s′ under the action
of F (S) on X. In this case, we have diam(γ ∩ γ′) > N − 1. If s 6= s′ and s−1 6= s′,
then, by construction of rN there exists γ′ ∈ Ω containing a path with label sNs′N

such that γ′ ∩ γ contains a path with label sN−1 (whence diam(γ ∩ γ′) > N − 1) and
such that v′ is a 1-st vertex in a block of γ′.

Now fix γ, γ′ ∈ Ω, and let v and v′ be a 1-st vertices in blocks of γ, respectively
γ′. Choose a path p from v to v′ with |p| = k. As above, we choose a sequence of
cycles γ = γ0, γ1, ...γk such that diam(γi ∩ γi+1) > N − 1, and v′ is the 1-st vertex of
a block in γk. If γk = γ, we are done. Now suppose γk 6= γ. If the two respective
blocks containing v′ as 1-st vertex are labelled by distinct elements of S, then there
exists γk+1 im Ω that intersects both γk and γ in line graphs of length N − 1 each. If
they are labelled by the same element of S, then there exists γk+1 im Ω that intersects
each γk and γ in a line graph of length at least dN2 e, see Figure 7.3.

Remark 7.9. A similar argument was used in [BDM09, Subsection 7.1] to construct
non-relatively hyperbolic classical C ′(1

6)-groups. The statement of Proposition 7.8
can also be deduced from the fact that the divergence function of a non-trivially
relatively hyperbolic group is at least exponential [Sis12].

We conclude by constructing new examples of non-relatively hyperbolic groups
with non-degenerate hyperbolically embedded subgroups as defined in [DGO11]. A
group H is acylindrically hyperbolic if and only if H contains a non-degenerate
hyperbolically embedded subgroup [Osi13], i.e. this is another characterization of
acylindrical hyperbolicity.

Definition 7.10 ([DGO11, Definition 4.25]). Let H be a group and G a subgroup.
Then G is hyperbolically embedded in H if there exists a presentation (X,R) of H
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relative to G with linear relative Dehn function such that the elements of R have
uniformly bounded length and such that the set of letters from G appearing in
elements of R is finite. G is a non-degenerate hyperbolically embedded subgroup if
it is an infinite, proper hyperbolically embedded subgroup.

Theorem 7.11. Let G be a finitely generated infinite group. Then there exists a
finitely generated group H such that G is a non-degenerate hyperbolically embedded
subgroup of H and such that H is not hyperbolic relative to any collection of proper
subgroups.

Proof. Let S = {s1, s2, . . . , sk} be a finite generating set of G, where each si is
non-trivial in G, and let Z be generated by the element t. Consider the quotient H
of G ∗ Z by the normal closure of

R0 := {[si, tn]6 | 1 6 i 6 k, n ∈ N}.

We denote Z = {tn | n ∈ Z} and R := R1 t R2, where R1 = {[si, tn]6 | 1 6 i 6
k, n ∈ N} and R2 = {tmtnt−1

m+n | m,n ∈ N}. Then (Z, R) is a presentation of H
relative to G as in Definition 7.10, and (∅, R1) is a presentation of H relative to
{G,Z}.

By Theorem 1.35, (∅, R1) is a presentation of H relative to {G,Z} that satisfies a
linear relative isoperimetric inequality. Denote by MG, respectively MZ, all elements
ofM(G), respectivelyM(Z), that represent the identity inG, respectively Z. Consider
a diagram D over 〈G,Z |MG,MZ , R1〉. If a subdiagram ∆ has a boundary word in
M(Z), then there exists a diagram ∆′ over 〈Z | R2〉 with the same boundary word
as ∆ such that ∆′ has at most |∂∆| faces; ∆′ is obtained by triangulating ∆ as in
Figure 7.4. Moreover, any face with boundary word in R1 contains exactly 6 (pairs
of directed) edges with labels in Z. Therefore, if D has n R1-faces, then the sum of
the boundary lengths of all maximal subdiagrams with whose boundary words lie
in M(Z) is at most 6n + |∂D|. Thus, if D is a diagram over 〈S, Z | MG,MZ , R1〉
with at most n R1-faces, then there exists a diagram over 〈S,X |MG, R1, R2〉 with
at most 7n + |∂D| R-faces. Therefore, (Z, R) is a presentation of H relative to G
that satisfies a linear isoperimetric inequality, whence G is hyperbolically embedded.
It is non-degenerate since it is infinite and H/〈G〉H ∼= Z, whence G 6= H.

Remark 3.13 shows that each component of Γ is isometrically embedded in
Cay(H,S ∪ {t}). Using the same observations as in the proof of Proposition 7.8,
we can apply Proposition 7.7 to conclude that H is not non-trivially relatively
hyperbolic.

Remark 7.12. Theorem 7.11 extends to any finite collection of finitely generated
groups {G1, G2, . . . , Gl}. In the definition of H, one simply takes G1 ∗G2 ∗ · · · ∗Gl
instead of G and adapts the proof accordingly.
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∆

Figure 7.4: Left: A subdiagram ∆ in a diagram D over 〈G,Z | MG,MZ , R1〉 such
that ∆ has a boundary word in M(Z). The dashed lines represent edges labelled by
elements of Z. Right: We replace ∆ by a diagram ∆′ with at most |∂∆| faces all of
which have labels in R2.





Chapter 8

Distortion of cyclic subgroups in
small cancellation groups

In this chapter, we provide the first examples of groups that distinguish metric from
non-metric small cancellation conditions:

Theorem 8.1. Given k ∈ N, there exist uncountably many pairwise non-quasi-
isometric finitely generated groups (Gi)i∈I such that:

• Every Gi admits a classical C(k)-presentation with a finite generating set.

• No Gi is isomorphic to any group defined by a C ′(1
6)-labelled graph with a finite

set of labels.

• No Gi is isomorphic to any group defined by Gr′(1
6)-labelled graph whose

components are finite with a finite set of labels.

We prove Theorem 8.1 by constructing uncountably many classical C(k)-groups
with distorted cyclic subgroups and by showing that in every graphical Gr′(1

6)-group
and in every graphical C ′(1

6)-group as above, every cyclic subgroup is undistorted.
This is a result of independent interest. The results of this chapter were published in
[Gru15b].

8.1 Classical C(k)-groups with distorted cyclic subgroups

In this section, we show that there exist uncountably many classical C(k)-groups
with distorted cyclic subgroups.

Definition 8.2. Let G be a group generated by a finite set S, and let H be a
finitely generated subgroup. We say H is undistorted in G if H the inclusion H → G
is a quasi-isometric embedding with respect to the corresponding word-metrics.
Otherwise, we say H is distorted.

Proposition 8.3. Let k ∈ N. Then there exist uncountably many pairwise non-quasi
isometric finitely generated groups (Gi)i∈I such that every Gi admits a classical
C(k)-presentation with a finite generating set and such that every Gi contains a
distorted cyclic subgroup.

107
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The following example shows that there exists one such group:

Example 8.4. Without loss of generality, let k > 6. Consider the symmetrized
closure of the presentation 〈a, b | rn, n ∈ N〉, where

rn := ab2nk+1ab2nk+3a . . . ab2nk+2k−1ab2
n
.

This is a classical C(k)-presentation, i.e. the corresponding graph Γ that is the
disjoint union of cycle graphs labelled by relators (see Example 1.10) satisfies the
graphical Gr(k)-condition: Every reduced piece in Γ is labelled by a subword of a
word of the form bka±1bl with k, l ∈ Z and, hence, contains at most one copy of the
letter a. On the other hand, every rn contains k + 1 copies of the letter a.

The cyclic subgroup of G(Γ) generated by b is distorted: Since any cycle graph
labelled by rn embeds into Cay(G, {a, b}) by Lemma 3.2, this subgroup is infinite.
By construction, the element of G(Γ) represented by b2

n
can be represented by a

word of length O(n) = o(2n).

Using a result of Bowditch [Bow98], we show that there are uncountably many
such groups:

Proof of Proposition 8.3. Without loss of generality, let k > 7. Let G be the classical
C(k)-group with distorted cyclic subgroups defined in Example 8.4. Note that G is
one-ended by Stallings’ theorem, since it is torsion-free but not free. Let {Hi|i ∈ I}
be an uncountable set of pairwise non-quasi-isometric 1-ended groups, each given by
a classical C ′( 1

k−1)-presentation as in [Bow98]. Consider the groups Gi := G∗Hi. By
[PW02, Theorem 0.4], two free products of 1-ended groups A∗B and A′∗B′ are quasi-
isometric if and only if {[A], [B]} = {[A′], [B′]}, where [·] denotes the quasi-isometry
class of a group. This shows that the Gi are pairwise non-quasi-isometric.

Each Gi contains distorted cyclic subgroups and admits a classical C(k)-presen-
tation with a finite generating set. Theorem 8.6 yields the remaining claims.

8.2 Cyclic subgroups of graphical Gr′(1
6)-groups are un-

distorted

In this section, we show that every cyclic subgroup of a graphical Gr′(1
6)-group or a

graphical C ′(1
6)-group as in Theorem 8.1 is undistorted. Together with Proposition 8.3,

this completes the proof of Theorem 8.1. We will also show that every cyclic subgroup
is quasi-convex.

Definition 8.5. Let G be a group generated by a finite set S, and let H be a
subgroup. We say H is quasi-convex in G with respect to S if there exists C > 0
such that every geodesic in Cay(G,S) connecting two elements of H is contained in
the C-neighborhood of H.

Note that while being undistorted is an abstract property of the subgroup H
of G, the property of being quasi-convex does depend on the choice of generating
set, as is readily seen by considering the example Z2: The subgroup generated by
(1, 1) is not quasi-convex with respect to the generating set {(1, 0), (0, 1)}, but it is
quasi-convex with respect to {(1, 1), (0, 1)}.
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Theorem 8.6. Let Γ be a C ′(1
6)-labelled graph, or let Γ be a Gr′(1

6)-labelled graph
whose components are finite. Suppose the set of labels S is finite. Then every cyclic
subgroup of G(Γ) is undistorted and conjugate to a cyclic subgroup that is quasi-convex
with respect to S.

Since every classical C ′(1
6)-presentation corresponds to a Gr′(1

6)-labelled graph Γ
where every component is a cycle graph, see Example 1.10, Theorem 8.6 implies that
any group defined by a classical C ′(1

6)-presentation with a finite generating set has
all its cyclic subgroups undistorted. This result for classical C ′(1

6)-groups can also
be deduced from the facts that every infinitely presented classical C ′(1

6)-group acts
properly on a CAT(0) cube complex [AO15] and that every group that acts properly
on a CAT(0) cube complex has no distorted cyclic subgroups [Hag07].

Our proof of Theorem 8.6 also applies to graphical small cancellation presentations
over free products. The more refined statement of the following theorem is required
since small cancellation conditions over free products do not give any control on
what happens inside each generating factor.

Theorem 8.7. Let I be a finite set. Let Γ be a C ′∗(
1
6)-labelled graph over a free

product ∗i∈IGi with respect to finite generating sets Si, or let Γ be a Gr′∗(
1
6)-labelled

graph with finite components over a free product ∗i∈IGi with respect to finite generating
sets Si. Then, in both cases:

• Every cyclic subgroup of G(Γ)∗ is undistorted if and only if for every i, every
cyclic subgroup of Gi is undistorted.

• Every cyclic subgroup of G(Γ)∗ is conjugate to a cyclic subgroup with that
is quasi-convex with respect to ti∈ISi if and only if for every i, every cyclic
subgroup of Gi is conjugate to a quasi-convex cyclic subgroup with respect to Si.

Remark 8.8. Consider the group constructed in Example 8.4. If k > 8, then
Γ satisfies the graphical Gr′∗(

1
6)-condition with respect to 〈a〉 ∗ 〈b〉 with infinite

generating sets 〈a〉 and 〈b〉. Thus, the restriction in Theorem 8.7 that the generating
sets are finite is necessary.

If k > 8, then the presentation 〈a, b | labels of simple closed paths in Γ〉 satisfies
the classical C ′∗(

1
6)-condition over the free product 〈a〉 ∗ 〈b〉 as in [LS77, Chapter V].

By [Hag07], a group that has a distorted cyclic subgroup cannot act properly on a
CAT(0) cube complex. A recent result of Martin and Steenbock shows that every
finitely presented classical C ′∗(

1
6)-group acts properly cocompactly on a CAT(0) cube

complex if every generating free factor does [MS14]. Our example shows that this
does not extend in any way to infinite presentations.

This contrasts the situation for classical C ′(1
6)-groups: By [Wis04], every finitely

presented classical C ′(1
6)-group acts properly cocompactly on CAT(0) cube complex,

and, as mentioned above, by [AO15] every infinitely presented classical C ′(1
6)-group

acts properly on a CAT(0) cube complex.

This section is devoted to the proof of Theorem 8.6. The proof of Theorem 8.7
will follow from this proof in a brief remark at the end.
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We from now on assume that Γ is a Gr′(1
6)-labelled graph whose set of labels S is

finite such every component Γ0 of Γ has a non-trivial fundamental group and such that
for every component Γ0, every label-preserving automorphism φ of Γ0 has finite order.
Note that the first assumption is no restriction since we may simply discard simply
connected components of Γ. The second assumption then encompasses both cases of
Theorem 8.6. Let h ∈ G(Γ) be of infinite order. Let g be an element of minimal word-
length with respect to S in the set {g′ ∈ G(Γ) | ∃k ∈ Z : (g′)k is conjugate to h}.
We prove that a conjugate of 〈g〉 is undistorted and quasi-convex in Cay(G(Γ), S).

Let w be a word of minimal length representing g. Note that w is cyclically
reduced and not a proper power. Denote by ω the bi-infinite ray in Cay(G(Γ), S)
that contains as subpaths all paths starting at 1 ∈ Cay(G(Γ), S) whose labels are of
the form wk, k ∈ Z. We consider two cases:

Case 1. There does not exist C0 < ∞ such that every path p in Γ that lifts to a
subpath of ω has length at most C0.

Proof of Theorem 8.6 in case 1. Let p be a path in a component Γ0 of Γ such that
|p| > 2|w|, such that p lifts to a subpath of ω. Since w defines an infinite order element
of G(Γ), a path labelled by a cyclic conjugate of w cannot be closed. Moreover, since
every label-preserving automorphism of Γ0 has finite order, a subpath p′ of p whose
label is a cyclic conjugate of w cannot satisfy τp′ = ιφ(p′) for φ ∈ Aut Γ0, since,
otherwise, w would have finite order. Therefore, p is the concatenation of at most
two pieces.

Any path in Γ that is concatenation of at most two pieces is a geodesic whose
image is convex, since any other path with the same endpoints and at most the
same length would give rise to a simple closed path violating the graphical Gr′(1

6)-
condition. Therefore, p is a geodesic in Γ, and im(p) is convex in Γ. Since every
image in Cay(G(Γ), S) of every component of Γ is isometrically embedded and convex
by Lemma 3.12, the claim of Theorem 8.6 follows.

Case 2. There exists C0 such that every path p in Γ that lifts to a subpath of ω has
length at most C0.

We introduce additional notation: For n ∈ N, let gn be any shortest representative
in M(S) of gn, and let Bn be a minimal diagram over Γ for wng−1

n . We write
∂Bn = ωnγ

−1
n with `(ωn) = wn and `(γn) = gn. Recall Definition 3.9 of a (3,7)-bigon.

We prove the following proposition:

Proposition 8.9. Let n ∈ N. Then every disk component of Bn is a (3,7)-bigon
with respect to the decomposition ∂Bn = ωnγ

−1
n .

We show how Theorem 8.6 follows from Proposition 8.9:

Proof of Theorem 8.6 in case 2, assuming Proposition 8.9. By Theorem 3.10, every
disk component of Bn is either a single face, or it has shape I1 depicted in Figure 3.3.
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Let Π be a face in Bn. Since |max(∂Π+ u γ−1
n )| 6 C0 and since ∂Π+ u γ−1

n 6= ∅, we
have

|gn| = |γn| >
|ωn|
C0

= n
|w|
C0

.

This implies that 〈g〉 is undistorted.
Note that i(Π) 6 2. The small cancellation assumption implies that any interior

arc in Π has length less than |∂Π+|
6 . The assumption that gn is a shortest word,

i.e. γn lifts to a geodesic in Cay(G(Γ), S), implies that |max(∂Π+ u γ−1
n )| 6 |∂Π+|

2 .

Therefore, we have |∂Π+|
6 < |max(∂Π+ u ωn)| 6 C0, which implies |∂Π+| < 6C0.

Since the 1-skeleton of Bn maps to Cay(G(Γ), S), any lift of γn in Cay(G(Γ), S)
with endpoints in 〈g〉 is a path in the 6C0 + |w|-neighborhood of 〈g〉. Since gn was
arbitrary, this implies quasi-convexity.

Thus, it remains to prove Proposition 8.9. We consider two subcases:

Subcase 2a. For every simple closed path γ in Γ, every subpath p of γ that lifts to
a subpath of ω satisfies |p| 6 |γ|

2 .

Proof of Proposition 8.9 in subcase 2a. Bn has the following properties:

• For any two faces Π and Π′ of Bn and any arc a in ∂Π+ u ∂Π′− we have

|a| < |∂Π+|
6 .

• ∂Bn decomposes into two reduced paths ωn and γ−1
n , and for any face Π, any

arc a in ∂Π+ u ωn or in ∂Π+ u γ−1
n satisfies |a| < |∂Π+|

2

These two properties immediately imply the claim.

Subcase 2b. There exists C0 such that every path p in Γ that lifts to a subpath of
ω has length at most C0, and there exists a simple closed path γ in Γ such that γ
has a subpath p that lifts to a subpath of ωn with |p| > |γ|

2 .

This subcase will require a more thorough analysis of the diagrams Bn. Given a
path p and a natural number k, the subpath of p exceeding k is the terminal subpath
of p that starts at the terminal vertex of the initial subpath of length k of p.

Lemma 8.10. Let γ be a simple closed path in Γ, and let p be a subpath of γ that lifts
to a subpath of ω such that |γ|2 < |p|. Then |w| < |p| < |w|+ |γ|

6 , 2|w| 6 |γ| < 3|w|,
and |p| < 2|γ|

3 .

Proof. For the second part of the first inequality, note that the subpath of p exceeding
|w| is a piece since any subpath p′ of p that is labelled by a cyclic conjugate of w
cannot satisfy φ(ιp′) = τp′ for a label-preserving automorphism φ of Γ. By the

Gr′(1
6)-assumption, this implies that |p| < |w|+ |γ|

6 .
The first part of the second inequality follows since no word representing a

conjugate of g can be shorter than |w|, whence 2|w| 6 |γ|. The second part follows

from the second part of the first inequality and the assumption that |γ|2 < |p|. The
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first part of the first inequality follows from the assumption that |γ|2 < |p| and the
first part of the second inequality. The third inequality follows immediately from the
first two.

Corollary 8.11. Let Π be a face of Bn with e(Π) = 1 such that all exterior edges of
Π are contained in im(ωn). Then i(Π) > 3.

Proof. Let Π be as in the statement, and let p = max(∂Π+ u ωn). If |p| 6 |∂Π+|
2 ,

then i(Π) > 4 by the small cancellation assumption. If |p| > |∂Π+|
2 , then |p| < 2|∂Π+|

3 ,
whence i(Π) > 3, again by the small cancellation assumption.

Lemma 8.12. There exists a path σ in Γ with |w| < |σ| < 2|w| that lifts to a subpath
of ω such that for every path p in Γ whose label is a cyclic conjugate of w, there exists
a unique label-preserving automorphism φ of Γ such that φ(p) is a subpath of σ.

Proof. Fix a path σ′ that is labelled by a cyclic conjugate of w such that σ′ is
contained in a simple closed path γ. Let σ be the maximal path in Γ that contains
σ′ as subpath and that lifts to a subpath of ω.

Let p be a path in Γ labelled by a cyclic conjugate of w. Then we may write
`(σ′) = uv and `(p) = vu. In particular, max{|v|, |u|} > |w|

2 . Since |γ| < 3|w| by

Lemma 8.10, a subpath of σ′ that is a piece cannot have length at least |w|2 . Therefore,
there exists a label-preserving automorphism φ of Γ such that φ(p) is a subpath of σ.

Now assume p is a subpath of σ labelled by a cyclic conjugate w′ of w, and
suppose there exists an automorphism φ of the component of Γ containing σ such
that φ(p) is a subpath of σ with p 6= φ(p). Note that φ has finite order by assumption.
Consider the shortest subpath p′ of σ containing both p and φ(p) as subpaths. By
possibly replacing p with φ(p) and φ with φ−1, we may assume ιp = ιp′.

There exist k ∈ N and proper initial subwords u and v of w′ such that `(p′) =
w′ku = w′k−1vw′. Thus, we have |u| = |v|, whence u = v. Since w′ is not a proper
power, the equality w′u = uw′ implies that u is a power of w′, whence u is the empty
word. Therefore, the initial subpath p′′ of p′ with τp′′ = ιφ(p) satisfies `(p′′) = w′k−1,
and k > 1 since p 6= φ(p). Denote by n the order of φ. Then p′′φ(p′′) . . . φn−1(p′′)
is a closed path, and its label is w′(k−1)n. This implies that g has finite order, a
contradiction.

Since the initial subpath σ′′ of length |w| of σ has a unique lift that is a subpath
of σ, we obtain that |σ| < 2|w|.

We from now on fix the notation for σ (i.e. we choose one fixed σ).

Consider a diagram Bn, and let Π be a face in Bn. Let a be a maximal arc in
∂Π+ u ωn. We call a special if a lifts to a subpath of σ and if every lift of a that
is a subpath of σ is equal to a lift of a via ∂Π+. Note that if |a| > |w|, then, by
Lemma 8.12, a is special. We call a face special if e(Π) = 1, all exterior edges of Π
are contained in im(ωn), and max(∂Π+ u ωn) is special.

Let D be a diagram, and let Π and Π′ be faces of D. We call Π and Π′ consecutive
if ∂Π+ u ∂Π′− contains an edge e such that ιe or τe is an exterior vertex of D.



8.2. CYCLIC SUBGROUPS OF GR′(1
6)-GROUPS ARE UNDISTORTED 113

ΠΠ′

v

π′π

Figure 8.1: The dotted paths are labelled by (a cyclic conjugate of) w. Left: The
(dashed) path p′a in D; p′ is horizontal and a is vertical. Right: The horizontal line
is the image of the subpath of σ that is the lift of p. The dashed paths are the lifts
of p′a that intersect σ: π is induced by the lift of ∂Π+; π′ coincides on the vertical
subpath with the lift of a induced by the lift of ∂Π′−.

Lemma 8.13. Let Π and Π′ be consecutive special faces of Bn, and let a be the
maximal arc in ∂Π+u∂Π′− such that τa or ιa lies in im(ωn). Let p = max(∂Π+uωn)

and q = max(∂Π′+ u ωn). Then |p|+ |a| < |w|+ |∂Π+|
6 , and |q|+ |a| < |w|+ |∂Π′+|

6 .

Proof. We assume ιa lies in im(ωn) and prove the inequality for |p|+|a|; the remaining
claims follow by symmetry. We may assume that |p| > |w|, for otherwise the claim
follows from the small cancellation hypothesis. See Figure 8.1 for illustrations.

There exists a unique lift σp of p that is as subpath of σ. Denote by v the terminal
vertex of the initial subpath of σp of length |p| − |w|. Let q′ be the maximal initial
subpath of q of length at most |w|. Since, by assumption, pq is a subpath of ωn, we
have that q′ lifts to a subpath σq′ of σ with ισq′ = v. If |q′| < |w|, then q′ = q and,
since q is special, there exists a lift of ∂Π′+ in Γ that induces the lift q 7→ σq′ . If
|q′| = w, then, by Lemma 8.12 the lift q′ 7→ σq′ is induced by a lift of ∂Π′+ in Γ.

Note that a−1q′ is a subpath of ∂Π′+. Therefore, there exists a lift of ∂Π′− that
induces a lift σa of a such that ισa = v. Let p′ be the terminal subpath of p exceeding
|w|. Then there exists a lift σ′p of p′ that is a subpath of σ such that ισp′ = ισp. By
construction, τσp′ = v. Therefore, p′a lifts to π′ := σp′σa.

Now consider a lift π of p′a in Γ via ∂Π+. Since any two lifts of a in Γ that are
induced by ∂Π+ and by ∂Π′− are essentially distinct, the paths π and π′ must be
essentially distinct. Hence, p′a is a piece, and the claim follows.

Corollary 8.14. Let Π and Π′ be consecutive faces of Bn with e(Π) = e(Π′) = 1
such that all exterior edges in Π ∪ Π′ lie in im(ωn). Then not both have interior
degree 3. If both Π and Π′ are special, than neither has interior degree 3.

Proof. For the first claim, assume that |max(∂Π+ u ωn)| > |∂Π|
2 and |max(∂Π′+ u

ωn)| > |∂Π′|
2 . Otherwise the claim holds by the small cancellation assumption. By

Lemmas 8.10 and 8.12, both faces are special, and |∂Π+| > 2|w| and |∂Π′+| > 2|w|.
Now Lemma 8.13 shows that, apart from the maximal arc in the intersection of Π
and Π′, both Π and Π′ have at least three additional interior arcs, i.e. i(Π) > 4 and
i(Π′) > 4.

For the second claim, we apply the above arguments to Π, using the fact that
Π′ is special. This yields the claim on i(Π), and the claim on i(Π′) follows by
symmetry.
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We record the following fact about (3, 6)-diagrams, which follows immediately
from [LS77, Corollaries V.3.3 and V.3.4]. It can also be deduced from the proofs of
our Lemmas 3.2 and 3.6.

Lemma 8.15. In a (3, 6)-diagram, all faces are simply connected, and the intersection
of any two faces is either empty or a connected subgraph.

The following lemma implies that any face Π of Bn either does not intersect
im(ωn), or it intersects im(ωn) in a connected subgraph of Bn.

Lemma 8.16. Let D be a (3, 7)-diagram. Let γ be a subpath of ∂D such that all
faces whose exterior edges are contained in im(γ) have interior degree at least 3, and
no two consecutive such faces have interior degree less than 4. Then, for any two
faces Π 6= Π′ that intersect im(γ), Π ∩ Π′ is either empty or a connected subgraph
that intersects im(γ). For any face Π, Π ∩ im(γ) is empty or connected.

Proof. Suppose in D and γ as above there exist Π 6= Π′ violating the first above
statement. By Lemma 8.15, this implies that D \ (Π∪Π′) has a connected component
∆0 with ∆0 ∩ im(γ) 6= ∅. Consider the simple disk diagram ∆ := ∆0, and assume we
have chosen Π and Π′ such that ∆ has minimal number of faces among all possible
choices.

From ∆ remove all faces incident at im(γ) to obtain a diagram ∆′, as illustrated
in Figure 8.2. Then, by minimality, ∆′ is a simple disk diagram. Consider a boundary
face f in ∆′ with e(f) = 1 (in ∆′), and suppose i(f) 6 3 (in ∆′). Note that f is an
interior face of D and, hence has degree at least 7 in D. Thus, since every face is
simply connected and the intersection of any two faces is connected, f intersects in
edges at least 4 faces among Π,Π′ and the faces of ∆ incident at γ.

By minimality of ∆, the intersection of any two faces of ∆ ∪ Π incident at im(γ)
is empty or a connected subgraph that intersects im(γ). The same holds for any two
faces of ∆ ∪Π′. The face has exterior degree 1 in ∆′. Therefore, the assumption of
our lemma implies that f cannot intersect in edges more than 3 faces of ∆ incident
at im(γ), and if it intersects 3 such faces, then f intersects neither Π nor Π′. Hence,
f must intersect in edges both Π and Π′.

There is at most one face f in ∆′ such that f has exterior degree 1 in ∆′ and such
that f intersects both Π and Π′ in edges. By Lemma 1.17, any (3, 7)-disk-diagram
must contain at least two faces with exterior degree 1 and interior degree at most 3,
a contradiction.

The final statement follows with the same proof if the two faces Π and Π′ are
replaced by a single face Π.

Corollary 8.17. Let Π and Π′ be faces of D. Then Π ∩ im(ωn) is either empty or
connected. If Π 6= Π′ and if Π ∩ im(ωn), Π′ ∩ im(ωn) and Π ∩Π′ are all non-empty,
then Π ∩Π′ is a connected subgraph that intersects im(ωn).

Proof. By Corollary 8.14, Lemma 8.16 applies to Bn and ωn.

This enables us to prove:
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γ

ΠΠ′
f

. . .

Figure 8.2: An illustration of the diagram D in the proof of Lemma 8.16 that gives
rise to a contradiction. The subdiagram drawn in gray is the diagram ∆′; the
subregion labelled by . . . denotes an unspecified subdiagram. If the face f satisfies
i(f) 6 3 and e(f) = 1 in ∆′, then f is the unique face of ∆′ with e(f) = 1 that
intersects both Π1 and Π2.

Lemma 8.18. Let Π and Π′ be consecutive faces of Bn such that |max(∂Π+uωn)| >
|w| and Π′ is not special. Then ∂Π′+ u ωn = ∅, or max(∂Π′+ u ωn) is a piece.

Proof. Denote p := max(∂Π+ u ωn) and q := max(∂Π′+ u ωn). First, assume that
pq is a subpath of ωn. Since |p| > |w|, by Lemma 8.12, there exists a lift σp of p that
is a subpath of σ. Denote by v the initial vertex of the terminal subpath of σp of
length |w|. Since |q| < w by assumption, there exists a lift of q that is a subpath of
σ and has initial vertex v. Since q is not special, we have that q is a piece.

If qp is a subpath of ωn, then we choose v to be the terminal vertex of the initial
subpath of p of length |w|. Then there exists a lift of q that is a subpath of σ and
has terminal vertex v.

We call a face Π in Bn very special if all exterior edges of Π are contained in
im(ωn), e(Π) = 1, and i(Π) = 3. Note that a very special face is, in particular, special

since |max(∂Π+ u ωn)| > |∂Π+

2 | and, hence |max(∂Π+ u ωn| > |w| by Lemma 8.10.
We make the following observations:

• A very special face intersects no other special face in edges by Corollaries 8.14
and 8.17.

• Any non-special face that intersects im(ωn) intersects at most two special faces
in edges by Corollary 8.17.

• Let Π be a face that does not intersect im(ωn). Then any non-empty path
in the intersection of Π with the union of all very special faces is an arc by
Corollaries 8.14 and 8.17 and, hence, is a piece.

The following lemma completes the proof of Proposition 8.9 in subcase 2b.

Lemma 8.19. There is no very special face, and every disk component of Bn is a
either a single face or has shape I1.
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Π

Π′

Figure 8.3: The (gray) face Π is a very special face of Bn attached to the (white)
subdiagram B′n. The face Π′ has interior degree at most 3 in Bn.

Proof. From Bn, remove all very special faces to obtain a diagram B′n, i.e. B′n is the
subdiagram of Bn with ∂B′n = βnγ

−1
n such that βn is a reduced path and such B′n

contains all faces of Bn that are not very special in Bn. We observe:

• If Π is a face of B′n that was special in Bn such that e(Π) = 1 (in B′n) and
such that the exterior edges of Π are contained in im(βn), then i(Π) > 4 (in
B′n). This follows since a special face of Bn that is not very special does not
intersect any very special face of Bn by the above observation.

• If Π is a face of B′n that was not special in Bn such that e(Π) = 1 (in B′n) and

such that the exterior edges of Π are contained in im(βn), then |Π∩ βn| < |∂Π|
2 ,

and, in particular, i(Π) > 4. If Π did not intersect any very special face of Bn in
an edge, this is immediate. Otherwise, Lemma 8.18 and the above observations
show that the arc max(∂Π+ u βn) is the concatenation of at most 3 pieces.

Therefore, every disk component of B′n has shape I1. Now assume that Bn
contains a very special face Π. Then, by Corollary 8.17, Π intersects 3 faces of
B′n in edges. Considering shape I1, we see that at least one of them, denoted
Π′ satisfies i(Π′) = 3 (in Bn) and e(Π′) = 1 (in Bn), see Figure 8.3. Therefore

max(∂Π′+ u γ−1
n ) > |∂Π+|

2 . This contradicts the fact that γn lifts to a geodesic in
Cay(G(Γ), S). Thus we conclude Bn = B′n.

Proof of Theorem 8.7. For Theorem 8.7, the very same geometric arguments apply
since minimal diagrams over Γ have the exact same properties as minimal diagrams
over Γ from Theorem 8.6. The only additional observations to be made are: If ω is
contained in the image of a Cay(Gi, Si) for some i, then the cyclic subgroup generated
by the conjugate of g represented by w is undistorted (respectively quasi-convex) in
Cay(G,S) if and only if it is undistorted (respectively quasi-convex) in Cay(Gi, Si)
since any infinite Cay(Gi, Si) is isometrically embedded and convex in Cay(G(Γ), S)
by Remark 3.13.



Chapter 9

Non-unique product subgroups
of hyperbolic groups

In this chapter, we construct for every k ∈ N a torsion-free hyperbolic group all of
whose subgroups up to index k do not have the unique product property. The results
of this chapter were obtained in a joint work with Alexandre Martin and Markus
Steenbock [GMS15].

Definition 9.1. Let G be a group. We say G has the unique product property if
for all finite subsets A and B of G, there exists g ∈ G such that there exist unique
a ∈ A and b ∈ B with g = ab.

The following theorem answers a question of Arzhantseva and Steenbock [AS14].

Theorem 9.2. Let k > 1 be an integer. There exists a torsion-free hyperbolic group
G without the unique product property such that for every 1 6 l 6 k:

1. there exists a subgroup of index l;

2. every subgroup of index l is a non-unique product group.

Our construction, together with [Ste15], can be used to compute an explicit
presentation of G.

In the proof of Theorem 9.2, we first generalize to graphical small cancellation
theory a construction of Comerford [Com78], which is of independent interest. Given
a small cancellation presentation of a group G and an index l subgroup H, it provides
an explicit small cancellation presentation for H ∗ Fl−1, where Fl−1 is the free group
of rank l − 1. We then apply this construction to suitable examples of torsion-free
hyperbolic groups, which we build using methods of [Ste15], to obtain Theorem 9.2.

9.1 Comerford construction for graphical small cancel-
lation

In this section, we extend a result of Comerford [Com78] for classical small cancellation
presentations to graphical small cancellation presentations.

117
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Proposition 9.3. Let n ∈ N and λ > 0. Let Γ be a graph labelled by a set S, and
let H be a subgroup of index l (finite or infinite) in G(Γ). Then there exists a graph
ΓH labelled by S × (G(Γ)/H) such that G(ΓH) = H ∗ Fl−1, where Fl−1 is the free
group of rank l − 1, and such that:

• If Γ satisfies the graphical Gr(n)-condition, then so does ΓH .

• If Γ satisfies the graphical Gr′(λ)-condition, then so does ΓH .

Proof. Denote by K the labelled graph that has a single vertex and for each s ∈ S a
single edge labelled by s. In each component Γi of Γ fix a base vertex. The labelling
of Γ by S can be viewed as a base point-preserving graph homomorphism

` : Γ→ K.

We construct a space X with fundamental group G(Γ) as in Remark 1.3: For
each component Γi of Γ, we attach the topological cone CΓi over Γi onto K along
the map `. (Here we consider graphs as 1-complexes.) The fundamental group of X
is the quotient of the fundamental group of K by the normal subgroup generated by
the images of the fundamental groups of the Γi. Since the fundamental group of every
Γi is normally generated by the simple closed paths in Γi, we have π1(X) = G(Γ).

Let H be a subgroup of index l (finite or infinite) in G(Γ), and denote

SH := S ×G(Γ)/H.

For simplicity, we write an ordered pair (s, v) as sv. We now construct a graph ΓH
labelled by SH such that G(ΓH) = H ∗ Fl−1.

Let πH : XH → X be a connected cover with π1(XH) = H. Then π−1
H (K) is

a Schreier coset graph of H 6 G(Γ), and, in particular, every vertex of π−1
H (K) is

an element of G(Γ)/H. The map π−1
H (K)→ K is a labelling of π−1

H (K) by S. We
construct a new labelling of π−1

H (K) by SH as follows: If e is an edge with ιe = v
and with label s ∈ S, then `H(e) = sv. Denote the resulting labelled graph by KH .

Recall that we fixed base vertices in the components Γi of Γ and that the
topological cone over each Γi is simply connected. Thus, for each vertex v ∈ KH ,
there exists a graph homomorphism `v : Γ→ KH taking all base vertices to v. This
homomorphism induces a labelling `v of Γ by SH . Denote the graph Γ with the
labelling `v by Γv and denote

ΓH :=
⊔

v∈G(Γ)/H

Γv.

In XH , identify all vertices in π−1
H (K), and denote the resulting space by X∗H .

We compute the fundamental group of X∗H in two ways to show:

G(ΓH) = π1(X∗H) = G(Γ) ∗ Fl−1.

Consider X∗H with the labelling on the 1-skeleton induced from KH . The image
of KH in X∗H has a single vertex and for each sv ∈ SH a single edge labelled sv.
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X∗H is obtained by attaching the topological cone over each component of ΓH along
the labelling map. Thus, by the same reasoning that π1(X) = G(Γ), we have
π1(X∗H) = G(ΓH).

Now consider the disjoint union of XH and a space consisting of a single vertex b,
and add edges connecting b to every vertex of π−1

H (K). The fundamental group of the
resulting space is H ∗ Fl−1, and the space is homotopy equivalent to X∗H . Therefore,
π1(X∗H) = H ∗ Fl−1.

The (not label-preserving) maps of labelled graphs πv : Γv → Γ induced by the
identity on the underlying graphs are isomorphisms. The labelling of each Γv is
reduced if the labelling of Γ is. We show that every piece in ΓH maps to a piece in Γ
via a map πv. Since simple closed paths map to simple closed paths, this is sufficient
to show that ΓH satisfies the claimed small cancellation conditions if Γ does.

We start with an observation: Let e be an edge in a component Γi of Γ, and let
s = `(e). Let v ∈ G(Γ)/H. By the unique lifting property of covering spaces, there
exists a unique lift of the map CΓi → X (induced by ` : Γ→ K) to XH which sends
e to the edge labelled sv, and thus a unique lift of Γi → K to KH sending e to the
edge labelled sv.

Now consider paths p in Γi ⊆ Γ and p′ in Γj ⊆ Γ such that `v(p) = `w(p′) for
v, w ∈ G(Γ)/H. Assume there exists an `-preserving automorphism φ of Γ such
that p′ = φ(p). Let e be an edge of p. By construction, the maps `w ◦ φ and `v are
two lifts of ` : Γi → K to KH that coincide on ιe, whence they are equal by the
above observation. Thus, φ induces an isomorphism from Γi to Γj that is compatible
with the labellings `v of Γi and `w of Γj . This isomorphism can be extended to a
label-preserving automorphism of ΓH by sending Γj with labelling `w to Γi with
labelling `v by means of φ−1 and being the identity on all other labelled components.

Therefore, if p is a path in Γv ⊆ ΓH and p′ is a path in Γw ⊆ ΓH such that p
and p′ have the same label and are essentially distinct, then πv(p) and πw(p′) are
essentially distinct paths in Γ that have the same label. In other words, pieces map
to pieces.

9.2 Hyperbolic groups without unique product

In this section, we apply a generalization due to Steenbock [Ste15] of Rips’ and
Segev’s construction of torsion-free groups without the unique product property
[RS87] to prove Theorem 9.2.

In short, we construct a labelled graph Γ and finite sets of words A and B such
that the relations read on Γ imply that every element g of the image of A ·B in G(Γ)
is represented by ab and a′b′ for a 6= a′ in A and b 6= b′ in B. Making Γ satisfy the
graphical C(7)-condition will ensure that Γ and, hence, A and B inject into G(Γ) by
Lemma 3.2, whence g can actually be written non-uniquely as product of elements
of the images in G(Γ) of A and B. Thus, G(Γ) does not have the unique product
property. The small cancellation condition on Γ, moreover, yields torsion-freeness
and hyperbolicity of G(Γ). For more detailed accounts of the construction and further
applications, we refer the reader to [AS14, Ste15].

Let F (S) and F (T ) be free groups over non-empty disjoint sets S and T . We start
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by constructing a graph Γ labelled by S t T which will be used to define non-unique
product groups. This is done in three steps.

Choose non-trivial cyclically reduced elements a ∈ F (S) and b ∈ F (T ). Let
N > 1 be an integer, and choose integers C1, . . . , CN > 1. For each 1 6 i 6 N , let pi
be a line graph such that pi = im(γi) for a simple path γi with `(γi) = aCi . Denote
by ui,j the terminal vertex of the initial subpath of γi whose label is aj . Let pb be a
line graph such that pb = im(γb) for a simple path γb with `(γb) = b. Denote v0 = ιγb
and v1 = τγb.

For every 1 6 i 6 N , we construct a new graph as follows: Consider Ci + 1-many
copies of pb, denoted pb,i,0, pb,i,1, . . . , pb,i,Ci

. Take the disjoint union of the pi and
the pb,i,j , and identify the vertex ui,j of pi with the vertex v0,i,j of pb,i,j for every
0 6 j 6 Ci. Denote the resulting graph by p′i.

We now define the graph Γ from tNi=1p
′
i: For each 1 6 i 6 N , choose four integers

1 6 Ni,1, Ni,2, Ni,3, Ni,4 6 N and for each 1 6 j 6 4, an integer 0 6 Pi,j 6 CNi,j . We
identify the vertex ui,0 (respectively v1,i,0, ui,Ci , v1,i,Ci) with the vertex v1,Ni,1,Pi,1

(respectively uNi,2,Pi,2 , v1,Ni,3,Pi,3 , uNi,4,Pi,4).

Note that Γ depends on the various choices of a, b,N, (Ci), (Ni,j) and (Pi,j). We
will denote it Γ

(
a, b,N, (Ci), (Ni,j), (Pi,j)

)
when emphasizing this dependence.

Definition 9.4 ([Ste15]). The graph Γ = Γ
(
a, b,N, (Ci), (Ni,j), (Pi,j)

)
is called the

Rips–Segev graph (over F (S) ∗ F (T )) associated to the coefficient system
(
a, b, N ,

(Ci), (Ni,j), (Pi,j)
)
.

Combinatorial considerations of graphs with large girth yield the following exis-
tence result:

Proposition 9.5 ([Ste15]). Let S and T be non-empty sets. For all non-trivial
cyclically reduced a ∈ F (S) and b ∈ F (T ), there exists an explicit choice of coefficients
such that the associated Rips–Segev graph is connected and satisfies the graphical
C ′∗(

1
6)-condition over F (S) ∗ F (T ) with generating sets S and T .

Note that the graph from Proposition 9.5, in particular, satisfies the graphical
C(7)-condition as discussed in Remark 1.34.

Consider a connected Rips–Segev graph Γ = Γ
(
a, b, N , (Ci), (Ni,j), (Pi,j)

)
. We

now construct non-empty finite subsets of elements of F (S) ∗ F (T ). For 1 6 i 6 N ,
choose a path γi in Γ from u1,0 to ui,0 and let wi be the label of γi in F (S) ∗ F (T ).
For each 1 6 i 6 N , we define the following subsets of F (S) ∗ F (T ):

Ai := {wi, wia,wia2, . . . , wia
Ci−1}.

Finally, let

A :=
⋃

16i6N

Ai and B := {1, a, b, ab}.

In presence of graphical small cancellation conditions, the image of A and B in
G(Γ) define non-empty finite subsets without a unique product. More precisely, we
have the following fundamental results about Rips–Segev graphs, which was first
proven by Steenbock [Ste15] for a stronger version of our graphical C ′∗(

1
6)-condition

over a free product of free groups.
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Proposition 9.6. Let Γ be a Gr(6)-labelled graph that contains a connected Rips-
Segev graph as subgraph. Then G(Γ) does not have the unique product property.

Proof. By Lemma 3.2, Γ injects into the Cayley graph of G(Γ). Thus, the sets A
and B associated to the Rips-Segev graph contained in Γ inject into G(Γ). The
labelled paths in the Rips-Segev graph give rise to more than one way of writing
each element in A ·B as product of elements of A and B, as discussed in detail in
[Ste15], ensuring the non-unique product property.

We now move to the proof of Theorem 9.2. Consider the alphabet {s, t}, and set

a := sk!, b := tk!.

By Proposition 9.5, we can find coefficients
(
N, (Ci), (Ni,j), (Pi,j)

)
such that the

associated Rips–Segev graph Γ := Γ
(
a, b,N, (Ci), (Ni,j), (Pi,j)

)
over F ({s}) ∗ F ({t})

is connected and satisfies the graphical C(7)-condition, when considered as graph
labelled over {s, t}. We now show that G := G(Γ) is a group for k as claimed in
Theorem 9.2.

Lemma 9.7. Let Q be a 2-generated group of cardinality l 6 k. Then G admits a
surjective homomorphism to Q.

Proof. Let {s′, t′} be a generating set for Q. Since Q has cardinality l, s′ and t′

both have order dividing k!. By construction, every defining relator of G (that is,
every label of a simple closed path in Γ) is cyclically conjugate to a product of
powers of sk! and tk!. Thus, the surjective map F ({s}) ∗ F ({t})→ Q sending s to s′

and t to t′ maps the defining relators of G to the identity. This yields a surjective
homomorphism G→ Q.

Proof of Theorem 9.2. By Theorem 2.4, G is hyperbolic, and by Theorem 2.10, G is
torsion-free.

Let l 6 k, and let H be a subgroup of G of index l, which exists by Lemma 9.7. We
use the same notation as in the proof of Proposition 9.3. Recall that ΓH =

⊔
v∈G/H Γv,

where G/H is the set of vertices of KH , and each Γv is isomorphic to Γ as an unlabelled
graph.

Let v ∈ G/H, and let e ∈ EK such that `(e) = s (respectively t), and denote by
e the subgraph of K induced by e. Then the connected component of the preimage
under πH : KH → K of e containing v is the image of a simple closed path αv
(respectively βv) labelled by {s} ×G/H (respectively {t} ×G/H). Since the cover
πH : KH → K is of degree l 6 k, the simple closed paths αv and βv each have length
at most k (see Figure 9.1 for an example). Define

av := `H(αv)
k!/|αv | and bv := `H(βv)

k!/|βv |.

Thus, the map of labelled graphs Γ→ Γv induced by the identity on the underlying
graph sends every path in Γ with label a that starts at some ui,j to a path in Γv with
label av, and every path with label b starting at some v0,i,j to a path in Γv with label bv.
Therefore, the graph Γv is the Rips–Segev graph over F ({s}×G/H) ∗F ({t}×G/H)
with coefficient system

(
av, bv, N, (Ci), (Ni,j), (Pi,j)

)
.
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Figure 9.1: The situation for an index 2 subgroup in the case a = s2, b = t2. Upper
left: KH , upper right: a part of Γv ⊆ ΓH , lower left: K, lower right: a part of Γ.

By Proposition 9.3, the labelled graph ΓH =
⊔
v∈G/H Γv satisfies the graphical

Gr(7)-condition. Thus, G(ΓH) = H ∗ Fl−1 does not satisfy the unique product
property by Proposition 9.6. The unique product property is stable under free
products, and it is satisfied by free groups. Therefore, H does not have the unique
product property.
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petite simplification, J. Topol. 1 (2008), no. 4, 804–836. MR 2461856
(2011b:20093)

[DGO11] F. Dahmani, V. Guirardel, and D. Osin, Hyperbolically embedded subgroups
and rotating families in groups acting on hyperbolic spaces, to appear in
Mem. Amer. Math. Soc., arXiv:1111.7048 (2011).
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[Ham08] U. Hamenstädt, Bounded cohomology and isometry groups of hyperbolic
spaces, J. Eur. Math. Soc. (JEMS) 10 (2008), no. 2, 315–349. MR 2390326
(2009d:53050)

[Hat02] A. Hatcher, Algebraic topology, Cambridge University Press, Cambridge,
2002. MR 1867354 (2002k:55001)

http://arxiv.org/abs/1408.4488
http://arxiv.org/abs/0705.3386


BIBLIOGRAPHY 127

[Hig51] G. Higman, A finitely generated infinite simple group, J. London Math.
Soc. 26 (1951), 61–64. MR 0038348 (12,390c)

[HLS02] N. Higson, V. Lafforgue, and G. Skandalis, Counterexamples to the Baum-
Connes conjecture, Geom. Funct. Anal. 12 (2002), no. 2, 330–354. MR
1911663 (2003g:19007)

[HO13] M. Hull and D. Osin, Induced quasicocycles on groups with hyperbolically
embedded subgroups, Algebr. Geom. Topol. 13 (2013), no. 5, 2635–2665.
MR 3116299

[How89] J. Howie, On the SQ-universality of T (6)-groups, Forum Math. 1 (1989),
no. 3, 251–272. MR 1005426 (90h:20044)

[Hue79] J. Huebschmann, Cohomology theory of aspherical groups and of small
cancellation groups, J. Pure Appl. Algebra 14 (1979), no. 2, 137–143. MR
524183 (80e:20064)

[Hum14] D. Hume, A continuum of expanders, arXiv:1410.0246 (2014).

[HW08] F. Haglund and D. Wise, Special cube complexes, Geom. Funct. Anal. 17
(2008), no. 5, 1551–1620. MR 2377497 (2009a:20061)

[Kap57] I. Kaplansky, Problems in the theory of rings. Report of a conference
on linear algebras, June, 1956, pp. 1-3, National Academy of Sciences-
National Research Council, Washington, Publ. 502, 1957. MR 0096696
(20 #3179)

[Lev68] F. Levin, Factor groups of the modular group, J. London Math. Soc. 43
(1968), 195–203. MR 0224689 (37 #288)

[LS77] R. Lyndon and P. Schupp, Combinatorial group theory, Springer-Verlag,
Berlin-New York, 1977, Ergebnisse der Mathematik und ihrer Grenzgebi-
ete, Band 89. MR 0577064 (58 #28182)

[Lub94] A. Lubotzky, Discrete groups, expanding graphs and invariant measures,
Progress in Mathematics, vol. 125, Birkhäuser Verlag, Basel, 1994, with
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