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Abstract
Monotone inclusions occur frequently and naturally when considering optimisation
problems or differential equations, thus solution techniques for them can be used to
tackle many real-world tasks. In this work, we cover recent developments in the theory
of proximal splitting algorithms in a self-contained manner with a focus on the original
work of the author. After fixing the notation and giving preliminary facts for further
reference, we will deal with the following topics:

• First, we give an overview of the available types of splitting methods for finding
zeros of the sum of two maximally monotone operators. In the following part, we
discuss primal-dual extensions of these algorithms which allow the iterative solution
of more general problems including a comprehensive treatment of a generalised
version of the alternating direction method of multipliers for monotone operators
[31].

• The second emphasis will be a so-called penalty scheme where we solve a variational
inequality, whose feasible set is the set of zeros of another maximally monotone
operator. We show convergence of several algorithms where the constraint-defining
operator is evaluated by proximal steps [30].

• Next, we consider a continuous-time dynamical system in the spirit of the forward-
backward-forward splitting algorithm of Tseng [28].

• Moreover, we relax the Hilbert space setting to that of a complete metric space
with the CAT(0) property, which guarantees that many of the desirable properties
of convex functions and their proximal points are preserved. We investigate the
convergence properties of a backward-backward algorithm for convex optimisation
[27].

• The last part is dedicated to the application of proximal splitting in the context of
d.c. programming, i.e., minimising the difference of two convex functions [29].
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Zusammenfassung
Monotone Inklusionen kommen oft und in natürlicher Weise vor, wenn Optimierungs-
probleme oder Differentialgleichungen betrachtet werden, deshalb können Lösungsmetho-
den für sie benutzt werden, um viele praktische Aufgaben zu lösen. In dieser Arbeit geben
wir einen Überblick über aktuelle Entwicklungen der Theorie der Proximal-Splitting-
Algorithmen in einer in sich geschlossenen Weise mit einem Fokus auf den eigenen
Beiträgen des Autors. Nachdem wir die Notation fixiert und vorbereitende Aussagen
aufgeschrieben haben, auf die wir uns später beziehen werden, werden wir folgende
Themen behandeln.

• Zuerst geben wir einen Überblick über die verfügbaren Typen von Splitting-Metho-
den, welche die Nullstellen der Summe zweier maximaler Operatoren bestimmen.
Anschließend diskutieren wir verschiedene primal-duale Erweiterungen dieser Al-
gorithmen, welche the iterative Lösungen allgemeinerer Probleme erlauben. Wir
geben außerdem eine umfassende Behandlung der Alternating direction method of
multipliers (ADMM) für monotone Operatoren [31].

• Der zweite Schwerpunkt ist ein so genanntes Penaltyschema, bei dem wir eine
Variationsungleichung lösen, deren zulässige Menge die Nullstellenmenge eines
weiteren monotonen Operators ist. Wir zeigen die Konvergenz einiger Algorithmen,
wobei der restriktionsdefinierende Operator über seinen Proximalpunkt ausgewertet
wird [30].

• Als nächstes betrachten wir ein zeitstetiges dynamisches System im Geiste des
Forward-Backward-Forward-Splitting-Algorithmus von Tseng [28].

• Außerdem relaxieren wir den Rahmen der Untersuchung von Hilberträumen auf
vollständige metrische Räume mit der CAT(0)-Eigenschaft, die garantiert, dass
viele der wünschenswerten Eigenschaften konvexer Funktionen und deren Proxi-
malpunkten bewahrt werden. Wir untersuchen die Konvergenzeigenschaften eines
Backward-Backward-Algorithmus für konvexe Optimierung [27].

• Der letzte Teil ist der Anwendung des Proximal-Splitting-Prinzips auf Probleme
gewidmet, welche die Minimierung einer Differenz konvexer Funktionen zum Ziel
haben [29].
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1 Introduction

1.1 A very short history of proximal splitting
The content of this PhD thesis is, like all the work at the cutting edge of the scientific
research, based on the work of many important predecessors. In this first part of the
introduction, we try to give a short overview how the concepts used in this work developed.
While always in history specific convex optimisation problems were studied, such as

in the famous least squares problem, which helped Gauß to recover the astroid Ceres
from several previous observations [97, 114]. The systematic study of convex functions
and the properties which make them useful for optimisation began with Hölder [122]
and Jensen [124, 125] for one variable, and Minkowski [140] investigated convex sets in
finite-dimensional spaces.
The next milestone in the theory which is now called convex analysis was set by

Werner Fenchel who introduced [110] conjugate functions, which allow the formulation of
dual optimisation problems which are now essential in the theory and practice related
to solving such problems [109]. Many of the concepts for convex analysis in Hilbert
spaces were introduced by Moreau, e.g. the infimal convolution [144], the Moreau–Yosida
regularisation [145] or Moreau’s decomposition formula [142, 143], see also his overview
[146], which contains many of the relevant properties of the proximal point.
With his monumental book [158], Rockafellar finally established convex analysis as

a research field in the mathematical community. Martinet [139] and Rockafellar [159]
proved the significance of the resolvent for algorithmically solving monotone inclusions,
hence the significance of the proximal point for algorithms for convex optimisation.

The history of proximal splitting algorithms, though, begins independently of convex
analysis: The articles [102, 153] consider the numerical solution of the Poisson equation
∆u = f for a given function f . To this end, they decouple the horizontal and vertical
parts of the system of equations resulting from a discretisation of the Poisson equation.
The splitting paradigm means that the components of a structured problem are easier to
handle than solving the composed problem.

Later, it became clear (see e.g. [133]) that those algorithms and other ones apply well to
other operators than the discretisations of ∂

∂x
and ∂

∂y
, namely maximally monotone ones.

Other algorithms than those of Douglas–Rachford and Peaceman–Rachford to iteratively
finding a zero of the sum of two maximally monotone operators are the forward-backward
splitting method [82, 116] and the forward-backward-forward splitting method [171].
In the last years, more generalised problems involving the sum of more than two

operators and more complex compositions have attracted the interest of the scientific
community. So-called primal-dual algorithms [91, 172] were developed to solve them by
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1 Introduction

making use of the Attouch–Théra duality [24] of maximally monotone operators. There
exist also other approaches to solve more complex problems [26, 78, 157].
The alternating direction method of multipliers (ADMM) [112, 115] was originally

designed as an algorithm to solve convex optimisation problems, where one of the
functions is composed with a linear operator. In Section 3.3, we show that it can be used
to solve general monotone inclusions, too.
In this thesis, the focus rests on algorithms with the following features:

• Each component of the problem can be evaluated separately without knowing any of
other ones. This makes the algorithm easy to implement in practice if the problem
under consideration can be decomposed into a number of easy parts. Measured
by this standard, the ADMM algorithm is not a splitting method, because the
separation of the linear and the monotone operator is not complete. However,
we shall see in Example 3.3.3 how this coupling can be overcome by introducing
suitably chosen proximal terms.

• Each component is evaluated in such a way that the corresponding subproblems
are well-posed. Usually this means that every step should depend continuously on
the input data, which makes the results of the algorithms reproducable regardless
of which techniques are used for the individual steps (black box approach). This is
in contrast to subdifferential methods, which use subgradients, which might not
exist or might not be unique.

• For most of the algorithms, in the case of optimisation problems, asymptotic
convergence rates can be given, either in terms of the objective function, a primal-
dual gap which characterises a degree of optimality for both the primal and the
dual approximations or in terms of the distance of the iterates to a solutions, see
e.g. [17, 59, 73, 75, 98, 103]

• Usually, many of the algorithms can be extended, for examples by including more
than the last iterate (so-called inertial effects, see [6, 7, 68, 150]) or by allowing an
additional constraint given by the solution of another problem (so-called penalty
schemes, see Chapter 4). The inertial effects can improve the convergence of the
objective function to a provably optimal rate up to a constant factor [46, 103, 147].
This work is meant to be a contribution to show the flexibility and generality of
the proximal splitting concept.

It is noteworthy that in the last years, splitting algorithms which were designed for
convex optimisation, have been applied to nonconvex problems, too. The operators are
then no longer monotone, but the fixed points of the iterations still correspond to critical
points of the optimisation problem. Convergence is either guaranteed by imposing a
so-called Kurdyka–Łojasiewicz condition [130, 134] on the functions involved, see e.g.
[17, 49, 69, 89] and Section 7.3, or by imposing certain metric regularity conditions in
the case of projection algorithms, see for example [38, 39, 120, 121, 131, 136, 137] for
details. On the other hand, for very simple problems, convergence can be shown directly
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1.2 Overview

[11], and computational experiences show a high rate of success even without guaranteed
convergence [12].
Proximal splitting techniques have been applied successfully to many real world

problems. Since this work is mainly theoretically motivated, we will only briefly mention
signal processing [92], machine learning [88], image processing [89], portfolio optimisation
[74], clustering [68], phase retrieval [34], location theory [67] and video processing [3].

1.2 Overview
Chapter 2 is devoted to fixing the notation and giving preliminary results, which are
often used in the sequel, for further reference. This includes, besides fundamental results
in monotone operator theory and convex analysis, convergence theorems of Opial type,
which shall be used for most convergence statements in the book.

Chapter 3 is concerned with a review of the basic splitting algorithms from the literature,
first in Section 3.1 for the problem of finding zeros of the sum of two operators, i.e., x ∈ H
with 0 ∈ Ax+Bx, and then, in Section 3.2 for more complex problems involving sums of
more than two operators and compositions with linear operators. In Section 3.3, we go
into the details of the alternating direction method of multipliers (ADMM) for structured
monotone inclusions like in Section 3.2. We present a version of this algorithm, where
we allow the proximal terms of the iteration to vary monotonically over the iterations
and show the weak convergence of the iterates (Theorem 3.3.4) and, if the monotone
inclusion is an optimisation problem, we show an O

(
1
n

)
ergodic convergence rate for the

Lagrangian (Theorem 3.3.9). The presentation is based on our article [31].
In Chapter 4, we demonstrate how to combine splitting methods with a penalty

scheme to solve variational inequalities on the solution set of another monotone inclusion.
For convex optimisation, these problems correspond to bilevel optimisation problems.
We present algorithms which solve such problems within one iteration without solving
subproblems. To be more precise, we show weak convergence for an algorithm of forward-
backward type (Theorem 4.2.5) and one of forward-backward-forward type (Theorem
4.3.4). For both algorithms, we show convergence in norm for the case that one of the
operators is strongly monotone (Theorems 4.2.6 and 4.3.5). In Section 4.4 we show how
to construct a primal-dual algorithm to solve more complex problems. In Section 4.5,
we give several examples in which situations the penalty schemes are applicable or not
(depending on the properties of the operator defining the constraint). Our article [30] is
the basis of Chapter 4.
Chapter 5 finds a dynamical system which resembles the forward-backward-forward

penalty scheme, but instead of an iteration, we are given a differential equation. In this
time-continuous setting, we first show existence and uniqueness of the solutions of the
dynamical systems (Theorem 5.2.7), then we investigate the asymptotical properties of
the trajectories. We show weak convergence to a solution of the monotone inclusion
under consideration (Theorem 5.3.7) and convergence in norm under strong monotonic-
ity assumptions (Theorem 5.3.8). The last statement (Theorem 5.3.11) is an ergodic
convergence rate for the objective values, provided that we consider the special case of
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1 Introduction

an optimisation problem. We also prove the ergodic rate in the time-discrete case, where,
to the best of our knowledge, it was not yet stated in this form before. Chapter 5 is a
modified version of our article [28].
In Chapter 6, we demonstrate that proximal splitting is not limited to spaces with a

linear structure. Since it cannot be assumed that the reader is familiar with the concept,
a short introduction to convex analysis in Hadamard spaces is given, that is, complete
metric spaces with a nonpositive curvature. Principal examples for such spaces are
closed, convex subsets of Hilbert spaces, Riemannian manifolds with nonpositive sectional
curvature or R-trees. In particular we clarify the meaning of weak convergence in this
class of spaces. Then we show weak convergence for an error-tolerant backward-backward
algorithm for convex optimisation in Hadamard spaces and strong convergence in the case
that one of the functions involved is uniformly monotone (Theorem 6.2.3). Afterwards,
we show some improvements in the error-free case. These results were first published in
[27].

In Chapter 7 we drop the tacit assumption that all our optimisation problems be convex.
Instead, we show that proximal splitting can be successfully applied to so called d.c.
programmes, where the objective function is given as a difference of convex functions in
a finite-dimensional space. We propose a forward-backward-forward-backward algorithm
to treat this kind of problems, which exploits the duality concept for d.c. programmes,
the so-called Toland duality. To this end, we introduce a primal-dual objective, indicate
the connection to the objectives of the primal and the dual problem and show that the
iterates have decreasing values for this new objective. Furthermore, all cluster points
of the sequence of iterates are critical points of the d.c. problem. In the last part, we
assume that the primal-dual objective be a Kurdyka–Łojasiewicz function and show that,
under this condition, the sequence of iterates is convergent. The last part consists of
deriving convergence rates for the iterates under these assumptions. Chapter 7 is based
on our article [29].
In Chapter 8, we indicate where our results were used and which articles related to

them appeared since their first publication. Moreover, we show some open problems and
consequently potential subjects of future research.
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2 Preliminaries

2.1 Basic notions of monotone operator theory
For the material in this section, see the book [33]. Throughout this work, we usually
consider Hilbert spaces if not mentioned otherwise. For a Hilbert space H, we denote
its inner product by 〈· | ·〉H and its norm by ‖·‖H, where ‖x‖

2
H = 〈x |x〉H for all x ∈ H.

We will not mention the space explicitly if no ambiguities arise. Sometimes, we deal
with variable metrics induced by continuous, linear, self-adjoint mappings M : H → H.
In this case we write 〈x | y〉M := 〈x |My〉H and ‖x‖2

M := 〈x |x〉M = 〈x |Mx〉H for all
x, y ∈ H. We denote by S+(H) the cone of linear, continuous and self-adjoint, positive
semidefinite mappings H → H and by � the partial order induced by S+(H), namely

M1 �M2 ⇐⇒ M2 −M1 ∈ S+(H).

In a Hilbert space, we shall denote convergence in norm or strong convergence by the
symbol → and weak convergence by ⇀. The identity operator will be denoted by Id.
We will be dealing with set-valued operators, i.e., for two sets X, Y , an operator

A : X ⇒ Y maps elements of X to subsets of Y . In this case, we denote by

DomA := {x ∈ X |Ax 6= ∅},
RanA := {y ∈ Y | ∃x ∈ X : y ∈ Ax},

GraphA := {(x, y) ∈ X × Y | y ∈ Ax}

the domain, range and graph of the set-valued operator A : X ⇒ Y , respectively. The
inverse operator is given by A−1 : Y ⇒ X,

A−1(y) := {x ∈ X | y ∈ Ax}.

In particular, we write zerA = A−1(0) for the set of zeros of the operator A. We define
the multiplicationmultiplicaton!of operators with a scalar of an operator A : H⇒ H with
a scalar λ ∈ R, the sum and the parallel sum of two operators A,B : H⇒ H by

(λA)(x) := {λy | y ∈ Ax},
(A+B)(x) := {y + z | y ∈ Ax, z ∈ Bx},

(A�B)(x) :=
(
A−1 +B−1

)−1
(x) =

⋃
v∈H

(Av ∩B(x− v)).

2.1.1 Definition. Let H be a Hilbert space. A set-valued operator A : H ⇒ H is
monotone if

〈x− y |x∗ − y∗〉 ≥ 0
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2 Preliminaries

for any x, y ∈ H, x∗ ∈ Ax and y∗ ∈ Ay. It is maximally monotone if there does not
exist a monotone operator Ã : H⇒ H with GraphA ( Graph Ã.

2.1.2 Proposition. (a) Let H be a Hilbert space and A : H ⇒ H be a monotone
operator. Then there exists a maximally monotone operator Ã : H ⇒ H with
GraphA ( Graph Ã.

(b) Let A : H⇒ H be a monotone operator. Assume that, for any x, x∗ ∈ H,

〈x− y |x∗ − y∗〉 ≥ 0 for all (y, y∗) ∈ GraphA implies x∗ ∈ Ax.

Then A is maximally monotone.

The first part is proved using Zorn’s Lemma and the second part is straightforward
by the definition. The following result shows that the graph of a maximally monotone
operator is sequentially closed in the product of the weak and the strong topology of a
Hilbert space.

2.1.3 Proposition. Let H be a Hilbert space, and let A : H ⇒ H be a maximally
monotone operator. Let (xn, x∗n)n≥0 be a sequence in GraphA such that there exists a
pair (x, x∗) ∈ H ×H such that one of the conditions

(i) xn → x and x∗n ⇀ x∗,

(ii) xn ⇀ x and x∗n → x∗

holds. Then x∗ ∈ Ax.

Proof. See [33, Proposition 20.33].

2.1.4 Definition. Let A : H⇒ H be a set-valued operator, and let ρ > 0. The operator
A is

(a) uniformly monotone if there exists a function φ : [0,+∞) → [0,+∞], which is
nondecreasing (i.e., ε ≤ δ implies φ(ε) ≤ φ(δ)) with φ(x) = 0 if and only if x = 0
such that

〈x− y |x∗ − y∗〉 ≥ φ(‖x− y‖) for all x, y ∈ H and x∗ ∈ Ax, y∗ ∈ Ay,

(b) ρ-strongly monotone if

〈x− y |x∗ − y∗〉 ≥ ρ‖x− y‖2 for all x, y ∈ H and x∗ ∈ Ax, y∗ ∈ Ay.

Notice that if M is maximally monotone and strongly monotone, then zerM is a
singleton, thus nonempty (see [33, Corollary 23.37]). Strong monotonicity with constant ρ
is nothing but uniform monotonicity with the function φ : [0,+∞)→ [0,+∞], φ(t) = ρt2.

2.1.5 Definition. Let A : H⇒ H be a set-valued operator.
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2.1 Basic notions of monotone operator theory

(a) The resolvent JA : H ⇒ H is defined by JA = (Id + A)−1, i.e., y ∈ JA(x) ⇐⇒
x− y ∈ A(y).

(b) Let γ > 0. The Yosida approximation γA : H⇒ H is defined by γA := 1
γ
(Id− JγA),

i.e., y ∈ γA(x) ⇐⇒ y ∈ A(x− γy).

2.1.6 Proposition. Let A : H⇒ H be a set-valued operator. Then

(a) Any x ∈ H is a fixed point of JA, i.e., x ∈ JAx, if and only if x ∈ zerA;

(b) zerA = zer γA for any γ > 0;

(c) for all γ > 0,
JγA−1 = Id− γJγ−1A ◦

(
γ−1Id

)
.

Proof. The proofs of the first two items are automatic. The third one is Moreau’s
decomposition formula [33, Proposition 23.18].

2.1.7 Definition. An operator A : H⇒ H is said to be

(a) Lipschitz continuous with constant L > 0 if, for any x, y ∈ H, x∗ ∈ Ax and y∗ ∈ Ay,
‖y∗ − x∗‖ ≤ L‖y − x‖,

(b) nonexpansive if, for any x, y ∈ H, x∗ ∈ Ax and y∗ ∈ Ay, ‖y∗ − x∗‖ ≤ ‖y − x‖,

(c) β-cocoercive for some β > 0 if, for any x, y ∈ H, x∗ ∈ Ax and y∗ ∈ Ay,
β‖y∗ − x∗‖2 ≤ 〈y∗ − x∗ | y − x〉,

(d) firmly nonexpansive if, for any x, y ∈ H, x∗ ∈ Ax and y∗ ∈ Ay, ‖y∗ − x∗‖2 ≤
〈y∗ − x∗ | y − x〉.

2.1.8 Remark. (a) All four notions imply that the operator involved is at most single-
valued, i.e., Ax is a single-valued for all x ∈ DomA.

(b) Nonexpansivity is the same as Lipschitz continuity with constant 1 and firm
nonexpansivity is the same as 1-cocoercivity.

(c) A β-cocoercive operator is Lipschitz continuous with constant 1
β
by the Cauchy–

Schwarz inequality and monotone by the nonnegativity of the norm. The converse
is not true in general.

(d) According to [33, Proposition 4.33], for 0 < γ < 2β and a β-cocoercive operator
A : H → H, the operator Id− γA is nonexpansive.

2.1.9 Theorem. (a) The resolvent of a monotone operator A : H ⇒ H is firmly
nonexpansive (on its domain).

(b) A monotone operator A : H⇒ H is maximally monotone if and only if Dom JA =
H.
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2 Preliminaries

(c) The Yosida approximation γA with parameter γ > 0 of a maximally monotone
operator is γ-cocoercive.

(d) Let A : H⇒ H be maximally monotone, let x ∈ H, and let λ, µ > 0. Then

‖JλAx− JµAx‖ ≤ |λ− µ|
∥∥∥λAx∥∥∥.

Proof. The first part is straightforward, and the second part is due to Minty [141,
Theorem 3], see also [33, Theorem 21.1]. For the third part, see [33, Corollary 23.10 (iii)],
and for the fourth part, see [33, Proposition 23.28].

2.2 Elements of convex analysis
In this section, we are dealing with functions taking values in the extended real line
R := R ∪ {+∞,−∞}, where we agree on the following conventions for all a ∈ R:

a+ (+∞) = (+∞) + a = a− (−∞) = +∞,
a+ (−∞) = (−∞) + a = a− (+∞) = −∞,

+∞+ (+∞) = +∞− (−∞) = +∞,
−∞+ (−∞) = −∞− (+∞) = −∞,
+∞− (+∞) = −∞+ (+∞) = +∞,

0 · (+∞) = (+∞) · 0 = +∞,
0 · (−∞) = (−∞) · 0 = 0.

For the results in this section, see one of the books [33, 105, 174] or [158] for the results
in finite-dimensional spaces.

2.2.1 Definition. Let H be a Hilbert space and f : H → R be an extended-real valued
function.

(a) The domain dom f of f is defined as

dom f = {x ∈ H | f(x) < +∞}.

(b) The function f is said to be proper if dom f 6= ∅ and f(x) > −∞ for all x ∈ H.

(c) The function f is said to be convex if, for all x, y ∈ H and 0 ≤ λ ≤ 1,

f((1− λ)x+ λy) ≤ (1− λ)f(x) + λf(y).

By induction, Jensen’s inequality is automatic:

2.2.2 Lemma. Let H be a Hilbert space, and let f : H → R be convex. Let n ≥ 1,
x1, . . . , xn ∈ H and λ1, . . . , λn ≥ 0 with ∑n

k=1 λk = 1. Then,

f

(
n∑
k=1

λkxk

)
≤

n∑
k=1

λkf(xk).
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2.2 Elements of convex analysis

2.2.3 Definition. For a proper function f : H → R on a Hilbert space H, the convex
subdifferential ∂f(x) at a point x ∈ H is empty if f(x) /∈ R and

∂f(x) = {x∗ ∈ H | ∀y ∈ H : f(y) ≥ f(x) + 〈x∗ | y − x〉}

otherwise.

2.2.4 Lemma (Fermat’s rule). Let f : H → R be a proper function. Then a point x̄ ∈ H
is a minimiser of f , i.e., f(x̄) ≤ f(x) for all x ∈ H, if and only if 0 ∈ ∂f(x̄).

Proof. This is immediate by the definition of the convex subdifferential.

We will write arg min f or arg min {f(x) |x ∈ H} for the set of minimisers of f .

2.2.5 Proposition (Easy calculus for the subdifferential). (a) Let m be a positive in-
teger, let H1, . . . ,Hm be Hilbert spaces, and let fi : Hi → R be proper, convex and
lower semicontinuous functions for i = 1, . . . ,m. Let f : H1 × . . . × Hm → R
defined by f(x1, . . . , xm) = ∑m

i=1 fi(xi). Then, for all (x1, . . . , xm) ∈ H1× . . .×Hm,

∂f(x1, . . . , xm) = ∂f1(x1)× . . .× ∂fm(xm).

(b) Let H be a Hilbert space, and let f, g : H → R be proper. Then ∂f(x) + ∂g(x) ⊆
∂(f + g)(x) for all x ∈ H.

(c) Let H be a Hilbert space, and let f, g : H → R be proper, convex and lower
semicontinuous with dom g = H. Then ∂(f + g)(x) = ∂f(x) + ∂g(x) for all x ∈ H.

Proof. Part (a) is proved in [33, Proposition 16.8], and for Part (c) see [33, Corollary
16.38 (iii)].

2.2.6 Definition. Let H be a Hilbert space and f : H → R. Then the conjugate function
f ∗ : H → R is defined by

f ∗(x∗) = sup {〈x∗ |x〉 − f(x) |x ∈ H}.

2.2.7 Proposition. Let H be a Hilbert space and f : H → R. Then the following
assertions hold:

(a) for all x ∈ H and x∗ ∈ H,

f(x) + f ∗(x∗) ≥ 〈x∗ |x〉

with equality if and only if x∗ ∈ ∂f(x).

(b) If f is proper, convex and lower semicontinuous, then (f ∗)∗ = f .

Proof. The first statement is known as Young–Fenchel inequality, see [33, Proposition
13.13], the second one is the Fenchel–Moreau theorem [33, Theorem 13.32].
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2.2.8 Example. Let C ⊆ H be nonempty, closed and convex. Then the indicator
function δC : H → R and the support function σC : H → R are defined by

δC(x) :=

0 if x ∈ C,
+∞ if x /∈ C

and σC(x∗) := sup {〈x∗ |x〉 |x ∈ C}

for x, x∗ ∈ H, respectively. Both functions are proper, convex and lower semicontinuous,
and it holds σC = δ∗C and δC = σ∗C . For x ∈ C, the subdifferential of the indicator
function is the normal cone

NC(x) = {x∗ ∈ H}∀y ∈ H : 〈x∗ | y − x〉 ≤ 0.

The following is the dual concept to the sum of two functions:

2.2.9 Definition. Let f, g : H → R be two functions. Then the infimal convolution
f � g : H → R of f and g is defined by

(f � g)(x) = inf {f(y) + g(x− y) | y ∈ H}.

2.2.10 Proposition. Let f, g : H → R be two proper functions. Then

(a) (f � g)∗ = f ∗ + g∗,

(b) if dom g = H and f and g are convex and lower semicontinuous, then (f + g)∗ =
f ∗� g∗.

Proof. For the first part, see [33, Proposition 13.21 (i)], the second statement follows
from [33, Proposition 15.2].

We shall now see the intimate connection between monotone operators and convex
functions in both directions.

2.2.11 Proposition. Let H be a Hilbert space, and let f : H → R be a proper, convex
and lower semicontinuous function.

(a) The subdifferential ∂f : H⇒ H is maximally monotone,

(b) ∂f ∗ = (∂f)−1,

(c) the resolvent J∂f (x) is given by

J∂f (x) = Proxf (x) = arg min
{
f(y) + 1

2‖y − x‖
2
∣∣∣∣ y ∈ H}.

for all x ∈ H. It is called the proximal point operator of f .

Proof. The maximal monotonicity of the subdifferential is due to Rockafellar [160] and
was proved by Moreau [146, Proposition 12.b.] for Hilbert spaces.
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The following variational inequality characterises the proximal point and will be used
several times throughout the work.

2.2.12 Proposition. Let H be a Hilbert space, let f : H → R be proper, convex and
lower semicontinous, and let x ∈ H. We have p = Proxf (x) if and only if x− p ∈ ∂f(p),
i.e., for all y ∈ H,

f(y) ≥ f(p) + 〈x− p | y − p〉

Proof. See [33, Proposition 12.26]

The proximal point is thus useful for all kinds of convex functions, if differentiable or
not. On the other hand, for smooth functions we algorithmically prefer the gradient if it
is continuous. The following estimation will help us find estimates.

2.2.13 Proposition (Descent lemma). Let H be a Hilbert space, let f : H → R be convex
and Fréchet differentiable, and let the gradient ∇f : H → H be Lipschitz continuous with
constant 1

β
for some β > 0. Then, for all x, y, z ∈ H,

(a) f(y) ≤ f(x) + 〈∇f(x) | y − x〉+ 1
2β‖x− y‖

2,

(b) f(x) ≤ f(z)+〈∇f(x) |x− z〉 (for this, the Lipschitz continuity of ∇f is not needed)
and

(c) f(y) ≤ f(z) + 〈∇f(x) | y − z〉+ 1
2β‖x− y‖

2.

Proof. For Part (a), see [33, Theorem 18.15 (iii)], Part (b) is a reformulation of [33,
Proposition 17.26 (i)]. The final part adds both inequalities.

We mentioned in Remark 2.1.8(c) that, although cocoercive operators are monotone
and Lipschitz continuous, the converse is not true. However, for gradients of convex
functions, we have the following remarkable property.

2.2.14 Proposition (Baillon–Haddad theorem). Let H be a Hilbert space, let f : H → R
be a convex function, which is Fréchet differentiable, and let its gradient ∇f : H → H be
Lipschitz continuous with constant L > 0. Then ∇f is 1

L
-cocoercive.

Proof. See [25, Corollaire 10] or [33, Corollary 18.16].

2.2.15 Definition. Let H be a Hilbert space, and let A : H ⇒ H be a monotone
operator. The Fitzpatrick function ϕA : H×H → R associated with it is defined as

ϕA(x, u) := sup {〈x | v〉+ 〈y |u〉 − 〈y | v〉 | (y, v) ∈ GraphA}.

This definition is due to Fitzpatrick [111], and it brought new and deep insights into
the field of maximally monotone operators in the last years. For details, see [33, 37,
50–52, 58, 85, 163] and the references therein.

2.2.16 Proposition. Let H be a Hilbert space, and let A : H ⇒ H be a maximally
monotone operator.
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(a) For all (x, u) ∈ H ×H, ϕA(x, u) ≥ 〈x |u〉.

(b) For all (x, u) ∈ GraphA, ϕA(x, u) = 〈x |u〉 (in particular, ϕA is proper).

(c) If A = ∂f for some proper, convex and lower semicontinuous function f : H → R,
then

ϕ∂f (x, u) ≤ f(x) + f ∗(u)
for all (x, u) ∈ H ×H.

Proof. See [33, Proposition 20.48 and Example 20.46].

2.3 Convergence theorems of Opial type
To prove the convergence of proximal splitting algorithms, modern proofs use a variant of
the Opial convergence lemma. Since we need, depending on the type of convergence we
want to prove, different variants of the theroem throughout this work, we use this section
to present and compare them. The statement goes back to [151, Proof of Theorem 1].
The standard version of Opial’s lemma reads as follows.

2.3.1 Lemma. Let H be a Hilbert space, let (xn)n≥1 be a sequence in H, and let C ⊆ H
be nonempty. Suppose that,

(i) for every x ∈ C, the sequence (‖xn − x‖)n≥1 converges and

(ii) every weakly convergent subsequence of (xn)n≥1 has its weak limit point in C.

Then (xn)n≥1 converges weakly to a point in C.

Proof. See [33, Lemma 2.39].

Sometimes, it is not possible to prove weak convergence of the iteration sequence. To
prove ergodic convergence instead, we can use the following variant of the theorem.

2.3.2 Lemma. Let H be a Hilbert space, let (xn)n≥1 be a sequence in H, and let (λn)n≥1
be a sequence of positive numbers such that (λn)n≥1 /∈ `1. Set

zn := 1
τn

n∑
k=1

λkxk, where τn :=
n∑
k=1

λk

for all n ≥ 1 and assume that

(i) for every x ∈ C, the sequence (‖xn − x‖)n≥1 converges and

(ii) every weakly convergent subsequence of (zn)n≥1 has its weak limit point in C.

Then (zn)n≥1 converges weakly to a point in C.

Proof. See [152, Lemma 1].
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In case that the metric under consideration varies from iteration to iteration, we shall
make use of the following variant.

2.3.3 Lemma. Let C ⊆ H be nonempty, and let (xn)n≥0 be a sequence in H. Let α > 0
and (Wn)n≥0 be a sequence of linear operators H → H with Wn � Wn+1 � αId for all
n ≥ 0. Assume that

(i) for every x ∈ C and all n ≥ 0, ‖xn+1 − x‖Wn+1
≤ ‖xn − x‖Wn

and

(ii) every weakly convergent subsequence of (xn)n≥0 has its weak limit point in C.

Then (xn)n≥0 converges weakly to an element of C.

Proof. See [94, Theorem 3.3].

The next variant is the continuous version of the Opial Lemma. It will be of use in
Chapter 5 when showing the weak convergence of a dynamical system.

2.3.4 Lemma. Let C ⊆ H be a nonempty set and x : [0,+∞) → H a given map.
Assume that

(i) for every x̄ ∈ C, limt→+∞ ‖x(t)− x̄‖ exists;

(ii) every weak sequential cluster point of the map x belongs to C.

Then x(t) converges weakly to a point in C as t→ +∞.

Proof. See, for example, [2, Lemma 5.3] or [1, Lemma 1.10].

For proving the convergence of the sequence of norms, the following lemma will be
useful.

2.3.5 Lemma. Let (an)n≥1, (bn)n≥1 and (εn)n≥1 be real sequences. Assume that

(i) (an)n≥1 is bounded from below,

(ii) (bn)n≥1 is nonnegative,

(iii) (εn)n≥1 ∈ `1,

(iv) an+1 − an + bn ≤ εn for all n ≥ 1.

Then (an)n≥1 is convergent and (bn)n≥1 ∈ `1. If εn = 0 for all n ≥ 1, then the sequence
(an)n≥1 is monotonically decreasing.

Proof. See [20, Lemma 2].
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3 A survey of splitting methods

3.1 Finding the sum of two monotone operators
3.1.1 Problem. Let H be a Hilbert space, and let A : H⇒ H and B : H⇒ H be two
maximally monotone operators. We want to find a solution x ∈ H of the inclusion

0 ∈ Ax+Bx (3.1)

iteratively by involving the operators A and B separately.

This problem can be used to solve the minimisation problem

min {f(x) + h(x) |x ∈ H}, (3.2)

where f and h are proper, convex and lower semicontinuous functions H → R, since, by
Fermat’s rule (Lemma 2.2.4), Problem (3.2) is equivalent to finding a zero of ∂(f + h).
By Proposition 2.2.5 (b), any zero of ∂f +∂h would solve Problem (3.2). In the following,
we will restrict ourselves to the basic forms of the algorithms, as it is done in [33, Chapter
25].

The first algorithm was proposed in the paper [102].

3.1.2 Algorithm (Douglas–Rachford). Let x0 ∈ H, γ > 0 and 0 ≤ λn ≤ 2 for all n ≥ 0
and compute, for all n ≥ 0,

yn = JγB(xn),
zn = JγA(2yn − xn),

xn+1 = xn + λn(zn − yn).

3.1.3 Theorem. Let H be a Hilbert space, and let A : H⇒ H and B : H⇒ H be two
maximally monotone operators. Let the solution set of Problem (3.1.1) be nonempty, and
let ∑

n≥0
λn(2− λn) = +∞.

Then there exist a solution x̄ of Problem (3.1.1) such that the following statements hold:

(a) the sequence (xn)n≥0 converges weakly to some point ξ̄ ∈ H,

(b) x̄ = JγB
(
ξ̄
)
,
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3 A survey of splitting methods

(c) the sequences (yn)n≥0 and (zn)n≥0 both converge weakly to x̄, and yn − zn → 0 as
n→ +∞.

(d) If at least one of the operators A and B is uniformly monotone, then the convergence
of (yn)n≥0 and (zn)n≥0 is strong.

Proof. See [33, Theorem 25.6] and [104].

With a product space approach, the Douglas–Rachford algorithm can easily be adapted
to solve monotone inclusions for the sum of more than two operators, see [33, Proposition
25.7]. Currently, the Douglas–Rachford algorithm is a very active field of research, since
numerical experiments show that it works exceptionally well even for nonconvex problems,
and this behaviour remains somewhat miraculous, see e.g. [12].
The next algorithm is applicable for particular instances of Problem (3.1.1) where

one of the operators is additionally β-cocoercive for some β > 0. The advantage of this
so-called forward-backward algorithm is that it is not necessary to calculate the proximal
point of the well-behaved operator B, which might be inaccessible.

3.1.4 Algorithm (Forward-backward splitting). Let x0 ∈ H, γ > 0 and (λn)n≥0 be a
sequence of nonnegative relaxation parameters. For n ≥ 0, we set

xn+1 = xn + λn(JγA(xn − γBxn)− xn).

3.1.5 Theorem. Let β > 0 such that B is β-cocoercive, let γ ∈ (0, 2β), let δ :=
min {1, β/γ}+ 1

2 . Let 0 ≤ λn ≤ δ for all n ≥ 0 such that
∑
n≥0

λn(δ − λn) = +∞.

If the solution set of Problem (3.1.1) is empty, then there exists a solution x̄ of Problem
(3.1.1) such that

(a) xn ⇀ x̄ as n→ +∞,

(b) Bxn → Bx̄ as n→ +∞ provided that infn≥0 λn > 0.

(c) If at least one of the operators A and B is uniformly monotone and infn≥0 λn > 0,
then the convergence of (xn)n≥0 is strong.

Proof. See [33, Theorem 25.8].

There exist variants of this algorithm, where instead of a fixed stepsize γ, a sequence
(γn)n≥0 of stepsizes is used [90, Corollary 6.5].

The forward-backward-forward algorithm of Tseng [171] relaxes the setting of Algorithm
3.1.4 with respect to the well-behaved operator B. Now it is assumed to be only monotone
and Lipschitz continuous, which is a weaker assumption than cocoercivity. The price for
this relaxation is that two evaluations per iteration are required.
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3.2 Primal-dual splitting methods

3.1.6 Algorithm (Forward-backward-forward splitting). Let x0 ∈ H, and let (γn)n≥0
be a sequence of positive numbers. For n ≥ 0, we set

pn = JγA(xn − γBxn),
xn+1 = pn + γ(Bxn −Bpn).

3.1.7 Theorem. Let B be monotone and 1
β
-Lipschitz continuous for some β > 0. If

0 < inf
n≥0

γn ≤ sup
n≥0

γn < β,

then

(a) both sequences (xn)n≥0 and (zn)n≥0 converge weakly to some point in zer (A+B),

(b) xn − zn → 0 as n→ +∞.

(c) If one of the operators A and B is uniformly monotone, then the convergence of
(xn)n≥0 and (zn)n≥0 is strong.

Proof. See [79, Theorem 2.5]. For variants, see also [171, Theorem 3.4] or [33, Theorem
25.10]. Notice that, under our stronger assumptions, the maximal monotonicity of A+B
is automatic by [33, Corollary 24.4 (i)].

Also for the forward-backward-forward algorithm there exists a variant with a sequence
(γn)n≥0 of stepsizes instead of γ > 0. This is a special case of the primal-dual algorithm
of Combettes and Pesquet (Algorithm 3.2.4), which is presented in the next section.

3.2 Primal-dual splitting methods
After considering the problem finding zeros of the sum of two maximally monotone
operator, we now consider the following rather general problem.

3.2.1 Problem (see [91, Problem 1.1] and [172, Problem 1.1]). Let m > 0, and let H
and G1, . . . ,Gm be Hilbert spaces, let A,C : H⇒ H and Bi, Di : Gi ⇒ Gi be maximally
monotone, and let Li : H → Gi be linear and continuous for all i = 1, . . . ,m. Find x ∈ H
with

0 ∈ Ax+
m∑
i=1

L∗i ((Bi�Di)(Lix)) + Cx (3.3)

and find (v1, . . . , vm) ∈ G1 × . . .× Gm such that there exists x ∈ H with

−
m∑
i=1

L∗i vi ∈ Ax+ Cx and vi ∈ (Bi�Di)(Lix) for all i = 1, . . . ,m. (3.4)
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The problems of finding x and v are the so-called Attouch–Théra duals [24] of each other.
Since the algorithms in this section solve both problems at the same time, they are called
primal-dual methods. Analogous to Problem 3.1.1, if the monotone operators occurring in
Problem 3.2.1 are subdifferentials of proper, convex and lower semicontinuous functions,
then (3.3) corresponds to sufficient first-order conditions of a convex optimisation problem,
whereas (3.4) describes sufficient conditions for its Fenchel dual, see e.g. [172, Problem
4.1] or [91, Problem 4.1].

Depending on the regularity properties of the operators, we present two primal-dual
algorithms and indicate their connections to the algorithms in Section 3.1. The following
one was introduced by Vũ [172] and reads as follows.

3.2.2 Algorithm. Assume that C and Di are single-valued and everywhere defined.
Take (x0, v1,0, . . . , vm,0) ∈ H × G1 × . . . × Gm. Let τ, σ1, . . . , σm > 0. Take a sequence
(λn)n≥0 of nonnegative relaxation parameters. For each n ≥ 0, set

pn := JτA

(
xn − τ

(
m∑
i=1

L∗i vi,n + Cxn

))
,

xn+1 := xn + λn(pn − xn),
qi,n := JσiB−1

i

(
vi,n + σi

(
Li(2pn − xn)−D−1

i vi,n
))
, i = 1, . . . ,m,

vi,n+1 := vi,n + λn(qi,n − vi,n), i = 1, . . . ,m.

3.2.3 Theorem. Assume that (3.3) admits least one solution (then so does (3.4)). Let
C be µ-cocoercive for some µ > 0 and Di be νi-strongly-monotone for some νi > 0 and
all i = 1, . . . ,m. Assume that the stepsizes τ, σ1, . . . , σm satisfy the inequality

2 min
{
τ−1, σ−1

1 , . . . , σ−1
m

}1−
√√√√τ m∑

i=1
σi‖Li‖2

min {µ, ν1, . . . , νm} > 1.

Let 0 < ε < 1 and ε ≤ λn ≤ 1 for all n ≥ 0. Then the sequence (xn, v1,n, . . . , vm,n)n≥0
generated by Algorithm 3.2.2 satisfies

(a) xn ⇀ x̄ and (v1,n, . . . , vm,n) ⇀ (v̄1, . . . , v̄m) as n → +∞ for some solutions x̄ of
(3.3) and (v̄1, . . . , v̄m) of (3.4).

(b) If C is uniformly monotone, then the convergence of (xn)n≥0 is strong.

(c) If D−1
i is uniformly monotone for some i ∈ {1, . . . ,m}, then the convergence of

(vi,n)n≥0 is strong.

Proof. See [172, Theorem 3.1].

It is obvious that this algorithm is inimately connected to the forward-backward
splitting method: Indeed, the limiting case m = 0 immediately gives Algorithm 3.1.4.
On the other hand the proof of the convergence reduces to Theorem 3.1.5 by using a
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sophisticated product-space approach, see [172]. Both algorithms require the single-valued
monotone operators to be cocoercive and evaluate them once per iteration.
Now, let us turn to the splitting algorithm of Combettes and Pesquet, which was

introduced in [91].

3.2.4 Algorithm. Assume that C and Di are single-valued and everywhere defined.
Take (x0, v1,0, . . . , vm,0) ∈ H × G1 × . . . × Gm. Let (γn)n≥0 be a sequence of positive
stepsizes. For each n ≥ 0, set

pn := JγnA

(
xn − γn

(
Cxn +

m∑
i=1

L∗i vi,n

))
,

qi,n := JγnB−1
i

(
vi,n + γn

(
Lixn −D−1

i vi,n
))
, i = 1, . . . ,m,

vi,n+1 := qi,n + γn
(
Li(pn − Lixn) +D−1

i vi,n −D−1
i qi,n

)
, i = 1, . . . ,m,

xn+1 := pn + γn

(
Cxn − Cpn +

m∑
i=1

L∗i (vi,n − qi,n)
)
.

3.2.5 Theorem. Assume that (3.3) admits least one solution (then so does (3.4)). Let
C be 1

µ
-Lipschitz continuous for some µ > 0 and D−1

i be 1
νi
-Lipschitz continuous for some

νi > 0 for i = 1, . . . ,m. Set

β := max
{

1
µ
,

1
ν1
, . . . ,

1
νm

}
+
√√√√ m∑
i=1
‖Li‖2,

let 0 < ε < 1
β+1 and ε ≤ γn ≤ 1−ε

β
for all n ≥ 0. Then the sequence (xn, v1,n, . . . , vm,n)n≥0

generated by Algorithm 3.2.2 satisfies

(a) xn − p1,n → 0 and vi,n − p2,i,n → 0 as n→ +∞ for i = 1, . . . ,m,

(b) xn ⇀ x̄ and (v1,n, . . . , vm,n) ⇀ (v̄1, . . . , v̄m) as n → +∞ for some solutions x̄ of
(3.3) and (v̄1, . . . , v̄m) of (3.4).

(c) If one of the operators A and C is uniformly monotone, then the convergence of
(xn)n≥0 is strong.

(d) If one of the operators B−1
i and D−1

i is uniformly monotone for some i ∈ {1, . . . ,m},
then the convergence of (vi,n)n≥0 is strong.

Proof. See [91, Theorem 3.1].

The relation between Algorithm 3.2.4 and the forward-backward-forward algorithm is
analogous to that of Algorithm 3.2.2 and the forward-backward splitting method: Both
can be derived from each other, and all the single valued-operators are evaluated twice
per iteration.
More about primal-dual splitting methods can be found in [72, 79, 87, 95]. Conver-

gence rate analysis for Algorithms 3.2.2 and 3.2.4 is done in the articles [75] and [73],
respectively.
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3.3 The alternating direction method of multipliers
In this section, we consider the following problem: Let H and G be two Hilbert spaces,
let f : H → R and g : G → R be two proper, convex and lower semicontinuous functions,
and let L : H → G be a continuous linear operator. We want to solve the minimisation
problem

inf {f(x) + g(Lx) |x ∈ H} (3.5)
The alternating direction method of multipliers (ADMM) [112, 115] is based on a
reformulation of problem (3.5) by an auxiliary variable z ∈ G as

inf {f(x) + g(z) |x ∈ H, z ∈ G, z = Lx}. (3.6)

To this constrained problem, we introduce the Lagrange multiplier y ∈ G and the
Lagrangian ` : H× G × G → R defined by

`(x, z; y) = f(x) + g(z) + 〈y |Lx− z〉.

The Lagrange dual problem is given by

sup {inf {`(x, z; y) |x ∈ H, z ∈ G} | y ∈ G}
= sup {− sup {〈x | −L∗y〉 − f(x) + 〈y | z〉 − g(z) |x ∈ H, z ∈ G} | y ∈ G}
= sup {−f ∗(−L∗y)− g∗(y) | y ∈ G},

thus equal to the Fenchel dual problem. The ADMM method considers the augmented
Lagrangian parametrised by c > 0 and given by

`c : H× G × G → R, `c(x, z; y) = f(x) + g(z) + 〈y |Lx− z〉+ c

2‖Lx− z‖
2.

The usual ADMM algorithm works by minimising the augmented Lagrangian correspond-
ing to each of the variables x and z and subsequently doing a gradient step with respect
to y:

3.3.1 Algorithm (Classical ADMM). Choose c > 0, z0 ∈ G and y0 ∈ G and set, for all
n ≥ 0,

xn+1 ∈ arg min
{
f(x) + c

2

∥∥∥∥Lx− zn + 1
c
yn

∥∥∥∥2 ∣∣∣∣∣x ∈ H
}
, (3.7)

zn+1 = arg min
{
g(z) + c

2

∥∥∥∥Lxn+1 − z + 1
c
yn

∥∥∥∥2 ∣∣∣∣∣ z ∈ G
}
, (3.8)

yn+1 = yn + c(Lxn+1 − zn+1). (3.9)

Notice that the minimum in (3.7) neither has to be attained nor to be unique (e.g.
L = 0), while the minimum in (3.8) is equal to Proxg/c

(
Lxn+1 + 1

c
yn
)
.

We consider the following generalisation of the ADMM algorithm: Let H and G be two
Hilbert spaces, let A : H ⇒ H and B : G ⇒ G be two maximally monotone operators,
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3.3 The alternating direction method of multipliers

let D : H → H be a β-cocoercive operator for β > 0, and let L : H → G be linear and
continuous. We want to find a solution of the inclusion

0 ∈ Ax+ L∗BLx+Dx (3.10)

together with its Attouch–Théra dual [24]

0 ∈ B−1y − LA−1(−L∗y). (3.11)

3.3.2 Algorithm. Choose x0 ∈ H, y0 ∈ G and z0 ∈ G, c > 0 and two sequences (M1,n)n≥0
and (M2,n)n≥0 in S+(H) and S+(G), respectively. For all n ≥ 0, do the following:

choose xn+1 such that 0 ∈ Axn+1 +Dxn + cL∗
(
Lxn+1 − zn + 1

c
yn

)
+M1,n(xn+1 − xn),

(3.12)

set zn+1 such that 0 ∈ Bzn+1 + c
(
zn+1 − Lxn+1 −

1
c
yn

)
+M2,n(zn+1 − zn), (3.13)

set yn+1 = yn + c(Lxn+1 − zn+1). (3.14)

3.3.3 Example. Before we proceed to the proof of convergence, we extend [162, Example
3.1] and demonstrate how to make a real splitting algorithm out of Algorithm 3.3.2. Let
(τn)n≥0 be a sequence of positive numbers and set M1,n := 1

τn
Id − cL∗L and M2,n := 0

for all n ≥ 0. Then we have

(3.12) ⇐⇒ 0 ∈ Axn+1 +Dxn + cL∗
(
Lxn+1 − zn + 1

c
yn

)
+
( 1
τn

Id− cL∗L
)

(xn+1 − xn)

⇐⇒ 0 ∈ xn+1 + τnAxn+1 + τnDxn − cτnL∗zn + τnL
∗yn − xn + cτnL

∗Lxn

⇐⇒ xn+1 = JτnA

(
xn + τn

(
cL∗

(
zn − Lxn −

1
c
yn

)
−Dxn

))
and

(3.13) ⇐⇒ 0 ∈ Bzn+1 + c
(
zn+1 − Lxn+1 −

1
c
yn

)
⇐⇒ zn+1 ∈ B−1(yn − czn+1 + cLxn+1)
⇐⇒ yn+1 = yn − czn+1 + cLxn+1 = JcB−1(yn + cLxn+1)

Thus, for this special choice of (M1,n)n≥0 and (M2,n)n≥0, Algorithm 3.3.2 takes the form

yn+1 = JcB−1(yn + cLxn+1),
xn+2 = Jτn+1A(xn+1 − τn+1(Dxn+1 + L∗(2yn+1 − yn))),

which has a striking similarity to Algorithm 3.2.2 and, for τn constant, is an operator
version of the algorithm from [95]. The conditions given in Theorem 3.3.4 will require
(τn)n≥0 to be monotonically increasing and, for some α1 > 0

1
τn

Id− cL∗L �
(
α1 + 1

2β

)
Id,
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3 A survey of splitting methods

which is equivalent to
sup
n≥0

τn <
1

c‖L‖2 + 1
2β

(cf. [95, Theorem 3.1]). In [87] and [75], primal-dual algorithms with dynamic stepsizes
have been analysed, and it has been shown that under certain circumstances a clever
choice of the stepsize strategy can improve the convergence behaviour. This is a strong
motivation for considering algorithms with variable metrics. By settingM2,n := (σn − c)Id
for a monotonically falling sequence (σn)n≥0, an even more general primal-dual splitting
method with variable stepsizes could be derived.

Now we show that the sequences generated by Algorithm 3.3.2 converge weakly.

3.3.4 Theorem (see [31, Theorem 15]). Let H and G be Hilbert spaces, let L : H → G
be linear and continuous, let A : H⇒ H and B : G ⇒ G be maximally monotone, and let
β > 0 such that D : H → H is β-cocoercive. Assume that the set of solutions of (3.10)
is nonempty. Furthermore, let (M1,n)n≥0 and (M2,n)n≥0 be two sequences of continuous,
self-adjoint operators in H and G, respectively, such that

M1,n �M1,n+1 �
1

2β Id,

M2,n �M2,n+1 � 0

for all n ≥ 0. Assume that one of the following conditions holds:

(i) There exists α1 > 0 such that for all n ≥ 0, M1,n �
(
α1 + 1

2β

)
Id,

(ii) there exist α2, α3 > 0 such that for all n ≥ 0, L∗L � α2Id and M2,n � α3Id.

Then any sequence (xn, zn, yn)n≥0 in H× G × G generated by Algorithm 3.3.2 converges
weakly to a triple (x, z, y) ∈ H × G × G such that x is a solution of (3.10), z = Lx, and
y is a solution of (3.11).

Proof. We set

Z = {(x, z, y) ∈ H × G × G | z = Lx,−L∗y ∈ (A+D)(x) and y ∈ B(Lx)}.

It is easy to see that, for all (x, z, y) ∈ Z, x is a solution of (3.10) and y is a solution
of (3.11). Conversely, for every solution x̄ of (3.10) there exists ȳ ∈ BLx̄ such that
−L∗ȳ −Dx̄ ∈ Ax̄, thus, (x̄, Lx̄, ȳ) ∈ Z.
Let (x̄, Lx̄, ȳ) ∈ Z. We have

−Dxn − cL∗
(
Lxn+1 − zn + 1

c
yn

)
−M1,n(xn+1 − xn) ∈ Axn+1,

−L∗ȳ −Dx̄ ∈ Ax̄,

so, by monotonicity of A, we obtain

0 ≤ 〈Dx̄−Dxn − cL∗(Lxn+1 − zn)−M1,n(xn+1 − xn) + L∗(ȳ − yn) |xn+1 − x̄〉. (3.15)
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Analogously,

−c
(
zn+1 − Lxn+1 −

1
c
yn

)
−M2,n(zn+1 − zn) ∈ Bzn+1,

ȳ ∈ BLx̄,

so, by monotonicity of B,

0 ≤ 〈c(Lxn+1 − zn+1)−M2,n(zn+1 − zn) + yn − ȳ | zn+1 − Lx̄〉. (3.16)

Since D is β-cocoercive,

〈Dx̄−Dxn |xn+1 − x̄〉 = 〈Dx̄−Dxn |xn − x̄〉+ 〈Dx̄−Dxn |xn+1 − xn〉
≤ −β‖Dx̄−Dxn‖2 + 〈Dx̄−Dxn |xn+1 − xn〉

= 1
4β ‖xn+1 − xn‖2 − 1

4β ‖xn+1 − xn − 2β(Dx̄−Dxn)‖2.

Together with (3.15), we have

0 ≤ 〈cL∗(zn − Lxn+1)−M1,n(xn+1 − xn) + L∗(ȳ − yn) |xn+1 − x̄〉

+ 1
4β ‖xn+1 − xn‖2 − 1

4β ‖xn+1 − xn − 2β(Dx̄−Dxn)‖2.

Now, we add (3.16) and get

0 ≤ 〈cL∗(zn − Lxn+1)−M1,n(xn+1 − xn) + L∗(ȳ − yn) |xn+1 − x̄〉

+ 1
4β ‖xn+1 − xn‖2 − 1

4β ‖xn+1 − xn − 2β(Dx̄−Dxn)‖2

+ 〈c(Lxn+1 − zn+1)−M2,n(zn+1 − zn) + yn − ȳ | zn+1 − Lx̄〉
= c(〈L∗(zn − Lxn+1) |xn+1 − x̄〉+ 〈Lxn+1 − zn+1 | zn+1 − Lx̄〉)

+ 〈L∗(ȳ − yn) |xn+1 − x̄〉+ 〈yn − ȳ | zn+1 − Lx̄〉
+ 〈M1,n(xn − xn+1) |xn+1 − x̄〉+ 〈M2,n(zn − zn+1) | zn+1 − Lx̄〉

+ 1
4β ‖xn+1 − xn‖2 − 1

4β ‖xn+1 − xn − 2β(Dx̄−Dxn)‖2.

Let us analyse each of the lines separately: first,

c(〈L∗(zn − Lxn+1) |xn+1 − x̄〉+ 〈Lxn+1 − zn+1 | zn+1 − Lx̄〉)
= c(〈zn − Lxn+1 |Lxn+1 − Lx̄〉+ 〈Lxn+1 − zn+1 | zn+1 − Lx̄〉)

= c

2
(
‖Lx̄− zn‖2 − ‖zn − Lxn+1‖2 − ‖Lxn+1 − zn+1‖2 − ‖Lx̄− zn+1‖2

)
,
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3 A survey of splitting methods

second,

〈L∗(ȳ − yn) |xn+1 − x̄〉+ 〈yn − ȳ | zn+1 − Lx̄〉

= 〈ȳ − yn |Lxn+1 − zn+1〉 = 1
c
〈ȳ − yn | yn+1 − yn〉

= 1
2c
(
‖ȳ − yn‖2 + ‖yn+1 − yn‖2 − ‖ȳ − yn+1‖2

)
= 1

2c
(
‖ȳ − yn‖2 − ‖ȳ − yn+1‖2

)
+ c

2‖Lxn+1 − zn+1‖,

third,

〈M1,n(xn − xn+1) |xn+1 − x̄〉 = 1
2

(
‖xn − x̄‖M2

1,n
− ‖xn − xn+1‖2

M1,n
− ‖xn+1 − x̄‖2

M1,n

)

and

〈M2,n(zn − zn+1) | zn+1 − Lx̄〉

= 1
2
(
‖zn − Lx̄‖2

M2,n
− ‖zn − zn+1‖2

M2,n
− ‖zn+1 − Lx̄‖2

M2,n

)
.

We keep the fourth line unchanged. Altogether,

c

2
(
‖Lx̄− zn+1‖2 − ‖Lx̄− zn‖2

)
+ 1

2c
(
‖ȳ − yn+1‖2 − ‖ȳ − yn‖2

)
+ 1

2
(
‖xn+1 − x̄‖2

M1,n
− ‖xn − x̄‖2

M1,n

)
+ 1

2
(
‖zn+1 − Lx̄‖2

M2,n
− ‖zn − Lx̄‖2

M2,n

)
≤ − c2‖zn − Lxn+1‖2 − 1

2‖xn − xn+1‖2
M1,n
− 1

2‖zn − zn+1‖2
M2,n

+ 1
4β ‖xn+1 − xn‖2 − 1

4β ‖xn+1 − xn − 2β(Dx̄−Dxn)‖2 (3.17)

We apply Lemma 2.3.5 with

an := 1
2c‖ȳ − yn‖

2 + 1
2‖xn − x̄‖

2
M1,n

+ 1
2‖zn − Lx̄‖

2
M2,n+cId,

bn := 1
2
(
‖xn+1 − x̄‖2

M1,n
− ‖xn+1 − x̄‖2

M1,n+1
+ ‖zn+1 − Lx̄‖2

M2,n
− ‖zn+1 − Lx̄‖2

M2,n+1

)
+ c

2‖zn − Lxn+1‖2 + 1
2‖xn − xn+1‖2

M1,n− 1
2β Id + 1

2‖zn − zn+1‖2
M2,n

+ 1
4β ‖xn+1 − xn − 2β(Dx̄−Dxn)‖2,

εn := 0.
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3.3 The alternating direction method of multipliers

Then, an+1 ≤ an for all n ≥ 0 and
∞∑
n=0
‖zn − Lxn+1‖2 < +∞, (3.18)

∞∑
n=0
‖xn − xn+1‖2

M1,n− 1
2β Id < +∞, (3.19)

∞∑
n=0
‖zn − zn+1‖2

M2,n
< +∞. (3.20)

In particular, if we set

Wn(x, z, y) :=
(
M1,nx, (M2,n + cId)z, 1

c
y
)

for all n ≥ 0 and (x, z, y) ∈ H × G × G, we have

an = ‖(xn − x̄, yn − ȳ, zn − Lx̄)‖2
Wn

and

Wn � Wn+1 � min
{

1
2β , c,

1
c

}
Id,

therefore, condition (i) of Lemma 2.3.3 is satisfied with our choice of the sequence
(Wn)n≥0.

Now consider the conditions in the theorem:

(i) In this case, we obtain zn−Lxn+1 → 0 and xn+1−xn → 0 as n→ +∞. Furthermore,

yn − yn+1 = c(zn+1 − Lxn+1) = c(zn+1 − Lxn+2) + cL(xn+2 − xn+1)→ 0,

zn − zn+1 = zn − Lxn+1 + Lxn+1 − zn+1 = zn − Lxn+1 + 1
c

(yn+1 − yn)→ 0

as n→ +∞.

(ii) In this case, we obtain zn − Lxn+1 → 0 and zn − zn+1 → 0. Furthermore,

yn − yn+1 = c(zn+1 − Lxn+1) = c(zn+1 − zn) + c(zn − Lxn+1)→ 0,

Lxn − Lxn+1 = Lxn − zn + zn − Lxn+1 = 1
c

(yn − yn−1) + zn − Lxn+1 → 0

as n→ +∞ and

‖xn − xn+1‖2 ≤ 1
α2
‖xn − xn+1‖2

L∗L = 1
α2
‖Lxn − Lxn+1‖2,

thus, xn − xn+1 → 0 as n→ +∞.
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3 A survey of splitting methods

In both cases, (xn − xn+1, zn − zn+1, yn − yn+1) → (0, 0, 0) and zn − Lxn+1 → 0 as
n→ +∞.
Let (x′, z′, y′) ∈ H × G × G such that there exists a subsequence (xnk , znk , ynk)k≥0 of

(xn, zn, yn)n≥1 with (xnk , znk , ynk) ⇀ (x′, z′, y′) as k → +∞. Then,

znk = (znk − Lxnk+1) + L(xnk+1 − xnk) + Lxnk ⇀ Lx′,

thus, z′ = Lx′.
We now apply [5, Proposition 2.4] with the quantities

ak := xnk+1,

a∗k := Dxnk+1 −Dxnk + cL∗
(
znk − Lxnk+1 −

1
c
ynk

)
+M1,nk(xnk − xnk+1),

bk := znk+1,

b∗k := c
(
Lxnk+1 − znk+1 + 1

c
ynk

)
+M2,nk(znk − znk+1) = ynk+1 +M2,nk(znk − znk+1).

Indeed, (ak, a∗k) ∈ Graph (A+D) and (bk, b∗k) ∈ Graph (B) by the inclusions in Algorithm
3.3.2, ak ⇀ x′, b∗k ⇀ y′ as k → +∞,

a∗k + L∗b∗k = Dxnk+1 −Dxnk +M1,nk(xnk − xnk+1)
+ L∗M2,nk(znk − znk+1) + cL∗(znk − znk+1),

which converges to 0 in norm as k → +∞ by the Lipschitz continuity of D and the fact
that M1,nk and L∗M2,nk are uniformly bounded above. Furthermore,

Lak − bk = Lxnk+1 − znk+1 = Lxnk+1 − znk + znk − znk+1 → 0

as k → +∞. Thus, [5, Proposition 2.4] yields

−L∗y′ ∈ (A+D)(x′) and y′ ∈ B(Lx′),

therefore, (x′, z′, y′) = (x′Lx′, y′) ∈ Z, which proves Assumption (ii) of Lemma 2.3.3. As
a consequence, (xn, zn, yn)n≥0 converges weakly to a point in Z.

3.3.5 Remark. (a) After writing down Algorithm 3.3.2 and Theorem 3.3.4 taking our
manuscript [31] as a guideline according to the remark after [31, Lemma 14, p.
12], I was told that parts of the submitted manuscript [57] contain a very similar
content. Both works have been developed independently of each other.

(b) For the existence of α2 > 0 such that L∗L � α2Id it is sufficient that L be injective
and have closed range, see [33, Fact 2.19]. In finite-dimensional spaces, this means
that L has full column rank.

(c) Instead of assuming the monotonicity of the sequences of metrics, it would be
possible to relax these condition in the spirit of [93] and then apply the concept of
quasi Fejér monotonicity according to [94, Definition 3.1]. In order not to make
the discussion too technical, we omit the details.

36



3.3 The alternating direction method of multipliers

(d) Notice that this method of proof is significantly different from those usually applied
to prove the convergence of the ADMM method. This is due to the fact that usually
(see e.g. [162] or [108, Appendix B]) the monotonicity is used between two consecu-
tive iterates, which allows the derivation of more general results. Unfortunately,
this would require the metric to be monotonically increasing and decreasing at the
same time, thus, it would require a constant metric. We have not found a way to
obtain the more general results in the case of a variable metric.

3.3.6 Theorem (The case D = 0, see [31, Theorem 17]). Let H and G be Hilbert spaces,
let L : H → G be linear and continuous, let A : H ⇒ H and B : G ⇒ G be maximally
monotone, and let D : H → H be given by Dx = {0} for all x ∈ H. Assume that the
set of solutions of (3.10) is nonempty. Furthermore, let (M1,n)n≥0 and (M2,n)n≥0 be two
sequences of continuous, self-adjoint operators in H and G, respectively, such that

M1,n �M1,n+1 � 0,
M2,n �M2,n+1 � 0

for all n ≥ 0. Assume that one of the following conditions holds:

(i) There exists α1 > 0 such that for all n ≥ 0, M1,n � α1Id,

(ii) there exist α2, α3 > 0 such that for all n ≥ 0, L∗L � α2Id, M1,n = 0 and
M2,n � α3Id.

Then any sequence (xn, zn, yn)n≥0 in H× G × G generated by Algorithm 3.3.2 converges
weakly to a triple (x, z, y) ∈ H × G × G such that x is a solution of (3.10), z = Lx, and
y is a solution of (3.11).

Proof. Let (x̄, Lx̄, ȳ) ∈ Z as in the proof of Theorem 3.3.4. Analogous to (3.17), we can
derive the inequality

c

2
(
‖Lx̄− zn+1‖2 − ‖Lx̄− zn‖2

)
+ 1

2c
(
‖ȳ − yn+1‖2 − ‖ȳ − yn‖2

)
+ 1

2
(
‖xn+1 − x̄‖2

M1,n
− ‖xn − x̄‖2

M1,n

)
+ 1

2
(
‖zn+1 − Lx̄‖2

M2,n
− ‖zn − Lx̄‖2

M2,n

)
≤ − c2‖zn − Lxn+1‖2 − 1

2‖xn − xn+1‖2
M1,n
− 1

2‖zn − zn+1‖2
M2,n

(3.21)

for all n ≥ 0. Under Assumption (i), the proof works like in Theorem 3.3.4 via Opial’s
lemma with Wn � Wn+1 � min {α1, c, 1/c}Id. However, under Assumption (ii), the
conditions of Opial’s lemma are no longer satisfied. In this case, (3.21) reads

c

2
(
‖Lx̄− zn+1‖2 − ‖Lx̄− zn‖2

)
+ 1

2c
(
‖ȳ − yn+1‖2 − ‖ȳ − yn‖2

)
+ 1

2
(
‖zn+1 − Lx̄‖2

M2,n
− ‖zn − Lx̄‖2

M2,n

)
≤ − c2‖zn − Lxn+1‖2 − 1

2‖zn − zn+1‖2
M2,n
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for all n ≥ 0. We apply Lemma 2.3.5 with εn := 0 and

an := 1
2‖Lx̄− zn‖

2
cId+M2,n

+ 1
2c‖yn − ȳ‖

2,

bn := c

2‖zn − Lxn+1‖2 + 1
2‖zn − zn+1‖2

M2,n
.

Thus, first, the limit

lim
n→+∞

(1
2‖Lx̄− zn‖

2
cId+M2,n

+ 1
2c‖yn − ȳ‖

2
)
exists for all (x̄, Lx̄, ȳ) ∈ Z. (3.22)

In particular, the sequences (zn)n≥0 and (yn)n≥0 are bounded.
Second, by the summability of (bn)n≥0, zn−Lxn+1 → 0 and zn−zn+1 → 0 as n→ +∞,

moreover,

yn+1 − yn = c(Lxn+1 − zn+1) = c(Lxn+1 − zn) + c(zn − zn+1)→ 0,

Lxn+1 − Lxn = Lxn+1 − zn + zn − Lxn = Lxn+1 − zn + 1
c

(yn−1 − yn)→ 0

as n→ +∞. Next,

‖Lxn+1 − Lxn‖2 = 〈xn+1 − xn |L∗L(xn+1 − xn)〉 ≥ α2‖xn+1 − xn‖2,

so xn+1 − xn → 0, too. Analogously to the proof of Theorem 3.3.4, we can show that
any weakly convergent subsequence of (xn, zn, yn)n≥0 converges weakly to a point in Z.
Moreover,

‖xn‖2 ≤ 1
α2
‖xn‖2

L∗L = 1
α2
‖Lxn‖2 ≤ 1

α2
(‖Lxn − zn−1‖+ ‖zn−1‖)2

for all n ≥ 1. Since Lxn − zn−1 → 0 and (zn)n≥0 is bounded, so are (xn)n≥0 and the
triple (xn, zn, yn)n≥0.

Let
(
xn′

k
, zn′

k
, yn′

k

)
k≥0

and
(
xn′′m , zn′′m , yn′′m

)
m≥0

be two weakly convergent subsequences of
(xn, zn, yn)n≥0 with

(
xn′

k
, zn′

k
, yn′

k

)
⇀ (x′, Lx′, y′) ∈ Z as k → +∞ and

(
xn′′m , zn′′m , yn′′m

)
⇀

(x′′, Lx′′, y′′) ∈ Z as m→ +∞.
Using (3.22) for the points (x′, Lx′, z′), (x′′, Lx′′, y′′) ∈ Z, we conclude that

lim
n→+∞

(1
2
(
‖Lx′ − zn‖2

cId+M2,n
− ‖Lx′′ − zn‖2

cId+M2,n

)
+ 1

2c
(
‖yn − y′‖2 − ‖yn − y′′‖2))

= lim
n→+∞

(1
2〈Lx

′ − Lx′′ |Lx′ + Lx′′ − 2zn〉cId+M2,n
+ 1

2c〈y
′′ − y′ | 2yn − y′ − y′′〉

)
= lim

n→+∞

(
1
2‖Lx

′ − Lx′′‖2
cId+M2,n

+ 〈(cId +M2,n)(Lx′ − Lx′′) |Lx′′ − zn〉

+ 1
2c‖y

′′ − y′‖2 + 1
c
〈y′′ − y′ | yn − y′′〉

)
(3.23)
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exists. Because of the monotonicity condition, the sequence (cId +M2,n)n≥0 is bounded
in the operator norm. According to [94, Lemma 2.3], there exists a linear, continuous,
self-adjoint operator M2 � (c+ α3)Id such that (cId +M2,n)x→ M2x for all x ∈ H as
n → +∞. The limit (3.23) can therefore be taken along the subsequence (n′k)k≥0 and
equals

−1
2‖Lx

′ − Lx′′‖2
M2
− 1

2c‖y
′′ − y′‖2 (3.24)

or taken along the subsequence (n′′m)m≥0 and equals exactly the negative of (3.24).
Therefore, the expression in (3.24) must equal zero, thus, Lx′ = Lx′′ and y′ = y′′. By
the standard argument using the assumption on L∗L, it follows that x′ = x′′.
This shows that the bounded sequence (xn, zn, yn)n≥0 possesses at most one weak

sequential cluster point. By [33, Lemma 2.38], it is weakly convergent, and the weak
limit is an element of Z.

In the next step we establish an ergodic convergence rate for the Lagriangian in the
case where the operators A, B and D are the subdifferentials of convex functions. First,
we shall clarify our setting.

3.3.7 Problem. Let H and G be two Hilbert spaces let L : H → G be linear and
continuous, let f : H → R and g : G → R be proper, convex and lower semicontinuous,
and let h : H → R be convex and Fréchet differentiable, and let β > 0 such that
∇h : H → H is 1

β
-Lipschitz continuous. We want to solve the minimisation problem

inf {f(x) + h(x) + g(Lx) |x ∈ H},

thus find a saddle point of the Lagrangian

` : H× G × G → R, `(x, z; y) = f(x) + h(x) + g(z) + 〈y |Lx− z〉,

i.e., a point (x∗, z∗, y∗) ∈ H × G × G with

`(x∗, z∗; y) ≤ `(x∗, z∗; y∗) ≤ `(x, z; y∗) for all (x, z, y) ∈ H × G × G.

By setting A = ∂f , B = ∂g, D = ∇h (by the Baillon–Haddad theorem (Proposition
2.2.14), D is β-cocoercive), Algorithm 3.3.2 takes the form

3.3.8 Algorithm. Choose (x0, z0, y0) ∈ H × G × G, c > 0 and two sequences (M1,n)n≥0
and (M2,n)n≥0 of linear, self-adjoint, positive semidefinite operators H → H and G → G,
respectively. For all n ≥ 0, do the following:

choose xn+1 ∈ arg min
x∈H

{
f(x) + 〈x | ∇h(xn)〉+ c

2

∥∥∥∥Lx− zn + 1
c
yn

∥∥∥∥2
+ 1

2‖x− xn‖
2
M1,n

}
,

set zn+1 = arg min
z∈G

{
g(z) + c

2

∥∥∥∥z − Lxn+1 −
1
c
yn

∥∥∥∥2
+ 1

2‖z − zn‖
2
M2,n

}
,

set yn+1 = yn + c(Lxn+1 − zn+1).
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3.3.9 Theorem (see [31, Theorem 12]). Consider Problem 3.3.7, assume that M1,n �
M1,n+1 � 1

β
Id, M2,n �M2,n+1 � 0 for all n ≥ 0 and define

x̄n := 1
n

n∑
k=1

xk, ȳn := 1
n

n∑
k=1

yk, z̄n := 1
n

n∑
k=1

zk for n ≥ 1,

where the sequence (xn, zn, yn)n≥0 is defined by Algorithm 3.3.8. Then

`(x̄n, z̄n; y)− `(x, z; ȳn) ≤ γ(x, z, y)
n

,

where

γ(x, z, y) := 1
2

(
‖x0 − x‖2

M1,0
+ ‖z0 − z‖2

M2,0
+ c‖z0 − Lx‖2 + 1

c
‖y0 − y‖2

)

Proof. Since Algorithm 3.3.8 is a reformulation of Algorithm 3.3.2, we have the inclusions

0 ∈ ∂f(xk+1) +∇h(xk) + cL∗
(
Lxk+1 − zk + 1

c
yk

)
+M1,k(xk+1 − xk),

0 ∈ ∂g(zk+1) + c
(
zk+1 − Lxk+1 −

1
c
yk

)
+M2,k(zk+1 − zk),

for all k ≥ 0, thus the inequalities (for the one regarding h, see Proposition 2.2.13 (c))

f(xk+1)− f(x) ≤
〈
cL∗

(
zk − Lxk+1 −

1
c
yk

)
−∇h(xk) +M1,k(xk − xk+1)

∣∣∣∣xk+1 − x
〉

= c
〈
zk − Lxk+1 −

1
c
yk

∣∣∣∣Lxk+1 − Lx
〉
− 〈∇h(xk) |xk+1 − x〉

+ 〈M1,k(xk − xk+1) |xk+1 − x〉,

h(xk+1)− h(x) ≤ 〈∇h(xk) |xk+1 − x〉+ 1
2β ‖xk − xk+1‖2,

g(zk+1)− g(z) ≤
〈
c
(
Lxk+1 − zk+1 + 1

c
yk

)
+M2,k(zk − zk+1)

∣∣∣∣ zk+1 − z
〉

= c
〈
Lxk+1 − zk+1 + 1

c
yk

∣∣∣∣ zk+1 − z
〉

+ 〈M2,k(zk − zk+1) | zk+1 − z〉

hold for all k ≥ 0, x ∈ H and z ∈ G. Now,

`(x̄n, z̄n; y)− `(x, z; ȳn)
= f(x̄n)− f(x) + h(x̄n)− h(x) + g(z̄n)− g(z) + 〈y |Lx̄n − z̄n〉 − 〈ȳn |Lx− z〉

≤ 1
n

n−1∑
k=0

(
f(xk+1)− f(x) + h(xk+1)− h(x) + g(zk+1)− g(z)

+ 〈y |Lxk+1 − zk+1〉 − 〈yk+1 |Lx− z〉
)
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≤ 1
n

n−1∑
k=0

(
c
〈
zk − Lxk+1 −

1
c
yk

∣∣∣∣Lxk+1 − Lx
〉

+ 1
2β ‖xk − xk+1‖2

+ 〈M1,k(xk − xk+1) |xk+1 − x〉+ c
〈
Lxk+1 − zk+1 + 1

c
yk

∣∣∣∣ zk+1 − z
〉

+ 〈M2,k(zk − zk+1) | zk+1 − z〉+ 〈y |Lxk+1 − zk+1〉 − 〈yk+1 |Lx− z〉
)
.

Now, a rearrangement of the terms yields

`(x̄n, z̄n; y)− `(x, z; ȳn)

≤ 1
n

n−1∑
k=0

(
〈M1,k(xk − xk+1) |xk+1 − x〉+ 1

2β ‖xk − xk+1‖2

+ 〈M2,k(zk − zk+1) | zk+1 − z〉
+ c〈zk − Lxk+1 |Lxk+1 − Lx〉+ c〈Lxk+1 − zk+1 | zk+1 − z〉

+ 〈yk − yk+1 |Lx− z〉+ 〈yk − y | zk+1 − Lxk+1〉
)

Let us analyse the terms inside the parentheses:

〈M1,k(xk − xk+1) |xk+1 − x〉+ 1
2β ‖xk − xk+1‖2

= 1
2

(
‖xk − x‖2

M1,k
− ‖xk+1 − x‖2

M1,k
− ‖xk+1 − xk‖2

M1,k− 1
β

Id

)
,

〈M2,k(zk − zk+1) | zk+1 − z〉 = 1
2
(
‖zk − z‖2

M2,k
− ‖zk+1 − z‖2

M2,k
− ‖zk+1 − zk‖2

M2,k

)
and (recall that yk+1 − yk = c(Lxk+1 − zk+1))

〈yk − y | zk+1 − Lxk+1〉 = 1
2c〈yk − y | yk − yk+1〉

= 1
2c
(
‖yk − yk+1‖2 + ‖yk − y‖2 − ‖yk+1 − y‖2

)
as well as

c〈zk − Lxk+1 |Lxk+1 − Lx〉+ c〈Lxk+1 − zk+1 | zk+1 − z〉+ 〈yk − yk+1 |Lx− z〉
= c〈zk − Lxk+1 |Lxk+1 − Lx〉+ c〈Lxk+1 − zk+1 | zk+1 − z〉+ c〈zk+1 − Lxk+1 |Lx− z〉
= c〈zk − Lxk+1 |Lxk+1 − Lx〉+ c〈Lxk+1 − zk+1 | zk+1 − Lx〉

= c

2
(
‖zk − Lx‖2 − ‖zk+1 − Lx‖2 − ‖zk − Lxk+1‖2 − ‖Lxk+1 − zk+1‖2

)
= c

2
(
‖zk − Lx‖2 − ‖zk+1 − Lx‖2 − ‖zk − Lxk+1‖2

)
− 1

2c‖yk − yk+1‖2.
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Therefore, by using the telescoping effects and neglecting the nonpositive terms,

`(x̄n, z̄n; y)− `(x, z; ȳn)

≤ 1
2n

n−1∑
k=0

(
‖xk − x‖2

M1,k
− ‖xk+1 − x‖2

M1,k
− ‖xk+1 − xk‖2

M1,k− 1
β

Id

+ ‖zk − z‖2
M2,k
− ‖zk+1 − z‖2

M2,k
− ‖zk+1 − zk‖2

M2,k

+ c
(
‖zk − Lx‖2 − ‖zk+1 − Lx‖2 − ‖zk − Lxk+1‖2

)
+ 1
c

(
‖yk − y‖2 − ‖yk+1 − y‖2

))

≤ 1
2n

n−1∑
k=0

(
‖xk − x‖2

M1,k
− ‖xk+1 − x‖2

M1,k
+ ‖zk − z‖2

M2,k
− ‖zk+1 − z‖2

M2,k

+ c
(
‖zk − Lx‖2 − ‖zk+1 − Lx‖2

)
+ 1
c

(
‖yk − y‖2 − ‖yk+1 − y‖2

))

= 1
2n

(
‖x0 − x‖2

M1,k
+ ‖z0 − z‖2

M2,k
+ c‖z0 − Lx‖2 + 1

c
‖y0 − y‖2

)

− 1
2n

(
‖xn − x‖2

M1,n−1
+ ‖zn − z‖2

M2,n−1
+ c‖zn − Lx‖2 + 1

c
‖yn − y‖2

)

+ 1
2n

n−1∑
k=1

(
‖xk − x‖2

M1,k
− ‖xk − x‖2

M1,k−1
+ ‖zk − z‖2

M2,k
− ‖zk − z‖2

M2,k−1

)

≤ 1
2n

(
‖x0 − x‖2

M1,k
+ ‖z0 − z‖2

M2,k
+ c‖z0 − Lx‖2 + 1

c
‖y0 − y‖2

)
.

which is the desired convergence rate.

3.3.10 Remark. Let (x∗, Lx∗, y∗) ∈ H× G × G be a saddle point of the Lagrangian ` and
set (x, z, y) := (x∗, Lx∗, y∗) in Theorem 3.3.9, then

f(x̄n) + h(x̄n) + g(z̄n) + 〈y∗ |Lx̄n − z̄n〉 − (f(x∗) + h(x∗) + g(Lx∗)) ≤ γ(x, z, y)
n

for all n ≥ 1, where f(x∗) + h(x∗) + g(Lx∗) is the optimal objective value of Problem
3.3.7. Hence, if we suppose that the set of optimal solutions of the Fenchel dual problem

sup
y∈G

 inf
x∈H
y∈G

`(x, z; y)

 = sup
y∈G
{−(f �h)(−L∗y)− g∗(y)}

is bounded, we obtain that there exists some R > 0 such that

f(x̄n) + h(x̄n) + g(z̄n) +R‖Lx̄n − z̄n‖ − (f(x∗) + h(x∗) + g(Lx∗)) ≤ γ(x, z, y)
n

for all n ≥ 1. The boundedness of the set of dual solutions can be guaranteed under the
condition

0 ∈ int (dom g − L(dom f)),
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where int denotes the interior. Indeed, the set of dual solution is given by (see [105,
Lemma 2.4 and p. 56])

∂h∗∗(0) = ∂h(0) with h(y) = inf
x∈H
z∈G

sup
y∗∈G
{〈y∗ | y〉+ `(x, z; y∗)}

= inf
x∈H
{f(x) + h(x) + g(Lx+ y)}.

The equality of h∗∗ and h hereby follows a posteriori from the Fenchel–Moreau theorem,
Proposition 2.2.7 (b). By [33, Proposition 16.14 (ii) and Proposition 16.21], ∂h(0) is
weakly compact (thus bounded) if

0 ∈ int dom h

= int {y ∈ G | ∃x ∈ H : f(x) < +∞ and g(Lx+ y) < +∞}
= int {y ∈ G | ∃x ∈ dom f and z ∈ dom g : y = z − Lx}
= int (dom g − L(dom f)).
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4 Penalty schemes

4.1 Problem setting and motivation
In this chapter, we are dealing with monotone inclusions of the form

0 ∈ Ax+Dx+NC(x), where C = zerB, (4.1)

where H is a Hilbert space, A : H⇒ H is maximally monotone, D : H → H is monotone,
and B : H⇒ H is another maximally monotone operator.

4.1.1 Example. Assume that A = ∂Φ, B = ∂Ψ and D = ∇Γ, where Φ,Ψ : H → R are
proper, convex and lower semicontinuous, and Γ : H → R is convex and differentiable
with a Lipschitz continuous gradient. Then (4.1) correspond to the bilevel problem

inf {Φ(x) + Γ(x) |x ∈ arg min Ψ}.

Our explicit scheme will not require any further knowledge related to the set arg min Ψ,
in particular we do not calculate the projection on it.

The problem is a variational inequality, whose defining set C is defined as the zero
set of another monotone operator. We want to exploit this special structure by solving
the problem within a single iteration and using all the involved operators separately.
Our algorithmic scheme is based on the dynamical system investigated by Attouch and
Czarnecki in [19], where the case B = ∂Ψ for a proper, convex and lower semicontinuous
function Ψ : H → R is considered. Further contributions to this problem were given by
[20, 21, 149, 155].
The more general problem of a maximally monotone operator B was tackled by Bot,

and Csetnek [56, 62].

4.2 A backward penalty scheme with one forward step
The problem we will be dealing with in this section is the following:

4.2.1 Problem. Let H be a Hilbert space, let A,B : H → H be maximally monotone
operators, let D : H → H be an η-cocoercive operator with η > 0, and suppose that
C := zerB 6= ∅. The problem is to find x ∈ H with

0 ∈ Ax+Dx+NC(x). (4.2)

To solve Problem 4.2.1, we propose the following algorithm.
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4.2.2 Algorithm. Choose x0 ∈ H and sequences (λn)n≥1 and (βn)n≥1 of positive real
numbers, then set, for all n ≥ 1,

yn−1 := xn−1 − λnDxn−1,

wn := JλnAyn−1,

xn := JλnβnBwn.

The following lemma will provide the main estimation for proving the convergence of
Algorithm 4.2.2
4.2.3 Lemma (see [30, Lemma 3.1]). For u ∈ C ∩ domA take w ∈ (A+D +NC)(u)
such that there exist v ∈ Au and p ∈ NC(u) with w = v +Du+ p. For each n ≥ 1, the
following inequality holds:

‖u− xn‖2 − ‖u− xn−1‖2 − 2λn〈w |u− xn〉 − 2λnβn
(

sup
ũ∈C

ϕB

(
ũ,

p

βn

)
− σC

(
p

βn

))

≤ −1
2‖xn−1 − wn‖2 − 1

2‖xn − wn‖
2 − 2λn(η − λn)‖Dxn−1 −Du‖2 + 2λ2

n‖v +Du‖2

− 1
2‖2λn(Dxn−1 −Du)− (xn−1 − wn)‖2 − 1

2‖2λn(v +Du)− (xn − wn)‖2.

Proof. Let n ≥ 1 be fixed. We have 2λnv ∈ 2λnAu and 2yn−1 − 2wn ∈ 2λnAwn, so, by
the monotonicity of 2λnA,

0 ≤ 〈2yn−1 − 2wn − 2λnv |wn − u〉
= 2〈yn−1 − wn |wn − u〉 − 2λn〈v |wn − u〉
= ‖yn−1 − u‖2 − ‖yn−1 − wn‖2 − ‖wn − u‖2 − 2λn〈v |wn − u〉
= ‖xn−1 − λnDxn−1 − u‖2 − ‖xn−1 − λnDxn−1 − wn‖2 − ‖wn − u‖2 − 2λn〈v |wn − u〉
= ‖u− xn−1‖2 − ‖xn−1 − wn‖2 + 2λn〈Dxn−1 |u− wn〉 − ‖wn − u‖2 − 2λn〈v |wn − u〉
= ‖u− xn−1‖2 − ‖xn−1 − wn‖2 + 2λn〈Dxn−1 + v |u− wn〉 − ‖wn − u‖2 (4.3)

Furthermore, we have wn−xn
λnβn

∈ Bxn, so, by definition of the Fitzpatrick function and
noticing that σC

(
u, p

βn

)
=
〈
p
βn

∣∣∣u〉,
2λnβn

(
sup
ũ∈C

ϕB

(
ũ,

p

βn

)
− σC

(
p

βn

))

≥ 2λnβn
(
ϕB

(
u,

p

βn

)
− σC

(
p

βn

))

= 2λnβn
(

sup
(y,v)∈GraphB

{
〈u | v〉+

〈
y

∣∣∣∣∣ pβn
〉
− 〈y | v〉

}
−
〈
p

βn

∣∣∣∣∣u
〉)

≥ 2λnβn
(〈

u

∣∣∣∣∣ wn − xnλnβn

〉
+
〈
xn

∣∣∣∣∣ pβn
〉
−
〈
xn

∣∣∣∣∣ wn − xnλnβn

〉
−
〈
p

βn

∣∣∣∣∣u
〉)

= 2〈u− xn |wn − xn〉+ 2λn〈xn − u | p〉
= ‖u− xn‖2 + ‖xn − wn‖2 − ‖u− wn‖2 + 2λn〈xn − u | p〉. (4.4)
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We can add (4.3) and (4.4) and obtain (recall that w = v +Du+ p)

‖u− xn‖2 − ‖u− xn−1‖2 − 2λn〈w |u− xn〉 − 2λnβn
(

sup
ũ∈C

ϕB

(
ũ,

p

βn

)
− σC

(
p

βn

))
≤ −‖xn−1 − wn‖2 − ‖xn − wn‖2 + 2λn〈Dxn−1 + v |u− wn〉+ 2λn〈v +Du |xn − u〉
= −‖xn−1 − wn‖2 − ‖xn − wn‖2 + 2λn〈Dxn−1 −Du |u− xn−1〉

+ 2λn〈Dxn−1 |xn−1 − wn〉+ 2λn〈Du |xn − xn−1〉+ 2λn〈v |xn − wn〉
≤ −‖xn−1 − wn‖2 − ‖xn − wn‖2 − 2ηλn‖Dxn−1 −Du‖2

+ 2λn〈Dxn−1 −Du |xn−1 − wn〉+ 2λn〈v +Du |xn − wn〉

= −1
2‖xn−1 − wn‖2 − 1

2‖xn − wn‖
2 − 2λn(η − λn)‖Dxn−1 −Du‖2 + 2λ2

n‖v +Du‖2

− 1
2‖2λn(Dxn−1 −Du)− (xn−1 − wn)‖2 − 1

2‖2λn(v +Du)− (xn − wn)‖2

In order to prove the convergence of Algorithm 4.2.2, we assume the following hypothe-
ses:

(i) The operator A+NC is maximally monotone and zer (A+D +NC) 6= ∅,

(ii) For every p ∈ RanNC ,

∑
n≥1

λnβn

(
sup
ũ∈C

ϕB

(
ũ,

p

βn

)
− σC

(
p

βn

))
< +∞,

(iii) (λn)n≥1 ∈ `2 \ `1.



(Hfitz)

4.2.4 Remark. (a) The hypotheses (Hfitz) have already been used in [62] when showing
the convergence of the iterative scheme proposed for solving Problem 4.2.1 in the
case that B is a cocoercive operator. Since D is cocoercive and domD = H, the
sum operator A+D +NC is maximally monotone provided that A+NC is so [33,
Corollary 24.4]. For all p ∈ RanNC , we find u′ ∈ C with p ∈ NC(u′). Then, since
the Young–Fenchel inequality holds with equality,

σC

(
p

βn

)
= 〈p |u

′〉
βn

− δC(u′) = 〈p |u
′〉

βn
.

Moreover, in view of Proposition 2.2.16 (a),

sup
ũ∈C

ϕB

(
ũ,

p

βn

)
− σC

(
p

βn

)
≥ ϕB

(
u′,

p

βn

)
− 〈p |u

′〉
βn

≥ 0.
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(b) Attouch, Czarnecki and Peypouquet proved the convergence of the penalty scheme
in [21] for Problem 4.2.1 under the conditions that B = ∂Ψ for some proper, convex
and lower semicontinuous function Ψ : H → R with min {Ψ(x) |x ∈ H} = 0 and
that

(i) The operator A+NC is maximally monotone and zer (A+D +NC) 6= ∅,
(ii) For every p ∈ RanNC ,

∑
n≥1

λnβn

(
Ψ∗
(
p

βn

)
− σC

(
p

βn

))
< +∞,

(iii) (λn)n≥1 ∈ `2 \ `1.



(H)

According to Proposition 2.2.16 (c),

sup
ũ∈C

ϕ∂Ψ

(
ũ,

p

βn

)
≤ sup

ũ∈arg min Ψ
Ψ(ũ) + Ψ∗

(
p

βn

)
= Ψ∗

(
p

βn

)
,

thus, condition (ii) in (H) implies condition (ii) in (Hfitz) applied to B = ∂Ψ. This shows
that the hypothesis formulated by means of the Fitzpatrick function extends the one
from [21] to the more general setting considered in Problem 4.2.1. In Section 4.5 we will
discuss the fulfillment of the hypotheses (H) and (Hfitz) for several specific instances of
the operator B.

4.2.5 Theorem (see [30, Theorem 3.1]). Let (λn)n≥1 and (βn)n≥1 be two sequences of
positive numbers which satisfy (Hfitz). Let (xn)n≥0 and (wn)n≥1 be the sequences generated
by Algorithm 4.2.2, then the ergodic sequence (zn)n≥1 defined by

zn := 1
τn

n∑
k=1

λkxk, where τn :=
n∑
k=1

λk (4.5)

converges weakly to an element of zer (A+D +NC) as n→ +∞.

Proof. As limn→+∞ λn = 0, there exists n0 ≥ 1 such that η − λn ≥ 0 for all n ≥ n0. We
shall prove the following statements:

(i) For every u ∈ zer (A+D +NC), the sequence (‖xn − u‖)n≥1 is convergent and

(ii) every weak cluster point of (zn)n≥1 lies in zer (A+D +NC).

Then, by Lemma 2.3.2, the ergodic sequence (zn)n≥1 converges weakly to an element of
zer (A+D +NC).

48



4.2 A backward penalty scheme with one forward step

(i) Let u ∈ zer (A+D +NC), i.e., (u, 0) ∈ Graph (A+D +NC). By Lemma 4.2.3,
we have, for all n ≥ n0,

‖u− xn‖2 − ‖u− xn−1‖2 − 2λnβn
(

sup
ũ∈C

ϕB

(
ũ,

p

βn

)
− σC

(
p

βn

))

≤ −1
2‖xn−1 − wn‖2− 1

2‖xn − wn‖
2−2λn(η − λn)‖Dxn−1 −Du‖2 +2λ2

n‖v +Du‖2

− 1
2‖2λn(Dxn−1 −Du)− (xn−1 − wn)‖2 − 1

2‖2λn(v +Du)− (xn − wn)‖2. (4.6)

Now, apply Lemma 2.3.5 with

an := ‖u− xn−1‖2,

bn := 1
2‖xn−1 − wn‖2 + 1

2‖xn − wn‖
2 + 2λn(η − λn)‖Dxn−1 −Du‖2

+ 1
2‖2λn(Dxn−1 −Du)− (xn−1 − wn)‖2 + 1

2‖2λn(v +Du)− (xn − wn)‖2

εn := 2λnβn
(

sup
ũ∈C

ϕB

(
ũ,

p

βn

)
− σC

(
p

βn

))
+ 2λ2

n‖v +Du‖2

in order to obtain that the sequence
(
‖u− xn‖2

)
n≥1

(as well as the sequence of
square roots) converges for all u ∈ zer (A+D +NC).

(ii) Furthermore, we have∑
n≥1
‖xn−1 − wn‖2 < +∞,

∑
n≥1
‖2λn(Dxn−1 −Du)− (xn−1 − wn)‖2 < +∞,

∑
n≥1
‖xn − wn‖2 < +∞,

∑
n≥1
‖2λn(v +Du)− (xn − wn)‖2 < +∞,

∑
n≥1

λn‖Dxn−1 −Du‖2 < +∞.

Let z ∈ H be a weak cluster point of (zn)n≥1. We have to show that z ∈
zer (A+D +NC), i.e., that (z, 0) ∈ Graph (A+D +NC). Since, by assumption,
the operator A+D +NC is maximally monotone, we can apply Proposition 2.1.2
(b). To this end, let (u,w) ∈ Graph (A+D +NC) be arbitrarily chosen such that
w = v + p+Du with v ∈ Au and p ∈ NC(u). Let N ≥ n0 + 2. By Lemma 4.2.3,
we have

‖u− xn‖2 − ‖u− xn−1‖2

≤ 2λ2
n‖v +Du‖2 + 2λn〈w |u− xn〉+ 2λnβn

(
sup
ũ∈C

ϕB

(
ũ,

p

βn

)
− σC

(
p

βn

))

for n = n0 + 1, . . . , N . If we sum up these inequalities, we obtain

‖u− xN‖2 − ‖u− xn0‖
2 ≤

N∑
n=1

2λn〈w |u− xn〉+ L (4.7)
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4 Penalty schemes

with

L =
∞∑

n=n0+1
2λ2

n‖v +Du‖2 +
∞∑

n=n0+1
2λnβn

(
sup
ũ∈C

ϕB

(
ũ,

p

βn

)
− σC

(
p

βn

))

+
n0∑
n=1

2λn〈w |xn − u〉 < +∞.

In (4.7), we can ignore the nonnegative term ‖u− xN‖2 and divide by 2τN =∑N
1 2λn.

−‖u− xn0‖
2

2τN
≤
〈
w

∣∣∣∣∣u− 1
τN

N∑
n=1

2λnxn
〉

+ L

2τN
= 〈w |u− zn〉+ L

2τN
.

By passing to the limit N → +∞ and using the assumption that limN→+∞ τN =
+∞, we get

lim inf
N→+∞

〈w |u− zN〉 ≥ 0.

Since z is a weak cluster point of (zn)n≥1, we obtain that 〈w − 0 |u− z〉 ≥ 0, where
(u,w) ∈ GraphA+D +NC was chosen arbitrarily. Following Proposition 2.1.2
(b), it follows that (z, 0) ∈ Graph (A+D +NC).

4.2.6 Theorem (see [30, Theorem 3.2]). Let (λn)n≥1 and (βn)n≥1 be two sequences of
positive numbers which satisfy (Hfitz). Let (xn)n≥0 and (wn)n≥1 be the sequences generated
by Algorithm 4.2.2. If A is γ-strongly monotone for some γ > 0, then the sequence
(xn)n≥0 converges in norm to the unique element of zer (A+D +NC) as n→ +∞.

Proof. In the proof of Lemma 4.2.3, we can tighten the estimation (4.3) because of the
2γλn-strong monotonicity of 2λnA to

2γλn‖wn − u‖2 ≤ ‖u− xn−1‖2 − ‖xn−1 − wn‖2 + 2λn〈Dxn−1 + v |u− wn〉 − ‖wn − u‖2.

Arguing analogously to Lemma 4.2.3, we can show, for any n ≥ 1 and w = 0 (i.e.,
u ∈ zer (A+D +NC)), the estimation

‖u− xn‖2 − ‖u− xn−1‖2 − 2λnβn
(

sup
ũ∈C

ϕB

(
ũ,

p

βn

)
− σC

(
p

βn

))
+ 2γλn‖wn − u‖2

≤ −1
2‖xn−1 − wn‖2 − 1

2‖xn − wn‖
2 − 2λn(η − λn)‖Dxn−1 −Du‖2 + 2λ2

n‖v +Du‖2

− 1
2‖2λn(Dxn−1 −Du)− (xn−1 − wn)‖2 − 1

2‖2λn(v +Du)− (xn − wn)‖2.

By neglecting certain terms due to their signs, we obtain, for all n ≥ n0 where n0 ≥ 0 is
large enough to have λn < η for all n ≥ n0,

‖u− xn‖2 − ‖u− xn−1‖2 + 2γλn‖wn − u‖2 + 1
2‖xn−1 − wn‖2 + 1

2‖xn − wn‖
2

≤ 2λ2
n‖v +Du‖2 + 2λnβn

(
sup
ũ∈C

ϕB

(
ũ,

p

βn

)
− σC

(
p

βn

))
.
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4.3 A backward penalty scheme with two forward steps

We apply Lemma 2.3.5 with

an := ‖u− xn−1‖2

bn := 2γλn‖wn − u‖2 + 1
2‖xn−1 − wn‖2 + 1

2‖xn − wn‖
2

εn := 2λnβn
(

sup
ũ∈C

ϕB

(
ũ,

p

βn

)
− σC

(
p

βn

))
+ 2λ2

n‖v +Du‖2

and obtain that
(
‖u− xn‖2

)
n≥n0

is convergent,

∑
n≥n0

λn‖wn − u‖2 < +∞ and
∑
n≥0
‖xn − wn‖2 < +∞.

Consequently,
(
‖wn − u‖2

)
n≥n0

is convergent to the same limit as
(
‖u− xn‖2

)
n≥0

. This
limit equals zero because otherwise (λn)n≥n0

/∈ `1 would imply that ∑n≥n0 λn‖wn − u‖
2 =

+∞.

4.3 A backward penalty scheme with two forward steps
The problem we deal with in this section has the following formulation.

4.3.1 Problem. Let H be a real Hilbert space, A,B : H⇒ H be maximally monotone
operators, D : H → H be an η−1-Lipschitz continuous and monotone operator with η > 0
and suppose that C := zerB 6= ∅. The monotone inclusion problem to solve is

0 ∈ Ax+Dx+NC(x).

Problem 4.3.1 is a generalisation of Problem 4.2.1, since every η-cocoercive operator
is obviously monotone and η−1-Lipschitz continuous. If D = ∇f for some convex and
differentiable function f : H → R with η−1-Lipschitzian gradient, then D is automatically
η-cocoercive by the Baillon–Haddad theorem [25]. The investigations we make in Section
4.4 provide a strong motivation for treating monotone inclusion problems in the settings
of Problem 4.3.1.

4.3.2 Algorithm. Choose x1 ∈ H and set for any n ≥ 1

yn := xn − λnDxn,
pn := JλnAyn,

qn := pn − λnDpn,
xn+1 := JλnβnB(xn − yn + qn),

where (λn)n≥0 and (βn)n≥0 are sequences of postive real numbers.
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4 Penalty schemes

4.3.3 Lemma. For u ∈ C∩domA take w ∈ (A+D +NC)(u) such that w = v+Du+p
for some v ∈ Au and p ∈ NC(u). For each n ≥ 1, the following inequality holds:

‖xn+1 − u‖2 − ‖xn − u‖2 +
(

1− 4λ2
n

η2

)
‖xn − pn‖2+

1
2‖xn+1 − pn‖2 + 1

2‖xn+1 − pn + 2λn(Dpn −Dxn + p)‖2 ≤

2λnβn
(

sup
ũ∈C

ϕB

(
ũ,

p

βn

)
− σC

(
p

βn

))
+ 2λn〈w |u− pn〉+ 4λ2

n‖p‖
2.

Proof. Let be n ≥ 1 fixed. We have λnv ∈ λnAu and yn−pn ∈ λnApn, so, by monotonicity
of λnA,

〈yn − pn − λnv | pn − u〉 ≥ 0,

which is equivalent to

2λn〈v | pn − u〉 ≤ 2〈yn − pn | pn − u〉 = ‖yn − u‖2 − ‖yn − pn‖2 − ‖pn − u‖2. (4.8)

Furthermore, we have xn−yn+qn−xn+1 ∈ λnβnBxn+1, so, by definition of the Fitzpatrick
function,

2λnβn
(

sup
ũ∈C

ϕB

(
ũ,

p

βn

)
− σC

(
p

βn

))
≥ 2〈u |xn − yn + qn − xn+1〉+ 2λn〈p |xn+1〉 − 2〈xn+1 |xn − yn + qn − xn+1〉
− 2λn〈p |u〉

= 2λn〈p |xn+1 − u〉+ 2〈u− xn+1 |xn − yn + qn − xn+1〉
= 2λn〈p |xn+1 − u〉 − ‖u− xn‖2 + ‖u− yn‖2 − ‖u− qn‖2 + ‖u− xn+1‖2

+‖xn − xn+1‖2 − ‖xn+1 − yn‖2 + ‖xn+1 − qn‖2. (4.9)

Adding (4.8) and (4.9), we obtain

‖xn+1 − u‖2 − ‖xn − u‖2 − 2λnβn
(

sup
ũ∈C

ϕB

(
ũ,

p

βn

)
− σC

(
p

βn

))
− 2λn〈w |u− pn〉

≤ 2λn〈p | pn − xn+1〉+ 2λn〈Du | pn − u〉 − ‖yn − pn‖2 − ‖u− pn‖2 + ‖u− qn‖2

−‖xn+1 − xn‖2 + ‖xn+1 − yn‖2 − ‖xn+1 − qn‖2

= 2λn〈p | pn − xn+1〉+ 2λn〈Du | pn − u〉 − ‖xn − λnDxn − pn‖2 − ‖u− pn‖2

+ ‖u− pn + λnDpn‖2 − ‖xn+1 − xn‖2 + ‖xn+1 − xn + λnDxn‖2

−‖xn+1 − pn + λnDpn‖2

= 2λn〈p | pn − xn+1〉+ 2λn〈Du | pn − u〉 − ‖xn − pn‖2 + 2λn〈Dxn |xn − pn〉
−λ2

n‖Dxn‖
2 + λ2

n‖Dpn‖
2 + 2λn〈Dpn |u− pn〉+ λ2

n‖Dxn‖
2 + 2λn〈Dxn |xn+1 − xn〉

− ‖xn+1 − pn‖2 − 2λn〈xn+1 − pn |Dpn〉 − λ2
n‖Dpn‖

2
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4.3 A backward penalty scheme with two forward steps

= 2λn〈p | pn − xn+1〉+ 2λn〈Du | pn − u〉 − ‖xn − pn‖2 + 2λn〈Dpn |u− xn+1〉
+ 2λn〈Dxn |xn+1 − pn〉 − ‖xn+1 − pn‖2

= 2λn〈Du−Dpn | pn − u〉+ 2λn〈Dpn −Dxn + p | pn − xn+1〉
− ‖xn+1 − pn‖2 − ‖xn − pn‖2

≤ −‖xn+1 − pn‖2 − ‖xn − pn‖2 + 2λn〈Dpn −Dxn + p | pn − xn+1〉

= −‖xn − pn‖2 − 1
2‖xn+1 − pn‖2 − 1

2‖xn+1 − pn + 2λn(Dpn −Dxn + p)‖2

+ 2λ2
n‖Dpn −Dxn + p‖2

≤ −
(

1− 4λ2
n

η2

)
‖xn − pn‖2 − 1

2‖xn+1 − pn‖2

− 1
2‖xn+1 − pn + 2λn(Dpn −Dxn + p)‖2 + 4λ2

n‖p‖
2,

which leads to the desired conclusion.

For the convergence statement, the same additional hypotheses (Hfitz) are needed as
for Algorithm 4.2.2.

4.3.4 Theorem. Let (xn)n≥1, (pn)n≥1, (yn)n≥1 and (qn)n≥1 be the sequences generated
by Algorithm 4.3.2 and (zn)n≥1 be the sequence defined in (4.5). If (Hfitz) is fulfilled, then
(zn)n≥1 converges weakly to an element in zer (A+D +NC) as n→∞.

Proof. As limn→+∞ λn = 0, there exists n0 ≥ 1 such that 1 − 4λ2
n

η2 ≥ 0 for all n ≥ n0.
Thus, for (u,w) ∈ Graph (A+D +NC) such that w = v + p + Du, where v ∈ Au and
p ∈ NC(u), by Lemma 4.3.3 it holds for any n ≥ n0

‖xn+1 − u‖2 − ‖xn − u‖2 ≤

2λnβn
(

sup
ũ∈C

ϕB

(
ũ,

p

βn

)
− σC

(
p

βn

))
+ 2λn〈w |u− pn〉+ 4λ2

n‖p‖
2. (4.10)

Analogously to the proof of Theorem 4.2.5, one obtains from here that:

1. for every u ∈ zer (A+D +NC) the sequence
(
‖xn − u‖n≥1

)
is convergent;

2. every weak cluster point of (zn)n≥1 lies in zer (A+D +NC).

The conclusion follows by using again Lemma 2.3.2.

Arguing in the same way as in Theorem 4.2.6, one can show that the strong monotonicity
of A guarantees strong convergence of the sequence (xn)n≥1.

4.3.5 Theorem. Let (xn)n≥1, (pn)n≥1, (yn)n≥1 and (qn)n≥1 be the sequences generated
by Algorithm 4.3.2. If (Hfitz) is fulfilled and the operator A is γ-strongly monotone with
γ > 0, then (xn)n≥1 converges strongly to the unique element in zer(A + D + NC) as
n→ +∞.
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4 Penalty schemes

4.4 A primal-dual algorithm based on a backward
penalty scheme

In this section, we will derive a primal-dual algorithm for solving complexly structured
monotone inclusion problems based on the backward penalty iterative scheme provided
in Algorithm 4.3.2. The problem under investigation is the following one.

4.4.1 Problem. Let H be a real Hilbert space, A : H ⇒ H a maximally monotone
operator and D : H → H a monotone and η−1-Lipschitz continuous operator for some
η > 0. Furthermore, let m ≥ 1 and for any i ∈ {1, . . . ,m}, let Gi be real Hilbert spaces,
Ai : Gi ⇒ Gi maximally monotone operators, Di : Gi ⇒ Gi be maximally monotone
operators such that D−1

i are ν−1
i -Lipschitz continuous for some νi > 0 and Li : H → Gi

nonzero linear continuous operators. Consider also B : H⇒ H a maximally monotone
operator and suppose that C := zerB 6= ∅. The monotone inclusion problem to solve is
to find x ∈ H with

0 ∈ Ax+
m∑
i=1

L∗i (Ai�Di)(Lix) +Dx+NC(x), (4.11)

together with its dual monotone inclusion problem in the sense of Attouch–Théra [24] of
finding vi ∈ Gi, i = 1, . . . ,m, satisfying

∃x ∈ H : vi ∈ (Ai�Di)(Lix) and 0 ∈ Ax+
m∑
i=1

L∗i vi +Dx+NC(x). (4.12)

We introduce the real Hilbert space H := H× G1 × . . .× Gm, the operators

A : H ⇒ H, A(x, v1, . . . , vm) = Ax× A−1
1 v1 × . . .× A−1

m vm,

D : H→H, D(x, v1, . . . , vm) =
(

m∑
i=1

L∗i vi +Dx,D−1
1 v1 − L1x, . . . , D

−1
m vm − Lmx

)
,

B : H ⇒ H, B(x, v1, . . . , vm) = Bx× {0} × . . .× {0}, (4.13)

and the set
C := {x ∈H |Bx = 0} = zerB × G1 × . . .× Gm.

In this setting, we have for x = (x, v1, . . . , vm) ∈ H

0 ∈ (A + D +NC)x ⇐⇒


0 ∈ Ax+∑m

i=1 L
∗
i vi +Dx+NC(x)

0 ∈ A−1
1 v1 +D−1

1 v1 − L1x
...

0 ∈ A−1
m vm +D−1

m vm − Lmx


⇐⇒

{
0 ∈ Ax+∑m

i=1 L
∗
i vi +Dx+NC(x)

vi ∈ (Ai�Di)(Lix), i = 1, . . . ,m

}
=⇒ x satisfies (4.11) and (v1, . . . , vm) satisfies (4.12). (4.14)
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The resolvent of B is given by

JγB(x, v1, . . . , vm) = (JγBx, v1, . . . , vm)

and its Fitzpatrick function ϕB : H×H→ R by

ϕB(x, v1, . . . , vm, x
∗, v∗1, . . . , v

∗
m) = sup

y∈H
y∗∈By

wi∈Gi,i=1,...,m

{
〈x | y∗〉+ 〈y |x∗〉+

m∑
i=1
〈wi | v∗i 〉 − 〈y | y∗〉

}

=

ϕB(x, x∗), if v∗i = 0, i = 1, . . . ,m,
+∞, otherwise.

Thus, in order to solve the primal-dual pair of monotone inclusion problems (4.11)–(4.12),
one has to solve

0 ∈ Ax + Dx +NC(x) (4.15)
in the product space H. By doing this via Algorithm 4.3.2 one obtains the following
iterative scheme:
4.4.2 Algorithm. Choose x1 ∈ H and vi,1 ∈ Gi, i = 1, . . . ,m, and set for any n ≥ 1

y1,n := xn − λn
(

m∑
i=1

L∗i vi,n −Dxn
)
,

y2,i,n := vi,n − λn
(
D−1
i vi,n − Lixn

)
, i = 1, . . . ,m,

p1,n := JλnAy1,n,

p2,i,n := JλnA−1
i
y2,i,n, i = 1, . . . ,m, i = 1, . . . ,m,

qn := p1,n − λn
(

m∑
i=1

L∗i p2,i,n −Dp1,n

)
,

vi,n+1 := vi,n − y2,i,n + p2,i,n − λn
(
D−1
i p2,i,n − Lip1,n

)
, i = 1, . . . ,m,

xn+1 := JλnβnB(xn − y1,n + qn).

where (λn)n≥1 and (βn)n≥1 are sequences of postive real numbers.
For its convergence the following hypotheses are needed:

(i) A+NC is maximally monotone and

zer
(
A+

m∑
i=1

L∗i ◦ (Ai�Di) ◦ Li +D +NC

)
6= ∅;

(ii) For every p ∈ RanNC ,
∑
n≥1

λnβn

(
sup
ũ∈C

ϕB

(
ũ,

p

βn

)
− σC

(
p

βn

))
< +∞;

(iii) (λn)n≥0 ∈ `2 \ `1.



(Hpd)
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4.4.3 Theorem. Consider the sequences generated by Algorithm 4.4.2 and assume that
(Hpd) is fulfilled. Then the sequence (zn)n≥1 defined in (4.5) converges weakly to a

solution of (4.11) and the sequence
(

1∑n

k=1 λk

∑n
k=1 λk(v1,k, .., vm,k)

)
n≥1

converges weakly

to a solution of (4.12) as n → +∞. If, additionally, A and A−1
i , i = 1, ...,m, are

strongly monotone, then (xn)n≥1 converges strongly to the unique solution of (4.11) and
(v1,n, .., vm,n)n≥1 converges strongly to the unique solution of (4.12) as n→ +∞.

Proof. Clearly, the iterations in Algorithm 4.4.2 can be for any n ≥ 1 equivalently written
as

(y1,n, y2,1,n, . . . , y2,m,n) = (Id− λnD)(xn, v1,n, . . . , vm,n),
(p1,n, p2,1,n, . . . , p2,m,n) = JA(y1,n, y2,1,n, . . . , y2,m,n),

(qn, q̃1,n, . . . , q̃m,n) = (Id− λnD)(p1,n, p2,1,n, . . . , p2,m,n),

(xn+1, v1,n+1, . . . , vm,n+1) = JλnβnB

(
(xn, v1,n, . . . , vm,n)− (y1,n, y2,1,n, . . . , y2,m,n)

+ (qn, q̃1,n, . . . , q̃m,n)
)
.

with the operators A, B and D defined in (4.13). The operators A and B are maximally
monotone by [33, Proposition 20.23], and the operator D is monotone and Lipschitz
continuous ([91]). If A and A−1

i , i = 1, . . . ,m, are strongly monotone, then A is strongly
monotone, too. Thus the conclusion is a direct consequence of the Theorem 4.3.4 and
Theorem 4.3.5 applied to the monotone inclusion problem (4.15), provided that the
corresponding hypotheses (Hfitz) are fulfilled.

According to (Hpd), A+NC is maximally monotone, and so is A +NC . Further, the
assumption zer

(
A+

m∑
i=1

L∗i ◦ (Ai�Di) ◦ Li +D +NC

)
6= ∅ leads to zer (A + D +NC)

6= ∅.
Furthermore, RanNC = RanNC × {0} × . . .× {0}, so for all (p, 0, . . . , 0) ∈ RanNC

∑
n≥1

λnβn sup
(ũ,v1,...,vm)∈C

(
ϕB

(
ũ, v1, . . . , vm,

p

βn
, 0, . . . , 0

)
− σC

(
p

βn
, 0, . . . , 0

))
=

∑
n≥1

λnβn sup
ũ∈C

(
ϕB

(
ũ,

p

βn

)
− σC

(
p

βn

))
< +∞.

4.4.4 Remark. Even if the operators D and D−1
i , i = 1, ...,m, are cocoercive, one cannot

make use of Algorithm 4.2.2 and of the corresponding convergence theorem in order to
solve the monotone inclusion problem (4.15). This is due to the fact that the operator

(x, v1, ..., vm) 7→
(

m∑
i=1

L∗i vi,−L1x, . . . ,−Lmx
)
,
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being skew, fails to be cocoercive, which means that D is not cocoercive as well. This
shows the importance of having iterative schemes for monotone inclusion problems involv-
ing monotone and Lipschitz continuous operators, which are not necessarily cocoercive,
as is Algorithm 4.3.2 (see, also [56]).

4.5 Examples
In this section, we discuss the fulfillment of condition (ii) in the hypotheses (H) and
(Hfitz), for several particular instances of the operator B.

4.5.1 Example. For a convex and closed set ∅ 6= C ⊆ H, let B := NC . Then zerB = C
and (see [37, Example 3.1])

ϕB(x, u) = ϕNC (x, u) = δC(x) + σC(u),

and condition (ii) in (Hfitz) becomes

∑
n≥1

λnβn

(
sup
ũ∈C

δC(ũ) + σC

(
p

βn

)
− σC

(
p

βn

))
< +∞,

which is satisfied for any choice of the sequences (λn)n≥1 and (βn)n≥1. The same applies
for condition (ii) in (H), where Ψ(x) = δC(x) and Ψ∗(u) = σC(u).

4.5.2 Example. For a convex and closed set ∅ 6= C ⊆ H, let Ψ : H → R, Ψ(x) = 1
2dC(x)2,

where dC(x) = infz∈C ‖x − z‖ and B := ∂Ψ. Then zerB = C and (see [33, Corollary
12.30])

∇Ψ(x) = x− ProjC (x),

where ProjC : H → C denotes the projection operator on C. We have Ψ = δC �
(

1
2‖·‖

2
)
,

so Ψ∗ = σC + 1
2‖·‖

2. If C 6= H, condition (ii) in (H) is therefore equivalent to (see [21])

∑
n≥1

λn
βn

< +∞, (4.16)

in which case condition (ii) in (Hfitz) is also fulfilled. Let also notice that the resolvent of
B is given by

JγB(x) = x

γ + 1 + γ ProjC (x)
γ + 1 ∀x ∈ H.

Notice that in this example the approach from [62] could also be applied to the single-
valued operator B, resulting in slightly different algorithms.

Next, we present two examples, for which condition (ii) in (Hfitz) fails for any choice of
the sequence of positive penalty parameters (βn)n≥1.
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4.5.3 Example. For a convex and closed set ∅ 6= C ⊆ H, let Ψ : H → R, Ψ(x) = dC(x),
and B := ∂Ψ. Then (see [33, Example 16.49])

Bx = ∂dC(x) =

{u ∈ NC(x) | ‖u‖ ≤ 1}, if x ∈ C,{
x−ProjC (x)
‖x−ProjC (x)‖

}
, otherwise

and zerB = C. Since Ψ∗ = σC + δB,∑
n≥1

λnβn

(
Ψ∗
(
p

βn

)
− σC

(
p

βn

))
=
∑
n≥1

λnβnδB

(
p

βn

)
. (4.17)

For C 6= H and arbitrary βn > 0, with n ≥ 1, there exists p ∈ RanNC with ‖p‖ > βn,
for which expression (4.17) is equal to +∞. Thus, condition (ii) in (H) is not verified.

Condition (ii) in (Hfitz) fails for similar reasons. Let be βn > 0, with n ≥ 1, y ∈ C and
p ∈ NC(y) with ‖p‖ > βn. Then(

y + tp,
p

‖p‖

)
∈ Graph ∂dC ∀t > 0,

which implies that

sup
ũ∈C

ϕ∂dC

(
ũ,

p

βn

)
− σC

(
p

βn

)
≥ ϕ∂dC

(
y,

p

βn

)
− σC

(
p

βn

)

≥ sup
t>0

(〈
y

∣∣∣∣∣ p

‖p‖

〉
+
〈
y + tp

∣∣∣∣∣ pβn
〉
−
〈
y + tp

∣∣∣∣∣ p

‖p‖

〉
−
〈
y

∣∣∣∣∣ pβn
〉)

= sup
t>0

(
t‖p‖

(
‖p‖
βn
− 1

))
= +∞.

4.5.4 Remark. One can notice that in the previous three examples, despite of the different
choices of the operator B, the set of its zeros is the convex and closed set C. In what
concerns condition (ii) in (Hfitz) and (H), it is satisfied for any choice of (λn)n≥1 and
(βn)n≥1 when B = NC and for the two sequences fulfilling assumption (4.16) when
B = ∂

(
1
2d

2
C

)
, however, it fails for any choice of (λn)n≥1 and (βn)n≥1 when B = ∂dC .

The applicability of (Hfitz) and (H) therefore depends on the modelling of the variational
inequality via the set-valued operator B.
4.5.5 Example. Let B : H → H be a nonzero skew linear continuous operator. So
zerB = kerB and by taking a nonzero element p ∈ RanNkerB = (kerB)⊥, it holds for
any n ≥ 1

sup
ũ∈kerB

ϕB

(
ũ,

p

βn

)
− σkerB

(
p

βn

)

= sup
ũ∈kerB

sup
y∈H

(
〈ũ |By〉+

〈
y

∣∣∣∣∣ pβn
〉
− 〈y |By〉

)

≥ sup
y∈H

〈
y

∣∣∣∣∣ pβn
〉

= +∞.

This shows that condition (ii) in (Hfitz) is not satisfied.
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4.5.6 Example. On the other hand, let S : H → H be a nonzero skew linear continuous
operator, and let B := (Id + S)−1 be its resolvent. This operator is not symmetric,
therefore it cannot be the subdifferential of a convex function ([32, Proposition 2.51]).
We have kerB = (Id + S)(0) = {0}. For every p ∈ RanNkerB = (kerB)⊥ = H, we have
(recall that Id + S is surjective and S∗ = −S)

∑
n≥1

λnβn

(
sup

ũ∈kerB
ϕB

(
ũ,

p

βn

)
− σkerB

(
p

βn

))

=
∑
n≥1

λnβnϕB

(
0, p
βn

)
=
∑
n≥1

λnβn sup
y∈H

{〈
p

βn

∣∣∣∣∣ y
〉
− 〈y |By〉

}

=
∑
n≥1

λnβn sup
x∈H

{〈
p

βn

∣∣∣∣∣x+ Sx

〉
− 〈x+ Sx |x〉

}
=
∑
n≥1

λnβn sup
x∈H

{〈
x

∣∣∣∣∣ p− Spβn

〉
− ‖x‖2

}

=
∑
n≥1

λnβn sup
x∈H

−
∥∥∥∥∥x− p− Sp

2βn

∥∥∥∥∥
2

+ ‖p‖
2 + ‖Sp‖2

4β2
n

 =
∑
n≥1

λn
βn

‖p‖2 + ‖Sp‖2

4 ,

so condition (ii) in (Hfitz) is equivalent to (4.16).

4.5.7 Example. Let B : H → H be a self-adjoint linear continuous operator with closed
range. We have for each p ∈ RanNkerB = (kerB)⊥ = RanB

∑
n≥1

λnβn

(
sup

ũ∈kerB
ϕB

(
ũ,

p

βn

)
− σkerB

(
p

βn

))

=
∑
n≥1

λnβn

 sup
ũ∈kerB
y∈H

{
〈ũ |By〉+

〈
p

βn

∣∣∣∣∣ y
〉
− 〈y |By〉

}
=
∑
n≥1

λnβn

(
sup
y∈H

{〈
p

βn

∣∣∣∣∣ y
〉
− 〈y |By〉

})
.

For every βn > 0 the function y 7→
〈
p
βn

∣∣∣ y〉 − 〈y |By〉 is concave and differentiable.
Setting its derivative equal to zero yields for its maximisers the necessary and sufficient
optimality condition By = p

2βn . Since p ∈ RanB, we find x ∈ H with Bx = p, so y = x
2βn

furnishes the supremum and it holds

∑
n≥1

λnβn

(
sup

ũ∈kerB
ϕB

(
ũ,

p

βn

)
− σkerB

(
p

βn

))

=
∑
n≥1

λnβn

(〈
p

βn

∣∣∣∣∣ x

2βn

〉
−
〈
x

2βn

∣∣∣∣∣ p

2βn

〉)

=
∑
n≥1

λn
βn

〈p |x〉
4 .

In other words, condition (ii) in (Hfitz) is equivalent to (4.16) (and to (H)).
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5.1 Dynamical systems for solving monotone inclusions
In this chapter we are dealing with dynamical systems for solving monotone inclusions.
These are the time-continuous counterparts of splitting algorithms which are obained
from them by discretisation. It has been known for a long time that, for a maximally
monotone operator A : H⇒ H, the equation

dx
dt + Ax 3 0, x(0) = x0 (5.1)

possesses a weak solution x : [0,+∞)→ H (see e.g. [76, Théorème 3.1]). See the seminal
paper of Crandall and Pazy [96] for the intimate connection between the operator A
and the dynamical system (5.1). Discretisation of this differential equation can be done
implicitly via

xn+1 − xn
γn

+ Axn+1 3 0, x0 ∈ H given

or explicitly via
xn+1 − xn

γn
+ Axn 3 0, x0 ∈ H given.

Here γn is a stepsize of the discretisation. The implicit discretisation yields the proximal
point algorithm, whereas one obtains a gradient or subgradient algorithm from explicit
discretisation.
Brézis studied in [77] the asymptotic behavior of the trajectories whenever the un-

derlying operator is the convex subdifferential, and Bruck proved in [83] that a similar
asymptotic convergence analysis can be made also in the general case involving an
arbitrary maximally monotone operator.
In this chapter, we want to solve Problem 3.1.1 by the following dynamical system:

5.1.1 Problem. Let H be a real Hilbert space, let A : H⇒ H be a maximally monotone
operator, and let B : H → H be an operator which is monotone and 1

β
-Lipschitz

continuous for some β > 0.

Find x̄ ∈ H such that 0 ∈ Ax̄+Bx̄, (5.2)

by means of the dynamical system of equations
z(t) = Jγ(t)A(x(t)− γ(t)Bx(t))

0 = ẋ(t) + x(t)− z(t)− γ(t)Bx(t) + γ(t)Bz(t)
x(0) = x0,

(5.3)
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where γ : [0,+∞)→ (0, β) is a Lebesgue measurable function, x0 ∈ H and Jγ(t)A denotes
the resolvent of the operator γ(t)A for every t ∈ [0,+∞).

In this context we want to refer to the discrete forward-backward-forward algorithm
presented as Algorithm 3.1.6. It takes an initial point x0 ∈ H and a sequence (γn)n≥0 ⊆
(0, β) of stepsizes and generates two sequences (xn)n≥0 and (zn)n≥0 that converge weakly
to a solution of the monotone inclusion problem (5.2).
Dynamical systems governed by maximally monotone operators are recognised as

valuable tools for studying numerical algorithms for monotone inclusions and optimisation
problems obtained by time discretisation of the continuous dynamics, see [156] for general
remarks on the topic.
Since they provide a deep understanding of the related discrete iterative schemes,

dynamical systems assuming backward (implicit) evaluations of the governing operators
have enjoyed much attention in the last years. Abbas and Attouch addressed in [1] a
forward-backward dynamical system associated to the solving of (5.2) for A the convex
subdifferential of a proper, convex and lower semicontinuous function and B a cocoercive
operator, extending in this way the investigations made by Bolte in [48] on a gradient-
projected dynamical system associated to the constrained minimisation of a smooth
convex function. The study in [1] has been further extended in [53], this time for
an arbitrary maximally monotone operator A and also by utilising variable relaxation
parameters, a fact which permitted the derivation of convergence rates for the fixed
point residual of the generated trajectories. Recently, in [66], the monotone inclusion
problem (5.2) for B cocoercive has been approached in terms of a second order dynamical
system of forward-backward type with variable relaxation parameters and anisotropic
damping/variable damping parameters (see also [10, 16]). For more literature addressing
dynamical systems of implicit type we refer the reader to [2, 22, 23, 61].

In the first part of this chapter we prove the existence of strong global solutions for the
dynamical system (5.3) by making use of the classical Cauchy–Lipschitz–Picard Theorem.
This is followed by a convergence analysis for the generated trajectories. We show that
that x(t) converges weakly, as t→ +∞, to a solution of the monotone inclusion problem
(5.2) under mild assumptions. We also show that, whenever A+B is strongly monotone,
the trajectories converge strongly with an exponential rate.
In the last part of the work we deal with the optimisation problem

minimise f(x) + h(x),

where f : H → R is a proper, convex and lower semicontinuous function and h : H → R is
a convex differentiable one with Lipschitz continuous gradient, by taking into consideration
that its set of minimisers is nothing else than the solution set of the monotone inclusion
problem

find x̄ ∈ H such that 0 ∈ ∂f(x̄) +∇h(x̄).

We provide a rate of convergence for the objective function f + h along the ergodic
trajectories generated by (5.3) (for A = ∂f and B = ∇h) to its minimum value.
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5.2 Existence and uniqueness of trajectories
We begin by stating the solution concept we consider for the dynamical system (5.3).

5.2.1 Definition (see for instance [2, 23]). A function x : [0, b] → H (where b > 0) is
said to be absolutely continuous if one of the following equivalent properties holds:

(i) there exists an integrable function y : [0, b]→ H such that

x(t) = x(0) +
∫ t

0
y(s) ds for all t ∈ [0, b];

(ii) x is continuous and its distributional derivative is Lebesgue integrable on [0, b];

(iii) for every ε > 0, there exists η > 0 such that for any finite family of intervals
Ik = (ak, bk) ⊆ [0, b] we have the implication(

Ik ∩ Ij = ∅ and
∑
k

|bk − ak| < η

)
=⇒

∑
k

‖x(bk)− x(ak)‖ < ε.

5.2.2 Remark. (a) It follows from the above definition that an absolutely continuous
function on [0, b] is differentiable almost everywhere, its derivative coincides with
its distributional derivative almost everywhere and one can recover the function
from its derivative ẋ = y by the integration formula (i).

(b) If x : [0, b] → H (where b > 0) is absolutely continuous and M : H → H is a
γ-Lipschitz continuous operator for γ > 0, then the function z = M ◦x is absolutely
continuous, too. This follows from the characterisation of absolute continuity given
in Definition 5.2.1 (iii). Moreover, z is almost everywhere differentiable and the
inequality ‖ż(·)‖ ≤ γ‖ẋ(·)‖ holds almost everywhere.

5.2.3 Definition. We say that x : [0,+∞) → H is a strong global solution of (5.3) if
the following properties are satisfied:

(i) x : [0,+∞)→ H is locally absolutely continuous, that is, absolutely continuous on
each interval [0, b] for 0 < b < +∞;

(ii) For almost every t ∈ [0,+∞) it holds

ẋ(t) + x(t)− z(t)− γ(t)Bx(t) + γ(t)Bz(t) = 0,
where z(t) = Jγ(t)A(x(t)− γ(t)Bx(t));

(iii) x(0) = x0.
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Next, we investigate the existence and uniqueness of the trajectories generated by
the dynamical system (5.3). To this end we notice that the latter can be written as a
non-autonomous differential equation

ẋ(t) = Jγ(t)A(x(t)− γ(t)Bx(t))− x(t) + γ(t)Bx(t)− γ(t)
(
B ◦ Jγ(t)A

)
(x(t)− γ(t)Bx(t))

or, equivalently, as
ẋ(t) = f(γ(t), x(t)),

with f : (0,+∞)×H → H,

f(γ, x) := JγA(x− γBx)− x+ γBx− γ(B ◦ JγA)(x− γBx)
= ((Id− γB) ◦ JγA ◦ (Id− γB)− (Id− γB))x.

5.2.4 Lemma. Let x ∈ H be fixed. Then the function γ 7→ f(γ, x) is continuous on
(0,+∞). Moreover, if x ∈ DomA,

lim
γ↓0

f(γ, x) = 0.

Proof. The first statement is a direct consequence of Theorem 2.1.9 (d). Let x ∈ DomA.
By nonexpansiveness of JγA we have

‖JγA ◦ (Id− γB)x− JγAx‖ ≤ γ‖Bx‖ ∀γ > 0.

On the other hand, JγAx→ Projcl (DomA) x = x as γ → 0 by [76, Théorème 2.2], where
Proj denotes the projection operator and one uses that cl (DomA) is a convex and closed
set. Hence JγA ◦ (Id− γB)x→ x as γ → 0 and the assertion follows from the Lipschitz
continuity of B.

5.2.5 Lemma. For each γ ∈ (0, β) and x, y ∈ H it holds

‖f(γ, x)− f(γ, y)‖ ≤
√

6‖x− y‖.

Proof. For the sake of brevity, let us write C := Id − γB and J := JγA. By using the
firm nonexpansiveness of the resolvent and the monotonicity and Lipschitz continuity of
B we get

‖f(γ, x)− f(γ, y)‖2

= ‖C ◦ J ◦ Cx− Cx− C ◦ J ◦ Cy + Cy‖2

= ‖C ◦ J ◦ Cx− C ◦ J ◦ Cy‖2 + ‖Cx− Cy‖2 − 2〈C ◦ J ◦ Cx− C ◦ J ◦ Cy |Cx− Cy〉
= ‖J ◦ Cx− J ◦ Cy‖2 + γ2‖B ◦ J ◦ Cx−B ◦ J ◦ Cy‖2

− 2γ〈J ◦ Cx− J ◦ Cy |B ◦ J ◦ Cx−B ◦ J ◦ Cy〉
+ ‖Cx− Cy‖2 − 2〈C ◦ J ◦ Cx− C ◦ J ◦ Cy |Cx− Cy〉
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≤
(

1 + γ2

β2

)
〈Cx− Cy | J ◦ Cx− J ◦ Cy〉

− 2γ〈J ◦ Cx− J ◦ Cy |B ◦ J ◦ Cx−B ◦ J ◦ Cy〉
+ ‖Cx− Cy‖2 − 2〈C ◦ J ◦ Cx− C ◦ J ◦ Cy |Cx− Cy〉

=
(

1 + γ2

β2 − 2
)
〈Cx− Cy | J ◦ Cx− J ◦ Cy〉

− 2γ〈J ◦ Cx− J ◦ Cy |B ◦ J ◦ Cx−B ◦ J ◦ Cy〉
+ ‖Cx− Cy‖2 + 2γ〈B ◦ J ◦ Cx−B ◦ J ◦ Cy |Cx− Cy〉

≤ ‖Cx− Cy‖2 + 2γ‖B ◦ J ◦ Cx−B ◦ J ◦ Cy‖‖Cx− Cy‖

≤
(

1 + 2γ
β

)
‖Cx− Cy‖2

=
(

1 + 2γ
β

)(
‖x− y‖2 + γ2‖Bx−By‖2 − 2γ〈x− y |Bx−By〉

)
≤
(

1 + 2γ
β

)(
1 + γ2

β2

)
‖x− y‖2

≤ 6‖x− y‖2.

5.2.6 Lemma. There exists a constant K > 0 such that

‖f(γ, x)‖ ≤ K(1 + ‖x‖)

for every γ ∈ (0, β) and x ∈ H.

Proof. We fix an element x̄ ∈ DomA in the domain of A, which is evidently nonempty.
According to Lemma 5.2.4 the mapping γ 7→ f(γ, x̄) can be continuously extended to
γ = 0, therefore the image of [0, β] under this extension is compact, hence bounded, say,
‖f(γ, x̄)‖ ≤ r for all γ ∈ (0, β). Furthermore, by Lemma 5.2.5 and the triangle inequaity,

‖f(γ, x)‖ ≤ ‖f(γ, x)− f(γ, x̄)‖+ ‖f(γ, x̄)‖
≤
√

6‖x− x̄‖+ r

≤
√

6‖x̄‖+ r +
√

6‖x‖.

Now we can state the existence and uniqueness statement.

5.2.7 Theorem (see [28, Theorem 1]). Let γ : [0,+∞)→ (0, β) be measurable. Then,
for each x0 ∈ H, there exists a unique function x : [0,+∞)→ H with x(0) = x0, which
is locally absolutely continuous and ẋ(t) = f(γ(t), x(t)) for almost every t ∈ [0,+∞).

Proof. The statement follows as a consequence of the Cauchy–Lipschitz–Picard Theorem
(see [119, Proposition 6.2.1]) applied for the mapping (t, x) 7→ f(γ(t), x) under the use
of the previous two lemmas. For arbitrary x, y ∈ H and every t ∈ [0,+∞), by Lemma
5.2.5, we have

‖f(γ(t), x)− f(γ(t), y)‖ ≤
√

6‖x− y‖.
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On the other hand, we recall that γ 7→ f(γ, x) is continuous on (0,+∞) for each
x ∈ H, so t 7→ f(γ(t), x) is measurable, and it is bounded by Lemma 5.2.6, thus locally
integrable.

5.3 Convergence analysis
In order to investigate the asymptotic properties of (5.3) we need some inequalities which
we derive in the next subsection.

5.3.1 Some fundamental inequalities
5.3.1 Lemma. If x and z are given by (5.3), then, for almost every t ∈ [0,+∞), the
following statements are true:

(a) x(t)−z(t)
γ(t) −Bx(t) ∈ Az(t);

(b) x(t)−z(t)
γ(t) +Bz(t)−Bx(t) = − ẋ(t)

γ(t) ∈ (A+B)z(t).

Proof. The statement in (a) is a reformulation of the first equation in (5.3), while the
one in (b) follows by adding Bz(t) to (a) and by using the second equation in (5.3).

5.3.2 Lemma. Let x and z be given by (5.3) and x̄ ∈ zer (A+B). Then, for almost
every t ∈ [0,+∞), we have

0 ≤ ‖x(t)− x̄‖2 − ‖x(t)− z(t)‖2 − ‖z(t)− x̄‖2 + 2γ(t)〈Bx̄−Bx(t) | z(t)− x̄〉.

Proof. As −Bx̄ ∈ Ax̄, it holds −γ(t)Bx̄ ∈ γ(t)Ax̄ for every t ∈ [0,+∞). By Lemma
5.3.1(a) and the monotonicity of A, for almost every t ∈ [0,+∞) it holds

0 ≤ 2〈x(t)− γ(t)Bx(t)− z(t) + γ(t)Bx̄ | z(t)− x̄〉
= ‖x(t)− x̄‖2 − ‖x(t)− z(t)‖2 − ‖z(t)− x̄‖2 + 2γ(t)〈Bx̄−Bx(t) | z(t)− x̄〉.

5.3.3 Lemma. Let x and z be given by (5.3), and let γ : [0,+∞) → (0, β) be locally
absolutely continuous. Then z is locally absolutely continuous, and

‖ż(t)‖ ≤


√√√√(1 + γ̇(t)

γ(t)

)2

+ (γ(t))2

β2 + γ(t)
β

√√√√1 + (γ(t))2

β2

‖x(t)− z(t)‖

for almost every t ∈ [0,+∞).

Proof. Let b > 0 be fixed. Since x,Bx and γ are absolutely continuous on [0, b], the
mapping t 7→ y(t) := x(t)− γ(t)Bx(t) is absolutely continuous on [0, b]. We show that
t 7→ Jγ(t)A(y(t)) is absolutely continuous on [0, b], as well.
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For every s, t ∈ [0, b], by using Theorem 2.1.9 (d) and the nonexpansiveness of the
resolvent, we get

‖z(t)− z(s)‖ =
∥∥∥Jγ(t)A(y(t))− Jγ(s)A(y(s))

∥∥∥
=
∥∥∥Jγ(t)A(y(t))− Jγ(t)A(y(s))

∥∥∥+
∥∥∥Jγ(t)A(y(s))− Jγ(s)A(y(s))

∥∥∥
≤‖y(t)− y(s)‖+ |γ(t)− γ(s)|

∥∥∥Aγ(t)(y(t))
∥∥∥.

Since γ is continuous on [0, b], there exist γmin, γmax ∈ (0, β) such that γmin ≤ γ(·) ≤ γmax
on [0, b]. Using that γ 7→ ‖Aγ(y(t))‖ is nonincreasing and the Lipschitz continuity of the
Yosida approximation, it yields for every s, t ∈ [0, b]

‖z(t)− z(s)‖ ≤‖y(t)− y(s)‖+ |γ(t)− γ(s)|
∥∥∥Aγ(t)(y(t))

∥∥∥
≤‖y(t)− y(s)‖+ |γ(t)− γ(s)|‖Aγmin(y(t))‖

≤‖y(t)− y(s)‖+ |γ(t)− γ(s)|
(
‖Aγmin(0)‖+ 1

γmin
‖y(t)‖

)
.

From here the absolute continuity of z on [0, b] follows, by taking into consideration also
that y is bounded.
Applying Lemma 5.3.1 (a) for s, t ∈ [0, b], s 6= t, we obtain by the monotonicity of B

0 ≤
〈
z(s)− z(t)

∣∣∣∣∣ x(s)− z(s)
γ(s) −Bx(s)− x(t)− z(t)

γ(t) +Bx(t)
〉
,

which is equivalent to
∥∥∥∥∥z(s)− z(t)

s− t

∥∥∥∥∥
2

≤〈
z(s)− z(t)
s− t

∣∣∣∣∣ x(s)− x(t)
s− t

+ γ(t)− γ(s)
s− t

· x(t)− z(t)
γ(t) + γ(s)Bx(t)−Bx(s)

s− t

〉
,

so, by the Cauchy–Schwarz inequality,∥∥∥∥∥z(s)− z(t)
s− t

∥∥∥∥∥ ≤
∥∥∥∥∥x(s)− x(t)

s− t
+ γ(t)− γ(s)

s− t
· x(t)− z(t)

γ(t) + γ(s) · Bx(t)−Bx(s)
s− t

∥∥∥∥∥.
By taking the limit s→ t, it follows that for almost every t ∈ [0,+∞)

‖ż(t)‖ ≤
∥∥∥∥∥ẋ(t)− γ̇(t)

γ(t)(x(t)− z(t))− γ(t) d
dtBx(t)

∥∥∥∥∥
=
∥∥∥∥∥
(

1 + γ̇(t)
γ(t)

)
(z(t)− x(t)) + γ(t)(Bx(t)−Bz(t))− γ(t) d

dtBx(t)
∥∥∥∥∥. (5.4)
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According to Remark 5.2.2(b) we have
∥∥∥ d

dtBx(t)
∥∥∥ ≤ 1

β
‖ẋ(t)‖ for almost every t ∈ [0,+∞).

Furthermore, by the monotonicity and the Lipschitz continuity of B, we have for almost
every t ∈ [0,+∞)

‖ẋ(t)‖2 = ‖x(t)− z(t)‖2 + (γ(t))2‖Bx(t)−Bz(t)‖2 + 2γ(t)〈x(t)− z(t) |Bz(t)−Bx(t)〉

≤
(

1 + (γ(t))2

β2

)
‖x(t)− z(t)‖2 (5.5)

as well as ∥∥∥∥∥
(

1 + γ̇(t)
γ(t)

)
(z(t)− x(t)) + γ(t)(Bx(t)−Bz(t))

∥∥∥∥∥
2

≤

(1 + γ̇(t)
γ(t)

)2

+ (γ(t))2

β2

‖x(t)− z(t)‖2

so, getting back to (5.4), we obtain

‖ż(t)‖ ≤


√√√√(1 + γ̇(t)

γ(t)

)2

+ (γ(t))2

β2 + γ(t)
β

√√√√1 + (γ(t))2

β2

‖x(t)− z(t)‖.

When A+B is strongly monotone, we have the following strengthened version of the
inequality in Lemma 5.3.2.
5.3.4 Lemma. Let A+B be ρ-strongly monotone for ρ > 0, x and z be given by (5.3)
and x̄ ∈ zer (A+B). Then for almost every t ∈ [0,+∞) we have

0 ≤ ‖x(t)− x̄‖2 − ‖x(t)− z(t)‖2 − (1 + 2ργ(t))‖z(t)− x̄‖2

+ 2γ(t)〈Bz(t)−Bx(t) | z(t)− x̄〉.

Proof. As 0 ∈ γ(t)(A+B)x̄, and (A+B) is ρ-strongly monotone, by taking Lemma
5.3.1 (b) into consideration, we have for almost every t ∈ [0,+∞)

2ργ(t)‖z(t)− x̄‖2 ≤ 2〈x(t)− z(t) + γ(t)Bz(t)− γ(t)Bx(t) | z(t)− x̄〉

and the assertion follows by rearranging the terms.

5.3.2 Asymptotic properties of the trajectories
The following result, for the proof of which we refer to [2, Lemma 5.2], is the continuous
counterpart of a classical result which states the convergence of quasi-Fejér monotone
sequences.
5.3.5 Lemma. If 1 ≤ p <∞, 1 ≤ r ≤ ∞, F : [0,+∞)→ [0,+∞) is locally absolutely
continuous, F ∈ Lp([0,+∞)), G : [0,+∞)→ R, G ∈ Lr([0,+∞)) and for almost every
t ∈ [0,+∞)

d
dtF (t) ≤ G(t),

then limt→+∞ F (t) = 0.
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The following proposition will play an essential role when establishing the asymptotic
properties of the trajectories generated by (5.3).

5.3.6 Lemma. Let x̄ ∈ zer (A+B). Then t 7→ ‖x(t)− x̄‖ is nonincreasing and it holds∫+∞
0

(
1− γ(t)

β

)
‖x(t)− z(t)‖2 dt < +∞.

Proof. For almost every t ∈ [0,+∞), by using Lemma 5.3.2, the monotonicity and the
Lipschitz continuity of B, we have

d
dt‖x(t)− x̄‖2 = 2〈x(t)− x̄ | ẋ(t)〉

= 2〈x(t)− x̄ | z(t)− x(t) + γ(t)Bx(t)− γ(t)Bz(t)〉
= ‖z(t)− x̄‖2 − ‖x(t)− z(t)‖2 − ‖x(t)− x̄‖2

+ 2γ(t)〈x(t)− x̄ |Bx(t)−Bz(t)〉
≤ − 2‖x(t)− z(t)‖2 + 2γ(t)〈Bx̄−Bx(t) | z(t)− x̄〉

+ 2γ(t)〈x(t)− x̄ |Bx(t)−Bz(t)〉
≤ − 2‖x(t)− z(t)‖2 + 2γ(t)〈Bz(t)−Bx(t) | z(t)− x̄〉

+ 2γ(t)〈x(t)− x̄ |Bx(t)−Bz(t)〉
= − 2‖x(t)− z(t)‖2 + 2γ(t)〈Bz(t)−Bx(t) | z(t)− x(t)〉

≤ 2
(
γ(t)
β
− 1

)
‖x(t)− z(t)‖2 ≤ 0,

which shows the decreasing property. Integrating from 0 to T , for T > 0, yields

∫ T

0

(
1− γ(t)

β

)
‖x(t)− z(t)‖2 dt ≤ ‖x(0)− x̄‖2 − ‖x(T )− x̄‖2

2 ≤ ‖x(0)− x̄‖2

2 ,

which is independent of T .

5.3.7 Theorem (see [28, Theorem 2]). Let A : H ⇒ H be a maximally monotone
operator and B : H → H a monotone and 1

β
-Lipschitz continuous operator for β > 0. Let

zer (A+B) 6= ∅ and let γ be locally absolutely continuous such that, for some δ, ε > 0, we
have δ ≤ γ(t) ≤ β−ε for all t ∈ [0,+∞) and γ̇ ∈ L∞([0,+∞)). Then the trajectories x(t)
and z(t) generated by (5.3) converge weakly to an element in zer (A+B) as t→ +∞.

Proof. According to Lemma 5.3.6 we have that t→ ‖x(t)− z(t)‖2, mapping from [0,+∞)
to [0,+∞), belongs to L1[0,+∞). Furthermore, by the Cauchy–Schwarz inequality, the
triangle inequality, (5.5) and Lemma 5.3.3 we have that for almost every t ∈ [0,+∞)

d
dt‖x(t)− z(t)‖2 = 2〈x(t)− z(t) | ẋ(t)− ż(t)〉

≤ 2(‖ẋ(t)‖+ ‖ż(t)‖)‖x(t)− z(t)‖
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≤


√√√√(1 + γ̇(t)

γ(t)

)2

+ (γ(t))2

β2 +
(

1 + γ(t)
β

)√√√√1 + (γ(t))2

β2

‖x(t)− z(t)‖2

≤


√√√√(1 +

‖γ̇‖L∞([0,+∞))

δ

)2

+ 1 + 2
√

2

‖x(t)− z(t)‖2.

From here, by Lemma 5.3.5, we have limt→+∞ ‖x(t)− z(t)‖2 = 0. Let w ∈ H be a weak
sequential cluster point of x(t) as t→ +∞ and (tn)n≥0 be a sequence in [0,+∞) with
tn → +∞ and x(tn) ⇀ w as n → +∞. Since limt→+∞ (x(t)− z(t)) = 0, we also have
z(tn) ⇀ w as n→∞. Furthermore, x(tn)−z(tn)

γ(tn) +Bz(tn)−Bx(tn)→ 0 as n→ +∞, since
γ(tn) ≥ δ for all n ≥ 0 and B is Lipschitz continuous.
By Lemma 5.3.1 (b) we have that for all n ≥ 0

x(tn)− z(tn)
γ(tn) +Bz(tn)−Bx(tn) ∈ (A+B)z(tn).

Using that the graph of the maximally monotone operator A+B is sequentially weakly-
strongly closed (see [33, Corollary 24.4] for the maximal monotonicity and Proposi-
tion 2.1.3), we have (w, 0) ∈ Graph (A+B), thus w ∈ zer (A+B). By Lemma 5.3.6,
‖x(t)− x̄‖ converges as t→ +∞. According to the Lemma 2.3.4, x(t) (and, consequently,
z(t)) converges weakly to an element of zer (A+B) as t→ +∞.

For the important special case of strongly monotone inclusions, we are able to show
strong convergence of the trajectories to solutions without any continuity assumptions
on the function γ.

5.3.8 Theorem (see [28, Theorem 3]). Let A : H ⇒ H be a maximally monotone
operator and B : H → H a monotone and 1

β
-Lipschitz continuous operator for β > 0.

Let A+B be ρ-strongly monotone for ρ > 0 and let x̄ ∈ zer (A+B). Then we have for
every t ∈ [0,+∞) the estimate

‖x(t)− x̄‖2 ≤ ‖x(0)− x̄‖2

exp
(∫ t

0
2ργ(s)(β−γ(s))
βργ(s)+β−γ(s) ds

) .
In particular, if ∫ +∞

0

2ργ(s)(β − γ(s))
βργ(s) + β − γ(s) ds = +∞,

then x(t) converges in norm to the unique element of zer (A+B) as t→ +∞.

Proof. For almost every t ∈ [0,+∞), by using Lemma 5.3.4, the monotonicity and the
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Lipschitz continuity of B, we have
d
dt‖x(t)− x̄‖2 =2〈x(t)− x̄ | ẋ(t)〉

=2〈x(t)− x̄ | z(t)− x(t)〉+ 2γ(t)〈x(t)− x̄ |Bx(t)−Bz(t)〉
=‖z(t)− x̄‖2 − ‖x(t)− z(t)‖2 − ‖x(t)− x̄‖2

+ 2γ(t)〈x(t)− x̄ |Bx(t)−Bz(t)〉
≤ − 2‖x(t)− z(t)‖2 + 2γ(t)〈x(t)− z(t) |Bx(t)−Bz(t)〉
− 2ργ(t)‖z(t)− x̄‖2

≤− 2
(

1− γ(t)
β

)
‖x(t)− z(t)‖2 − 2ργ(t)‖z(t)− x̄‖2.

For α : [0,+∞)→ (0,+∞),

α(t) = 1 + β − γ(t)
βργ(t) > 1,

we have

‖z(t)− x̄‖2 ≥ (1− α(t))‖x(t)− z(t)‖2 +
(

1− 1
α(t)

)
‖x(t)− x̄‖2,

in other words,

−2ργ(t)‖z(t)− x̄‖2 ≤ 2
(

1− γ(t)
β

)
‖x(t)− z(t)‖2 − 2ργ(t)(β − γ(t))

βργ(t) + β − γ(t)‖x(t)− x̄‖2

for every t ∈ [0,+∞). Consequently,
d
dt‖x(t)− x̄‖2 ≤ − 2ργ(t)(β − γ(t))

βργ(t) + β − γ(t)‖x(t)− x̄‖2

for almost every t ∈ [0,+∞). By Grönwall’s inequality, for every t ∈ [0,+∞) we have

‖x(t)− x̄‖2 ≤ ‖x(0)− x̄‖2

exp
(∫ t

0
2ργ(s)(β−γ(s))
βργ(s)+β−γ(s) ds

) .
5.3.9 Corollary. Let A : H ⇒ H be a maximally monotone operator and B : H → H
a monotone and 1

β
-Lipschitz continuous operator for β > 0. Let A + B be ρ-strongly

monotone for ρ > 0 and γ let be such that for δ, ε > 0 we have δ ≤ γ(t) ≤ β− ε for every
t ∈ [0,+∞) Then the trajectory x(t) converges to the unique element of zer (A+B) with
an exponential rate as t→ +∞.
Proof. Let x̄ be the unique element of zer (A+B). According to Theorem 5.3.8 it holds
for every t ∈ [0,+∞)

‖x(t)− x̄‖2 ≤ ‖x(0)− x̄‖2

exp
(∫ t

0
2ργ(s)(β−γ(s))
βργ(s)+β−γ(s) ds

) ≤ ‖x(0)− x̄‖2

exp
(∫ t

0
2ρδε

βρ(β−ε)+β−δ ds
)

= ‖x(0)− x̄‖2 e−
2ρδεt

βρ(β−ε)+β−δ ,

which leads to the desired conclusion.
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5.3.10 Remark. Corollary 5.3.9 can be seen as the continuous-time counterpart of [73,
Theorem 3.4].

5.3.3 Ergodic objective rate for convex minimisation problems
Consider the convex minimisation problem

minimise f(x) + h(x),

where f : H → R is a proper, convex and lower semicontinuous function and h : H → R
a convex and Fréchet differentiable one with a 1

β
-Lipschitz continuous gradient for

β > 0. Since arg min(f + h) = zer(∂f +∇h), one can approach this set by means of
the trajectories of the dynamical system (5.3) written for A = ∂f and B = ∇h. We
notice that, for η > 0, the resolvent of η∂f is given by Jη∂f = Proxηf (see [33]), where
Proxηf : H → H,

Proxηf (x) = arg min
y∈H

{
f(y) + 1

2η‖y − x‖
2
}
,

denotes the proximal point operator of ηf . Thus, the dynamical system (5.3) becomes
z(t) = Proxγ(t)f (x(t)− γ(t)∇h(x(t))),

0 = ẋ(t) + x(t)− z(t)− γ(t)∇h(x(t)) + γ(t)∇h(z(t))
x(0) = x0.

(5.6)

In the following, we are concerned with the asymptotic behavior of the ergodic trajectory

ζ(t) := 1
Γ(t)

∫ t

0
γ(s)z(s) ds, where Γ(t) :=

∫ t

0
γ(s) ds,

of z with weight γ as t→ +∞.

5.3.11 Theorem (see [28, Theorem 4]). Let f : H → R be proper, convex and lower
semicontinuous, h : H → R be convex and and Fréchet differentiable one with a 1

β
-Lipschitz

continuous gradient for β > 0, x and z be given by (5.6) and let γ : [0,+∞)→ (0, β) be
Lebesgue measurable. Then

(f + h)(ζ(t)) ≤ (f + h)(u) + ‖x(0)− u‖2

2Γ(t) (5.7)

for every u ∈ H and every t > 0 such that ζ(t) ∈ dom f .

Proof. Let u ∈ H and t > 0 be such that ζ(t) ∈ dom f fixed. We have, by Lemma 5.3.1
(b),

− ẋ(s)
γ(s) ∈ (∂f +∇h)(z(s)) = ∂(f + h)(z(s))

and further, by the subdifferential inequality, we obtain

(f + h)(u) ≥ (f + h)(z(s)) +
〈
− ẋ(s)
γ(s)

∣∣∣∣∣u− z(s)
〉

(5.8)
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for almost every s ∈ [0,+∞). By the Lipschitz continuity of B and the Cauchy–Schwarz
inequality it follows that for almost every s ∈ [0,+∞)

〈ẋ(s) |u− z(s)〉
= 〈x(s)− z(s) | ẋ(s)〉+ 〈u− x(s) | ẋ(s)〉
= 〈x(s)− z(s) | z(s)− x(s) + γ(s)Bx(s)− γ(s)Bz(s)〉+ 〈u− x(s) | ẋ(s)〉

≤ −‖x(s)− z(s)‖2 + γ(s)
β
‖x(s)− z(s)‖2 + 〈u− x(s) | ẋ(s)〉

≤ 〈u− x(s) | ẋ(s)〉

= −1
2

d
ds‖x(s)− u‖2.

By Jensen’s inequality in integral form [154, Theorem 3.10], (5.8) and the previous
estimate we have

(f + h)(ζ(t)) = (f + h)
(

1
Γ(t)

∫ t

0
γ(s)z(s) ds

)

≤ 1
Γ(t)

∫ t

0
γ(s)(f + h)(z(s)) ds

≤ 1
Γ(t)

∫ t

0
γ(s)

(
(f + h)(u) + 1

γ(s)〈ẋ(s) |u− z(s)〉
)

ds

≤ (f + h)(u) + 1
Γ(t)

∫ t

0
−1

2
d
ds‖x(s)− u‖2 ds

= (f + h)(u) + ‖x(0)− u‖2 − ‖x(t)− u‖2

2Γ(t) ,

from which the assertion follows by neglecting the nonpositive term −‖x(t)−u‖2

2Γ(t) .

5.3.12 Remark. If H is finite-dimensional or dom f is closed, then one can use Jensen’s
inequality in integral form in a less restrictive way (see for instance [154]). Under these
premises inequality (5.7) in Theorem 5.3.11 is fulfilled for every u ∈ H and every t > 0.
5.3.13 Remark. The statement of Theorem 5.3.11 holds in a similar form for the discrete
version given by the forward-backward-forward iterative algorithm, too. For further
reference we provide the necessary details. Let x0 ∈ H be arbitrary, (γn)n≥0 ⊆ (0, β),
and (xn)n≥0 and (zn)n≥0 be the sequences generated by

(∀n ≥ 0)
{

zn := Proxγnf (xn − γn∇h(xn))
xn+1 := zn + γn(∇h(xn)−∇h(zn)).

Let u ∈ H and n ≥ 0 be fixed. For any k ≥ 0 we have

xk − zk − γk∇h(xk) ∈ γk∂f(zk),

73



5 Dynamical systems

so
xk − zk
γk

−∇h(xk) +∇h(zk) ∈ ∂(f + h)(zk).

The subgradient inequality yields for any k ≥ 0

(f + h)(zk) ≤ (f + h)(u)−
〈
xk − zk
γk

−∇h(xk) +∇h(zk)
∣∣∣∣∣u− zk

〉

= (f + h)(u)− 1
γk
〈xk − xk+1 |u− zk〉.

On the other hand, for any k ≥ 0 it holds

〈xk+1 − xk |u− zk〉 = 1
2
(
‖xk+1 − zk‖2 + ‖xk − u‖2 − ‖xk+1 − u‖2 − ‖xk − zk‖2

)

≤ 1
2
(
‖xk − u‖2 − ‖xk+1 − u‖2

)
−

1− γ2
k

β2

2 ‖xk − zk‖2

≤ 1
2
(
‖xk − u‖2 − ‖xk+1 − u‖2

)
,

thus
(f + h)(zk) ≤ (f + h)(u) + 1

2γk

(
‖xk − u‖2 − ‖xk+1 − u‖2

)
.

Setting
Γn :=

n∑
k=0

γk and ζn := 1
Γn

n∑
k=0

γkzk,

we obtain, by Jensen’s inequality in discrete form, that

(f + h)(ζn) ≤ 1
Γn

n∑
n=0

γk(f + h)(zk)

≤ (f + h)(u) + 1
2Γn

n∑
k=0

(
‖xk − u‖2 − ‖xk+1 − u‖2

)
= (f + h)(u) + 1

2Γn

(
‖x0 − u‖2 − ‖xn+1 − u‖2

)
≤ (f + h)(u) + ‖x0 − u‖2

2Γn
.
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6 Proximal splitting in Hadamard
spaces

6.1 Geometry and convex analysis in Hadamard spaces
In this chapter, we present the foundations for doing convex analysis in Hadamard spaces,
which are a special type of complete metric spaces. Due to the lack of a linear structure,
we must adapt and rephrase several statements on convex functions in Hilbert spaces.
For an overview over the topic, see the books [42, 80]. We will mostly follow the article
[27].
6.1.1 Definition. Let (X, d) be a complete metric space. It is called Hadamard space
if, for every pair (x, y) ∈ X ×X, there exists a point m ∈ X such that for all z ∈ X the
following inequality holds:

d(z,m)2 ≤ 1
2d(z, x)2 + 1

2d(z, y)2 − 1
4d(x, y)2. (6.1)

6.1.2 Example. (a) Let H be a Hilbert space and let C ⊆ H be a nonempty, closed
and convex subset endowed with the metric induced by the inner product. Then C
is an Hadamard space, and the point m in Definition 6.1.1 is given by m = 1

2(x+ y),
and the constituting inequality (6.1) is satisfied with equality.

(b) Other examples include smooth Riemannian manifolds with nonpositive sectional
curvature and R-trees, see [80, pp. 167ff] for details.

6.1.3 Proposition. Let (X, d) be an Hadamard space, and let x, y ∈ X. Then there
exists a mapping γx,y : [0, 1]→ X with the following properties:
(a) For all z ∈ X,

d(z, γx,y(λ))2 = (1− λ)d(z, x)2 + λd(z, y)2 − λ(1− λ)d(x, y)2, (6.2)

This is the so-called CAT(0) inequality.

(b) γx,y(0) = x, γx,y(1) = y, and for λ0, λ1 ∈ [0, 1], we have d(γx,y(λ0), γx,y(λ1)) =
|λ0 − λ1|d(x, y). We therefore call γx,y the geodesic joining x and y.

The geodesic segment joining x ∈ X and y ∈ X is the range of the mapping γx,y given
by

[x, y] := {γx,y(λ) | 0 ≤ λ ≤ 1}.
We will make extensive use of the second of the following inequalities. Berg and

Nikolaev [47] proved that it is even equivalent to the CAT(0) inequality.

75



6 Proximal splitting in Hadamard spaces

6.1.4 Proposition. Let x, y, z, w ∈ X. Then

(a) d(x, y)2 + d(z, w)2 ≤ 2d(y, w)d(x, z) + d(x,w)2 + d(y, z)2 and

(b) d(x, y)2 + d(z, w)2 ≤ d(y, w)2 + d(x, z)2 + d(x,w)2 + d(y, z)2.

Proof. Let 0 < λ < 1. Then,

0 ≤ d(γx,y(λ), γz,w(λ))2

≤ (1− λ)d(x, γz,w(λ))2 + λd(y, γz,w(λ))2 − λ(1− λ)d(x, y)2

≤ (1− λ)2d(x, z)2 + λ(1− λ)d(x,w)2 + λ(1− λ)d(y, z)2

+λ2d(y, w)2 − λ(1− λ)d(x, y)2 − λ(1− λ)d(z, w)2.

Therefore,

d(x, y)2 + d(z, w)2 ≤ 1− λ
λ

d(x, z)2 + d(x,w)2 + d(y, z)2 + λ

1− λd(y, w)2.

It is easy to show that the tightest estimation for the expression on the left-hand side
is obtained by setting λ = d(x,z)

d(x,z)+d(y,w) , namely part (a). Part (b) is obtained by setting
λ = 1

2 .

For two Hadamard spaces X and Y , we define their product as their Cartesian product
X × Y , equipped with the metric

d((x1, y1), (x2, y2))2 = d(x1, x2)2 + d(y1, y2)2 for all x1, x2 ∈ X and y1, y2 ∈ Y.

It is an Hadamard space, and the geodesics are given by

γ(x1,y1),(x2,y2)(λ) = (γx1,x2(λ), γy1,y2(λ)). (6.3)

We briefly write X2 for X ×X.

6.1.5 Definition. Let (X, d) be an Hadamard space.

(a) Let C ⊆ X. We say that C is convex if, for any x, y ∈ C, [x, y] ⊆ C.

(b) Let f : X → R be a function. We say that f is proper if there exists x ∈ X with
f(x) ∈ R and f(x) 6= −∞ for all x ∈ X.

(c) Let f : X → R be a function. We say that f is convex if, for any x, y ∈ X, the
composition f ◦ γx,y is a convex function mapping [0, 1] to R, or explicitly,

f(γx,y(λ)) ≤ (1− λ)f(x) + λf(y)

for any λ ∈ [0, 1].

6.1.6 Examples. Let X be an Hadamard space.
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(a) Let C ⊆ X be nonempty, convex and closed. Then the indicator function δC : X →
R, defined by

δC(x) =

0 if x ∈ C,
+∞ if x /∈ C,

is proper, convex and lower semicontinuous.

(b) Let f : X2 → R be defined by f(x, y) = d(x, y)2. Then f is convex: let 0 ≤ λ ≤ 1
and x1, x2, y1, y2 ∈ X, and use the relation (6.3), then the CAT(0) inequality to get

f
(
γ(x1,x2),(y1,y2)(λ)

)
= d(γx1,y1(λ), γx2,y2(λ))2

≤ (1− λ)2d(x1, x2)2 + λ(1− λ)d(x1, y2)2 + λ(1− λ)d(y1, x2)2

+λ2d(y1, y2)2 − λ(1− λ)d(x1, y1)2 − λ(1− λ)d(x2, y2)2.

The latter equals

(1− λ)d(x1, x2)2 + λd(y1, y2)2 + λ(1− λ)
(
d(x1, y2)2 + d(y1, x2)2

− d(x1, x2)2 − d(y1, y2)2 − d(x1, y1)2 − d(x2, y2)2
)
,

which is less or equal (1− λ)d(x1, x2)2 + λd(y1, y2)2 by Proposition 6.1.4 (b).

6.1.7 Definition. Let X be an Hadamard space, and let f : X → R be proper, convex
and lower semicontinuous and let x ∈ X. Then the function y 7→ f(y) + 1

2d(x, y)2 has
a unique minimiser [126, Lemma 2], which will be denoted by Proxf (x), the proximal
point of f corresponding to x.

6.1.8 Proposition. Let X be an Hadamard space, and let f : X → R be a proper,
convex and lower semicontinuous function.

(a) For any x ∈ X, we have p = Proxf (x) if and only if, for all y ∈ X,

f(p) ≤ f(y) + 1
2
(
d(x, y)2 − d(x, p)2 − d(p, y)2

)
. (6.4)

(b) For any x, y ∈ X and p = Proxf (x), q = Proxf (q), we have

d(p, q)2 ≤ 1
2
(
d(x, q)2 + d(y, p)2 − d(x, p)2 − d(y, q)

)2

(c) For any x, y ∈ X and p = Proxf (x), q = Proxf (q), we have

d(p, q) ≤ d(γp,x(λ), γq,y(λ)).

(d) For any x, y ∈ X, we have

d(Proxf (x),Proxf (y)) ≤ d(x, y).
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6 Proximal splitting in Hadamard spaces

Proof. (a) Since p = Proxf (x) is the (global) minimiser of the function y 7→ f(y) +
1
2d(x, y)2, we have, for all y ∈ X and 0 < λ < 1,

f(p) + 1
2d(x, p)2

≤ f(γp,y(λ)) + 1
2d(x, γp,y(λ))2

≤ (1− λ)f(p) + λf(y) + 1
2
(
(1− λ)d(x, p)2 + λd(x, y)2 − λ(1− λ)d(p, y)2

)
,

where we used the convexity of f and the CAT(0) inequality. Let us rearrange the
terms and divide by λ:

f(p) ≤ f(y) + 1
2
(
−d(x, p)2 + d(x, y)2 − (1− λ)d(p, y)2

)
,

The inequality (6.4) is now obtained by letting λ ↓ 0. Conversely, let p ∈ X satisfy
(6.4) for all y ∈ X. Then,

f(p) + 1
2d(x, p)2 ≤ f(y) + 1

2d(y, x)2 − 1
2d(p, y)2 ≤ f(y) + 1

2d(y, x)2,

so p is a minimiser of the function y 7→ f(y) + 1
2d(x, y)2.

(b) Let x, y ∈ X and p = Proxf (x) q = Proxf (y). By Part (a), we have for all
x, y ∈ X,

f(p) ≤ f(q) + 1
2
(
d(x, q)2 − d(x, p)2 − d(p, q)2

)
,

f(q) ≤ f(p) + 1
2
(
d(y, p)2 − d(y, q)2 − d(p, q)2

)
.

Altogether,

d(p, q)2 ≤ 1
2
(
d(x, q)2 + d(y, p)2 − d(x, p)2 − d(y, q)2

)

(c) See [14, Proposition 3.3].

(d) Take λ = 1 in (c).

6.1.9 Remark. There are several possibilities to express Definition 2.1.7 (d) in terms of
the metric. The term ‘firmly nonexpansive’ goes back to Browder [81, Definition 6] in
Hilbert spaces and was generalised by Bruck [84, Definition 6] for Banach spaces. The
generalisation to W -hyperbolic spaces (for the latter, see also [148]) is due to [14, Section
3].
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6.1 Geometry and convex analysis in Hadamard spaces

Bruck’s definition implies the notion of nonexpansiveness given in Proposition 6.1.8
(b), which also coincides with the classical one if the underlying space is Hilbert. Let
0 < λ ≤ 1, then

d(y1, y2)2 ≤ d(γy1,x1(λ), γy2,x2(λ))2

≤ (1− λ)2d(y1, y2)2 + λ2d(x1, x2)2

+λ(1− λ)
(
d(y1, x2)2 + d(y2, x1)2 − d(x1, y1)2 − d(x2, y2)2

)
.

Reordering the terms, dividing by λ and letting λ ↓ 0 yields

d(y1, y2)2 ≤ 1
2
(
d(y1, x2)2 + d(y2, x1)2 − d(x1, y1)2 − d(x2, y2)2

)
. (6.5)

By using the quasilinearisation from [47], this inequality takes a form resembling Definition
2.1.7 (d).
6.1.10 Example. For a nonempty, closed, convex set C ⊆ X, the indicator function

δC : X → R, δC(x) =

0 if x ∈ C,
+∞ otherwise,

is proper, convex and lower semicontinuous, and ProxδC (x) = ProjC (x) for all x ∈ X,
where ProjC is the metric projection on C, i.e., ProjC (x) uniquely minimises the function
y 7→ d(x, y)2 over y ∈ C.
6.1.11 Example. The function which maps (x, y) ∈ X2 on d(x, y)2 is convex. Indeed,
we have, by Proposition 6.1.3 (a) and Proposition 6.1.4 (b),
d(γx1,x2(λ), γy1,y2(λ))2 ≤ (1− λ)2d(x1, y1)2 + λ2d(x2, y2)2

+λ(1− λ)
(
d(x2, y1)2 + d(y2, x1)2 − d(y1, y2)2 − d(x1, x2)2

)
≤ (1− λ)2d(x1, y1)2 + λ2d(x2, y2)2

+λ(1− λ)
(
d(x1, y1)2 + d(x2, y2)2

)
= (1− λ)d(x1, y1)2 + λd(x2, y2)2

for all x1, x2, y1, y2 ∈ X.
A function f : X → R is called uniformly convex if there exists some nondecreasing

function φ : [0,+∞)→ [0,+∞] (which is called the modulus of uniform convexity) such
that φ(t) = 0 ⇐⇒ t = 0 (t ≥ 0) and

f(γx,y(λ)) ≤ (1− λ)f(x) + λf(y)− λ(1− λ)φ(d(x, y))
for all x, y ∈ X. In this case, inequality (6.4) can be improved: let x, z ∈ X, λ ∈ [0, 1]
and y = Proxf (x), then it holds

f(y) ≤ f(γy,z(λ)) + 1
2d(x, γy,z(λ))2 − 1

2d(x, y)2

≤ (1− λ)f(y) + λf(z)− λ(1− λ)φ(d(y, z))

+ 1
2
(
(1− λ)d(x, y)2 + λd(x, z)2 − λ(1− λ)d(y, z)2 − d(x, y)2

)
,
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6 Proximal splitting in Hadamard spaces

so, by a calculation as above,

f(y) ≤ f(z)− φ(d(y, z)) + 1
2
(
d(x, z)2 − d(x, y)2 − d(y, z)2

)
. (6.6)

6.1.1 Weak convergence
We say that a sequence (xn)n≥0 in X weakly converges to x ∈ X, xn ⇀ x, if, for every
y ∈ X, Proj[x,y] (xn)→ x. A weak cluster point of a sequence in X is a point x ∈ X such
that some subsequence weakly converges to x. (Since we are not dealing with nets, we
will not distinguish between weak cluster points, which are determined by convergent
subnets, and weak sequential cluster points.)

6.1.12 Lemma (see [127, Theorem 2.1]). Every bounded sequence has a weakly convergent
subsequence.

6.1.13 Lemma (see [43, Lemma 3.1]). A convex, lower semicontinuous function is
weakly lower semicontinuous, i.e., for a sequence (xn)n≥0 in X with xn ⇀ x ∈ X, it holds

lim inf
n→∞

f(xn) ≥ f(x).

Weak convergence may also be expressed in terms of asymptotic radius and centre.
For a bounded sequence (xn)n≥0 in X and x ∈ X, the asymptotic radius of (xn)n≥0 with
respect to x is

r
(
(xn)n≥0, x

)
:= lim sup

n→∞
d(xn, x),

and the asymptotic centre is a minimiser of the mapping X 3 x 7→ r
(
(xn)n≥0, x

)
. The

asymptotic centre of a bounded sequence in an Hadamard space always exists and is
unique [99, Proposition 7].

6.1.14 Lemma (see [106, Proposition 5.2]). For a bounded sequence (xn)n≥0 in X and
x ∈ X it holds xn ⇀ x if and only if x is the asymptotic centre of each subsequence of
(xn)n≥0.

6.1.15 Lemma. Let (xn)n≥0 be a bounded sequence in X and x ∈ X. Then xn ⇀ x if
and only if x is the unique weak cluster point of X.

Proof. We only prove the nontrivial implication: assume xn 6⇀ x, then there exists some
y ∈ X \{x} and a subsequence (xnk)k≥0 of which y is the asymptotic centre, in particular

lim sup
k→∞

d(xnk , x) > lim sup
n→∞

d(xnk , y).

By transition to a subsequence (without renaming), we can assure

lim
k→∞

d(xnk , x) > lim sup
n→∞

d(xnk , y).

Now, choose a weakly convergent subsequence of the bounded sequence (xnk)k≥0. Its
asymptotic centre cannot be x (since the asymptotic radius with respect to y is smaller),
so x cannot be the only weak cluster point of (xn)n≥0.
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The next result is a generalisation of [44, Proposition 3.3 (iii)] (see also [33, Lemma
2.39]), where Fejér monotonicity is required to show weak convergence. To analyze an
algorithm which is generally not Fejér monotone, we have to relax this assumption, but
the method of the proof remains the same.

6.1.16 Lemma. Let (xn)n≥0 be a bounded sequence in X, and let C ⊆ X. Suppose
that, for every c ∈ C, the sequence (d(xn, c))n≥0 converges and all weak cluster points of
(xn)n≥0 belong to C. Then, xn ⇀ c for some c ∈ C.

Proof. By Lemma 6.1.15, it suffices to show that (xn)n≥0 has at most one weak cluster
point, so assume that (xnk)k≥0 and (xmk)k≥0 are weakly convergent subsequences with
xnk ⇀ x ∈ C, xmk ⇀ y ∈ C and x 6= y. In particular, x is the asymptotic centre of
(xnk)n≥0, and y is the asymptotic centre of (xmk)k≥0. By uniqueness of the asymptotic
centres, we have

lim
n→∞

d(xn, x) = lim
k→∞

d(xnk , x) < lim sup
k→∞

d(xnk , y) = lim
n→∞

d(xn, y) = lim
k→∞

d(xmk , y)

< lim sup
k→∞

d(xmk , x) = lim
n→∞

d(xn, x).

This contradiction shows x = y.

The notion of weak convergence in Hadamard spaces generalises the weak convergence
in Hilbert spaces. It is also known as ∆-convergence [132].

6.2 The backward-backward algorithm
6.2.1 Problem. Let X be an Hadamard space, and let f, g : X → R be two proper,
convex and lower semicontinuous functions, and let γ > 0. Our aim is to find a solution
of the problem

min Φ(x, y) := f(x) + g(y) + 1
2γ d(x, y)2

This problem, considered for a Hilbert space X, is the subject of the papers [4, 36].
The paper [35] is a generalisation to Bregman distances. In this work, we allow summable
errors in the evaluation of the proximal points.

6.2.2 Algorithm (Backward-backward splitting). Let x0 ∈ X be arbitrary and, for all
n ≥ 0, choose yn ∈ X and xn+1 ∈ X such that

∞∑
n=0

d(yn,Proxγg xn) < +∞ and
∞∑
n=0

d(xn+1,Proxγf yn) < +∞. (6.7)

6.2.3 Theorem (see [27, Theorem 1]). Let Φ be bounded below on X2, and let (xn)n≥0
and (yn)n≥0 be sequences generated by Algorithm 6.2.2. Then the following hold:

(a)
∞∑
n=0

d(xn+1, xn)2 < +∞ and
∞∑
n=0

d(yn+1, yn)2 < +∞;
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if there exists a solution of Problem 6.2.1, then the following three statements are true:

(b) inf {Φ(x, y) |x, y ∈ X} = lim
n→∞

Φ(Proxγf (Proxγg (xn)),Proxγg (xn))

= lim
n→∞

Φ(Proxγf (yn),Proxγg (Proxγf (yn)));

(c) ((xn, yn))n≥0 converges weakly to a solution of Problem (6.2.1);

(d) if one of the functions f and g is uniformly convex, then ((xn, yn))n≥0 converges to
the unique solution of Problem (6.2.1) with respect to the metric d.

Proof. Due to the symmetry between f and g, we will prove only one of the assertions
in each of the statements (a)–(d), mostly the one concerning the sequence (xn)n≥0. The
other assertion follows by interchanging f and g and starting the iteration at y0.
Set δn := d(yn,Proxγg xn) and εn := d(xn+1,Proxγf yn). Furthermore, for n ≥ 0, set

x̃n+1 := Proxγf (Proxγg (xn)).

By the nonexpansiveness of the proximal point mapping, we have

d(x̃n+1, xn+1) ≤ d(Proxγf (Proxγg (xn)),Proxγf (yn)) + d(Proxγf (yn), xn+1)
≤ d(Proxγg (xn), yn) + εn

= δn + εn.

By Proposition 6.1.8 (a), the following inequalities hold for all x, y ∈ X:

f(x̃n+1) ≤ f(x) + 1
2γ
(
d(Proxγg (xn), x)2 − d(Proxγg (xn), x̃n+1)2 − d(x̃n+1, x)2

)
,

(6.8)

g(Proxγg (xn)) ≤ g(y) + 1
2γ
(
d(xn, y)2 − d(xn,Proxγg (xn))2 − d(Proxγg (xn), y)2

)
,

(6.9)

Adding (6.8) and (6.9) and subsequently applying Proposition 6.1.4 (b), we obtain

Φ(x̃n+1,Proxγg (xn)) ≤ Φ(x, y) + 1
2γ

(
d(Proxγg (xn), x)2 + d(xn, y)2 − d(x, y)2

− d(xn,Proxγg (xn))2 − d(x̃n+1, x)2 − d(Proxγg (xn), y)2
)

≤ Φ(x, y) + 1
2γ
(
d(xn, x)2 − d(x̃n+1, x)2

)
. (6.10)

Setting x = x̃n and y = Proxγg (xn−1) in (6.10) yields

Φ(x̃n+1,Proxγg (xn)) ≤ Φ(x̃n,Proxγg (xn−1)) + 1
2γ
(
d(xn, x̃n)2 − d(x̃n+1, x̃n)2

)
. (6.11)

82



6.2 The backward-backward algorithm

Summing up the inequality (6.11) for n = 1, . . . , N − 1 with N ≥ 2 gives

Φ(x̃N ,Proxγg (xN−1)) ≤ Φ(x̃1,Proxγg (x0)) + 1
2γ

N−1∑
n=1

(
d(xn, x̃n)2 − d(x̃n+1, x̃n)2

)
,

from which we obtain
N−1∑
n=1

d(xn+1, xn)2 ≤
N−1∑
n=1

(d(xn+1, x̃n+1) + d(x̃n+1, x̃n) + d(x̃n, xn))2

≤ 3
N−1∑
n=1

(
d(xn+1, x̃n+1)2 + d(x̃n+1, x̃n)2 + d(x̃n, xn)2

)

≤ 6
∞∑
n=1

(δn + εn)2 + 3
N−1∑
n=1

d(x̃n+1, x̃n)2

≤ 9
∞∑
n=1

(δn + εn)2 + 6γ(Φ(x̃1,Proxγg (x0))− Φ(x̃N ,Proxγg (xN−1))),

which in turn shows (a).
From now on, let (x̄, ȳ) ∈ X × X be a solution of Problem 6.2.1, which implies

ȳ = Proxγg (x̄) and x̄ = Proxγf (ȳ), and let

` := inf {Φ(x, y) |x, y ∈ X} = Φ(x̄, ȳ).

be the optimal value of Φ. We have

d(xn+1, x̄) ≤ d(x̃n+1, x̄) + d(x̃n+1, xn+1)
≤ d(Proxγf (Proxγg (xn)),Proxγf (Proxγg (x̄))) + δn + εn

≤ d(xn, x̄) + δn + εn.

Therefore, the sequence (
d(xn, x̄)−

n−1∑
k=0

(δk + εk)
)
n≥1

is monotonically decreasing and bounded below by −∑∞k=0 (δk + εk), thus convergent.
From the inequalities in Algorithm 6.2.2, it follows that the sequence (d(xn, x̄))n≥0
is convergent, say d(xn, x̄) → ξ. Since d(xn, x̃n) ≤ δn−1 + εn−1 → 0, we also have
d(x̃n, x̄)→ ξ.
In (6.10), set x = x̄ and y = ȳ to obtain

` ≤ Φ(x̃n+1,Proxγg (xn)) ≤ `+ 1
2γ
(
d(xn, x̄)2 − d(x̃n+1, x̄)2

)
. (6.12)

The right-hand side converges to `+ 1
2γ (ξ2 − ξ2) = `, so Φ(x̃n+1,Proxγg (xn))→ `, and

(b) holds.
To prove (c), it remains (by Lemma 6.1.16) to show that each weak cluster point of

(xn, yn) is a solution of Problem 6.2.1. Let (x, y) be a weak cluster point of (xn, yn), say
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xnk ⇀ x and ynk ⇀ y. Since d(x̃nk , xnk) ≤ δnk−1 + εnk−1 → 0 and d(Proxγg (xnk), ynk) =
δnk → 0, it also holds x̃nk ⇀ x and Proxγg xnk ⇀ y.
By the weak lower semicontinuity (see Lemma 6.1.13 and Example 6.1.11) of the

functions f, g and (x, y) 7→ d(x, y)2, one gets

Φ(x, y) = f(x) + g(y) + 1
2γ d(x, y)2

≤ lim inf
k→∞

f(x̃nk) + lim inf
k→∞

g(Proxγg xnk) + 1
2γ lim inf

k→∞
d(x̃nk ,Proxγg xnk)

2

≤ lim inf
k→∞

(
f(x̃nk) + g(Proxγg xnk) + 1

2γ d(x̃nk ,Proxγg xnk)
2
)

= lim inf
k→∞

Φ(x̃nk ,Proxγg xnk) = `,

so (x, y) is a solution of Problem 6.2.1, which proves (c).
Now, let f be uniformly convex with modulus φ, so, by using (6.6) instead of Proposition

6.1.8 (a), a calculation analogous to (6.12) yields

Φ(x̃n+1,Proxγg (xn)) ≤ `+ 1
2γ
(
d(xn, x̄)2 − d(x̃n+1, x̄)2

)
− 1
γ
φ(d(x̃n+1, x̄))

or
φ(d(x̃n+1, x̄)) ≤ γ(`− Φ(x̃n+1,Proxγg (xn))) + 1

2
(
d(xn, x̄)2 − d(x̃n+1, x̄)2

)
for any solution (x̄, ȳ) of Problem 6.2.1. Suppose that xn 6→ x̄, then (since d(xn, x̃n)→ 0)
x̃n 6→ x̄, and there exists ε > 0 such that for all N ≥ 1 there exists some n ≥ N such
that d(x̃n, x̄) > ε, which implies φ(d(x̃n, x̄)) ≥ φ(ε) > 0. On the other hand,

φ(d(x̃n+1, x̄)) ≤ 1
2
(
d(xn, x̄)2 − d(x̃n+1, x̄)2

)
→ 0.

This contradiction shows xn → x̄. On the other hand,

d(yn, ȳ) ≤ d(yn,Proxγg (xn)) + d(Proxγg (xn), ȳ)
= δn + d(Proxγg (xn),Proxγg (x̄))
≤ δn + d(xn, x̄).

Since δn → 0 and xn → x̄, we have yn → ȳ. We have shown xn → x̄ and yn → ȳ for any
solution (x̄, ȳ) of Problem 6.2.1, so the solution must be unique.

6.2.4 Remark. (a) Both the proximal point algorithm with a constant stepsize [43]
and the method of alternating projections [44] are special cases of the backward-
backward method presented here: for the former set g(x) = 0 for all x ∈ X and for
the latter (see Example 6.1.10) set f = δC and g = δD with C,D ⊂ X nonempty,
closed and convex.
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(b) In general, the backward-backward method cannot be expected to converge with
respect to the metric d, since the proximal point algorithm (even if restricted to
Hilbert spaces and constant stepsizes) is known to converge only weakly in general
[118, Corollary 5.1].

(c) The backward-backward algorithm in Hilbert spaces is a special case of the forward-
backward algorithm [92, Example 10.11], the error-tolerant version of which was
considered in [172].

6.2.5 Corollary. Let x0 ∈ X, and let yn := Proxγg (xn) and xn+1 := Proxγf (yn) for
n ≥ 0. Then, additionally to the properties (a)–(d) of Theorem 6.2.3, the following hold
without further assumptions:

(e) Φ(xn+1, yn+1) ≤ Φ(xn+1, yn) ≤ Φ(xn, yn) for n ≥ 1,

(f) lim
n→∞

Φ(xn, yn) = lim
n→∞

Φ(xn+1, yn) = inf {Φ(x, y) |x, y ∈ X} (this value might be
−∞);

(g) for each solution (x̄, ȳ) of Problem 6.2.1, it holds

d(xn+1, x̄) ≤ d(yn, ȳ) ≤ d(xn, x̄).

Proof. Consider (6.10), and note that now x̃n+1 = xn+1 and Proxγg (xn) = yn, so that
we have

Φ(xn+1, yn) ≤ Φ(x, y) + 1
2γ
(
d(xn, x)2 − d(xn+1, x)2

)
(6.13)

for any x, y ∈ X. Setting x = xn and y = yn gives

Φ(xn+1, yn) ≤ Φ(xn, yn)− 1
2γ d(xn+1, xn)2 ≤ Φ(xn, yn)

for all n ≥ 1. The other inequality in (e) follows by interchanging f and g.
Note that by (e) the limits in (f) both coincide with inf {Φ(xn+1, yn) |n ≥ 0}. Sum up

(6.13) for n = 0, . . . , N − 1 with N ≥ 1 and divide by N to obtain

inf {Φ(xn+1, yn) |n ≥ 0} ≤ 1
N

N−1∑
n=0

Φ(xn+1, yn)

≤ Φ(x, y) + 1
2γN

(
d(x0, x)2 − d(xN , x)2

)
≤ Φ(x, y) + 1

2γN d(x0, x)2

for any x, y ∈ X. Letting N → +∞ and passing to the infimum over x, y ∈ X, we see

inf {Φ(xn+1, yn) |n ≥ 0} ≤ inf {Φ(x, y) |x, y ∈ X}.

Since the reverse inequality is obvious, (f) holds.
Statement (g) follows from ȳ = Proxγg (x̄), x̄ = Proxγf (ȳ) and the nonexpansiveness

of the proximal point mappings.
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7 Proximal splitting for d.c. problems

7.1 Introduction to d.c. programming
In the current chapter, we are going to deal with the following problem.

7.1.1 Problem. Let H and G be finite-dimensional Hilbert spaces, let g : H → R and
h : G → R be proper, convex and lower semicontinuous, let ϕ : H → R be a convex,
Fréchet differentiable functions with a 1

β
-Lipschitz continuous gradient for some β > 0.

Furthermore, let K : H → G be a linear mapping and K∗ : G → H its adjoint. We
consider the minimisation problem

min {g(x) + ϕ(x)− h(Kx) |x ∈ H}.

Problems of this kind find applications in the fields of image processing [135], machine
learning [168], optimal transport [86] and sparse signal recovering [113]. In general, the
class of d.c. functions is rather broad and contains every twice continuously differentiable
function. For an overview over d.c. functions, see e.g. [123].

Since the objective function is no longer convex, we cannot expect that global minima
will be found by first-order methods. Instead we will concentrate on finding those points
which satisfy a first-order optimality condition. A duality concept for programmes of d.c.
type is due to Toland [169, 170], who connected Problem 7.1.1 with

min {h∗(y)− (g + ϕ)∗(K∗y) | y ∈ G}. (7.1)

The following primal-dual formulation will turn out to be useful in the sequel:

min {Φ(x, y) |x ∈ H, y ∈ G}, where Φ(x, y) := g(x)+ϕ(x)+h∗(y)−〈y |Kx〉, (7.2)

where Φ : H × G → R is proper and lower semicontinuous. First-order optimality
conditions read as follows:

7.1.2 Proposition. (a) The optimal values of Problem 7.1.1, (7.1) and (7.2) are equal.

(b) For all x ∈ H and y ∈ G,

Φ(x, y) ≥ g(x) + ϕ(x)− h(Kx),
Φ(x, y) ≥ h∗(y)− (g + ϕ)∗(K∗y).

(c) Let x̄ ∈ H be a solution of Problem 7.1.1. Then ∂(h ◦K)(x̄) ⊆ ∂g(x̄) +∇ϕ(x̄).
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(d) Let ȳ ∈ G be a solution of (7.1). Then ∂((g + ϕ)∗ ◦K∗)(ȳ) ⊆ ∂h∗(ȳ).

(e) Let (x̄, ȳ) ∈ H × G be a solution of (7.2). Then x̄ is a solution of Problem 7.1.1,
and ȳ is a solution of (7.1). Furthermore, the inclusions

K∗ȳ ∈ ∂g(x̄) +∇ϕ(x̄), (7.3)
Kx̄ ∈ ∂h∗(ȳ) (7.4)

hold.

Proof. (a) By the Fenchel–Moreau theorem, applied to h, we have

inf {g(x) + ϕ(x)− h(Kx) |x ∈ H}
= inf {g(x) + ϕ(x)− h∗∗(Kx) |x ∈ H}
= inf {g(x) + ϕ(x)− sup {〈y |Kx〉 − h∗(y) | y ∈ G} |x ∈ H}
= inf {g(x) + ϕ(x) + h∗(y)− 〈y |Kx〉 |x ∈ H, y ∈ G}
= inf {h∗(y)− sup {〈x |K∗y〉 − (g + ϕ)(x) |x ∈ H} | y ∈ G}
= inf {h∗(y)− (g + ϕ)∗(K∗y) | y ∈ G}.

(b) Let x ∈ H and y ∈ G. Then,

g(x) + ϕ(x)− h(Kx) = g(x) + ϕ(x)− h∗∗(Kx)
= g(x) + ϕ(x)− sup {〈Kx | ỹ〉 − h∗(ỹ) | ỹ ∈ G}
≤ g(x) + ϕ(x)− 〈Kx | y〉+ h∗(y),

and the other inequality is verified by an analogous calculation.

(c) Let x̄ ∈ H be a solution of Problem 7.1.1, i.e.,

∀x ∈ H : g(x) + ϕ(x)− h(Kx) ≥ g(x̄) + ϕ(x̄)− h(Kx̄). (7.5)

If h(Kx̄) = +∞, then, by definition, ∂(h ◦K)(x̄) = ∅, and the inclusion automat-
ically holds. If h(Kx̄) < +∞, then the optimal value of Problem 7.1.1 must be
> −∞, which implies

h(Kx) < +∞ for all x ∈ dom g. (7.6)

Now let y ∈ ∂(h ◦K)(x̄). Then

∀x ∈ H : h(Kx) ≥ h(Kx̄) + 〈y |x− x̄〉. (7.7)

Adding (7.5) and (7.7) yields

∀x ∈ H : g(x) + ϕ(x) ≥ g(x̄) + ϕ(x̄) + 〈y |x− x̄〉. (7.8)

If g(x) = +∞, then (7.8) is automatically satisfied, otherwise x ∈ dom g and, by
(7.6), h(Kx) < +∞, and both sides of both (7.5) and (7.7) are finite. In either
case, we have shown y ∈ ∂(g + ϕ)(x̄) = ∂g(x̄) +∇ϕ(x̄).
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(d) The proof of this statement is analogous.

(e) Let (x̄, ȳ) be a solution of (7.2). (In particular, if such a solution exists, the common
optimal value of Problems 7.1.1, (7.1) and (7.2) must be finite.) The function
x 7→ Φ(x, ȳ) is convex and takes a minimum at x̄. Therefore

0 ∈ ∂g(x̄) +∇ϕ(x̄)−K∗ȳ,

which proves (7.3). The same argument works for the function y 7→ Φ(x̄, y) and
implies

0 ∈ ∂h∗(ȳ)−Kx̄,

which is (7.4). For these inclusions, we obtain equality in the Young–Fenchel
inequality, i.e.,

(g + ϕ)∗(K∗ȳ) + (g + ϕ)(x̄) = 〈x̄ |K∗ȳ〉,
h∗(ȳ) + h(Kx̄) = 〈ȳ |Kx̄〉.

Therefore,

(g + ϕ)(x̄)− h(Kx̄) = h∗(ȳ)− (g + ϕ)∗(K∗ȳ)
= h∗(ȳ)− sup {〈x |K∗ȳ〉 − g(x)− ϕ(x) |x ∈ H}
≤ h∗(ȳ) + g(x̄) + ϕ(x̄)− 〈x̄ |K∗ȳ〉.

Since (x̄, ȳ) is a solution of (7.2), the last expression equals the common optimal
value of Problems (7.1.1), (7.1) and (7.2).

Based on the first-order optimality conditions of the previous proposition, we define
critical points for the three problems.

7.1.3 Definition. (a) We say that (x̄, ȳ) ∈ H × G is a critical point of the objective
function Φ of (7.2), in short (x̄, ȳ) ∈ crit Φ, if the inclusions (7.3) and (7.4) are
satisfied.

(b) The set of critical points of g + ϕ− h ◦K is given by

crit (g + ϕ− h ◦K) := {x ∈ H |K∗∂h(Kx) ∩ (∂g(x) +∇ϕ(x)) 6= ∅}.

(c) The set of critical points of h∗ − (g + ϕ)∗ ◦K∗ is given by

crit (h∗ − (g + ϕ)∗ ◦K∗) := {y ∈ G |K∂(g + ϕ)∗(K∗y) ∩ ∂h∗(y) 6= ∅}.

7.1.4 Remark. On the one hand, the inclusions (7.3) and (7.4) imply

Kx̄ ∈ K∂(g + ϕ)∗(K∗(y)),
K∗ȳ ∈ K∗∂h(Kx̄),
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7 Proximal splitting for d.c. problems

thus,
crit Φ ⊆ crit (g + ϕ− h ◦K)× crit (h∗ − (g + ϕ)∗ ◦K∗).

The notions in Definition 7.1.3 (b) and (c) are due to [167, p. 297]. Notice that the notion
of a critcal point is weaker than that given by the first-order conditions in Proposition
7.1.2 (c) and (d) provided that all the functions are subdifferentiable in the points
of interest. On the other hand, verifying that a point is critical does not require the
knowledge of the entire subdifferential sets, but only of one common element, which
makes the concept more applicable for computation.
We give two examples of algorithms that exist in the literature.

7.1.5 Example. Let ϕ = 0, H = G and K = Id. Choose x0 ∈ H and, for all k ≥ 0,
find yk ∈ ∂h(xk) and xk+1 ∈ ∂g∗(yk). Assume that the optimal value of Problem 7.1.1
is finite. Then, the sequences ((g − h)(xk))k≥0 and (h∗ − g∗)(yk) are decreasing and
converge to the same limit. If the sequences (xk)k≥0 and (yk)k≥0 are bounded, then every
limit point of (xk)k≥0 is a critical point of g − h, and every limit point of (yk)k≥0 is a
critical point of h∗−g∗. For the details, see [167, Theorem 3]. The paper [13] proposes an
accelerated variant of this method under the assumption that both parts of the problem
be continuously differentiable.

7.1.6 Example. Let again ϕ = 0, H = G and K = Id. Choose x0 ∈ H, a sequence
(ck)k≥0 of positive stepsizes and, for all k ≥ 0, find wk ∈ ∂h(xk) and set yk = xk + ckwk
and xk+1 = Proxckg yk. Then, either one of the points of the sequence (xk)k≥0 lies
in crit (g − h) or the sequence ((g − h)(xk))k≥0 is strictly decreasing. If the sequences
(xk)k≥0 and (yk)k≥0 are bounded, then any cluster point of (xk)k≥0 is in crit (g − h). For
the details, see [165, Section 3]. The case ϕ 6= 0 is permitted in the extensions [9, 100,
138].

To the best of our knowledge, there do not exist algorithms in the literature which do
without subgradient steps or approximations of the subdifferential. For more literature
on d.c. programming and algorithms, see [8, 101] and the references therein.

7.2 A double-proximal algorithm
In this section, we investigate the convergence of a double-proximal algorithm for d.c.
problems, i.e., an algorithm where all functions are evaluated either by direct steps if
they are continuous or by proximal steps.

7.2.1 Algorithm. Choose x0 ∈ H, y0 ∈ G and two sequences (γn)n≥0 and (µn)n≥0 of
positive numbers. For all n ≥ 0, set

xn+1 = Proxγng (xn + γnK
∗yn − γn∇ϕ(xn)), (7.9)

yn+1 = Proxµnh∗ (yn + µnKxn+1). (7.10)

7.2.2 Lemma. Let the sequences (xn)n≥0 in H and (yn)n≥0 in G be generated by Algorithm
7.2.1. Then, the following estimations hold.
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(a) For all n ≥ 0, x ∈ H and y ∈ G,

Φ(xn+1, yn+1)− Φ(x, y) ≤ 1
γn
〈xn − xn+1 |xn+1 − x〉+ 1

µn
〈yn − yn+1 | yn+1 − y〉

+ 1
2β ‖xn − xn+1‖2 + 〈Kx−Kxn+1 | y − yn〉. (7.11)

(b) For all n ≥ 0,

Φ(xn+1, yn+1)− Φ(xn+1, yn) ≤ − 1
µn
‖yn − yn+1‖2.

(c) For all n ≥ 0,

Φ(xn+1, yn)− Φ(xn, yn) ≤
(

1
2β −

1
γn

)
‖xn − xn+1‖2.

Proof. By Proposition 2.2.12, we obtain from (7.9) and (7.10) that, for all x ∈ H and
y ∈ G,

g(xn+1)− g(x) ≤ 1
γn
〈xn − xn+1 + γnK

∗yn − γn∇ϕ(xn) |xn+1 − x〉, (7.12)

h∗(yn+1)− h∗(y) ≤ 1
µn
〈yn − yn+1 + µnKxn+1 | yn+1 − y〉, (7.13)

and by Proposition 2.2.13 (c),

ϕ(xn+1)− ϕ(x) ≤ 〈∇ϕ(xn) |xn+1 − x〉+ 1
2β ‖xn − xn+1‖2. (7.14)

By adding all three inequalities, we obtain

Φ(xn+1, yn+1)− Φ(x, y)
= g(xn+1)− g(x) + ϕ(xn+1)− ϕ(x) + h∗(yn+1)− h∗(y)− 〈yn+1 |Kxn+1〉+ 〈y |Kx〉

≤ 1
γn
〈xn − xn+1 |xn+1 − x〉+ 1

µn
〈yn − yn+1 | yn+1 − y〉+ 1

2β ‖xn − xn+1‖2

+ 〈K∗yn |xn+1 − x〉+ 〈Kxn+1 | yn+1 − y〉+ 〈y |Kx〉 − 〈yn+1 |Kxn+1〉

= 1
γn
〈xn − xn+1 |xn+1 − x〉+ 1

µn
〈yn − yn+1 | yn+1 − y〉+ 1

2β ‖xn − xn+1‖2

+ 〈Kx−Kxn+1 | y − yn〉.

From (7.13), we get

Φ(xn+1, yn+1)− Φ(xn+1, yn) = h∗(yn+1)− h∗(yn) + 〈yn − yn+1 |Kxn+1〉

≤ − 1
µn
‖yn − yn+1‖2,
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and from (7.12) and (7.14), we get

Φ(xn+1, yn)− Φ(xn, yn) = g(xn+1)− g(xn) + ϕ(xn+1)− ϕ(xn) + 〈K∗yn |xn − xn+1〉

≤
(

1
2β −

1
γn

)
‖xn − xn+1‖2.

7.2.3 Proposition (see [29, Proposition 2]). Assume that, for some n ≥ 0, we have
0 < γn ≤ 2β. Then

Φ(xn+1, yn+1) ≤ Φ(xn+1, yn) ≤ Φ(xn, yn).

Proof. This follows directly from Lemma 7.2.2.

7.2.4 Proposition (see [29, Proposition 3]). Let

0 < inf
n≥0

γn ≤ sup
n≥0

γn < 2β and 0 < inf
n≥0

µn ≤ sup
n≥0

µn < +∞, (7.15)

and let Φ be bounded below, i.e., the optimal value of Problem 7.1.1 be finite. Then,∑
n≥0
‖xn − xn+1‖2 < +∞ and

∑
n≥0
‖yn − yn+1‖2 < +∞.

Proof. Let N ≥ 1 be an integer. Sum up the inequalities in Lemma 7.2.2 (b) and (c) for
n = 0, . . . , N − 1 and obtain

Φ(xN , yN)− Φ(x0 − y0) ≤
N−1∑
n=0

(
1

2β −
1
γn

)
‖xn − xn+1‖2 −

N−1∑
n=0

1
µn
‖yn − yn+1‖2.

By assumption, the expression on the left-hand side is bounded below by a fixed real
number M for all N ≥ 1, and so is the right-hand side. The numbers

(
1
γn
− 1

2β

)
and 1

µn
are bounded below by a positive number, say ε > 0, so

N−1∑
n=0
‖xn − xn+1‖2 +

N−1∑
n=0
‖yn − yn+1‖2 ≤ −M

ε
.

Since N is arbitrary, the series converge.

7.2.5 Proposition. Let (7.15) be satisfied, and let the optimal value of Problem 7.1.1
be finite. Furthermore, assume that the sequences (xn)n≥0 and (yn)n≥0 be bounded. Then,

(a) every cluster point of (xn)n≥0 is an element of crit (g + ϕ− h ◦K),

(b) every cluster point of (yn)n≥0 is an element of crit (h∗ − (g + ϕ)∗ ◦K∗),

(c) every cluster point of (xn, yn)n≥0 is an element of crit Φ.
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Proof. Let x̄ be a cluster point of (xn)n≥0, and let (xnk)k≥0 be a subsequence of (xn)n≥0
such that xnk → x̄. By another transition to a subsequence we can guarantee ynk → ȳ for
some ȳ ∈ G, since (yn)n≥0 is bounded. By (7.9) and (7.10), we obtain, for every k ≥ 0,

xnk − xnk+1

γnk
+K∗ynk −∇ϕ(xnk) ∈ ∂g(xnk+1)

and ynk − ynk+1

µnk
+Kxnk+1 ∈ ∂h∗(ynk+1),

respectively. By Proposition 7.2.4, the first summands on the left-hand side of both
inclusions tend to zero as k → +∞. Using the continuity of ∇ϕ and the closedness
of the graphs of ∂g and ∂h∗ (see Proposition 2.1.3), we have K∗ȳ − ∇ϕ(x̄) ∈ ∂g(x̄)
and Kx̄ ∈ ∂h∗(ȳ), so, by definition, (x̄, ȳ) is a critical point of Φ. According to the
considerations in Remark 7.1.4, x̄ is a critical point of g + ϕ− h ◦K.
The proof of the other two assertions is done similarly by just changing the order

in which the subsequences are chosen. Part (b) is proved by choosing a convergent
subsequence of (yn)n≥0 and then extracting another one for which (xn)n≥0 converges. For
Part (c), choose a convergent subsequence of (xn, yn)n≥0.

For later reference, we clarify that the stationary points of the iteration are precisely
the critical points of Φ.

7.2.6 Lemma. Let (7.15) be satisfied. For any n ≥ 0, the following conditions are
equivalent.

(i) (xn, yn) is a critical point of Φ,

(ii) (xn+1, yn+1) = (xn, yn),

(iii) Φ(xn+1, yn+1) = Φ(xn, yn).

Proof. By Proposition 2.2.11 (c), the conditions xn+1 = xn and yn+1 = yn are equivalent
to

xn = xn+1 = (Id + γn∂g)−1(xn + γnK
∗yn − γn∇ϕ(xn)),

yn = yn+1 = (Id + µn∂h
∗)−1(yn + µnKxn+1),

respectively. By a simple algebraic reformulation, we see that these equations are
equivalent to the inclusions (7.3) and (7.4), which constitute the criticality of the pont
(xn, yn) with respect to Φ. Thus, conditions (i) and (ii) are equivalent.

On the other hand, by combining Proposition 7.2.2 (b) and (c), we get the equivalence
of (ii) and (iii) from

Φ(xn+1, yn+1)− Φ(xn, yn) ≤
(

1
2β −

1
γn

)
‖xn − xn+1‖2 − 1

µn
‖yn − yn+1‖2.
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The following statement is a summary of the convergence properties of the double-
proximal forward-backward algorithm. These types of convergence properties are usual
for simple iterative methods for nonconvex and nonsmooth optimisation, see for example
[49, Lemma 5]. We denote by ω(x0, y0) ⊆ H× G the set of limit points of the sequence
(xn, yn)n≥0 based of the choice of the starting points (x0, y0).

7.2.7 Theorem. Let H and G be two real finite-dimensional Hilbert spaces, let g : H → R
and h : G → R be two proper, convex and lower semicontinuous functions, let ϕ : H → R
be a convex, Fréchet-differentiable function whose gradient is 1

β
-Lipschitz continuous for

some β > 0, and let K : H → G be a linear mapping. Let the stepsize sequences (γn)n≥0
and (µn)n≥0 satisfy (7.15), and assume that the sequences (xn)n≥0 and (yn)n≥0 be bounded.
Then the following assertions hold:

(a) ∅ 6= ω(x0, y0) ⊆ crit Φ ⊆ crit (g + ϕ− h ◦K)× crit (h∗ − (g + ϕ)∗ ◦K∗),

(b) limn→+∞ dist ((xn, yn),ω(x0, y0)) = 0,

(c) if the common optimal value of Problem 7.1.1, (7.1) and (7.2) is finite, then
ω(x0, y0) is a nonempty, compact and connected set, and so are the sets of the
limit points of the sequences (xn)n≥0 and (yn)n≥0,

(d) the objective function Φ is finite and constant on ω(x0, y0) provided that the optimal
value is finite.

Proof. (a) The set of cluster points of a bounded sequence is always empty. The first
inclusion is due to Proposition 7.2.5 (c), the second one due to Remark 7.1.4.

(b) Assume to the contrary that there exists ε > 0 and a subsequence (xnk , ynk)k≥0
of (xn, yn)n≥0 such that dist ((xnk , ynk),ω(x0, y0)) > ε for all k ≥ 0. Take a cluster
point of the bounded sequence (xnk , ynk)k≥0, which is also a cluster point of the
original sequence (xn, yn)n≥0, thus an element of ω(x0, y0). This contradicts the
assumption that dist ((xnk , ynk),ω(x0, y0)) > ε for all k ≥ 0.

(c) Since the sequence (xn, yn)n≥0 is bounded, the sets

Ωk := cl
⋃
n≥k
{(xn, yn)}


are bounded and closed, hence compact for any k ≥ 0. Their intersection ⋂n≥0 Ωn,
which equals the set of cluster points of (xn, yn)n≥0, is therefore compact, too. The
connectedness follows from Proposition 7.2.4. See the proof of [49, Lemma 5 (iii)]
for the details.

(d) According to Proposition 7.2.3, the sequence (Φ(xn, yn))n≥0 of objective function
values is decreasing, thus convergent, say Φ(xn, yn)→ ` ∈ R as n→ +∞. Now, let
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(x̄, ȳ) be an arbitrary point in ω(x0, y0), and let (xnk , ynk)k≥0 be a subsequence of
(xn, yn)n≥0 which converges to (x̄, ȳ). By the lower semicontinuity of Φ, we have

Φ(x̄, ȳ) ≤ lim
k→+∞

Φ(xnk , ynk) = `.

On the other hand, Lemma 7.2.2 with x = x̄ and y = ȳ yields, for all k ≥ 0,

Φ(xnk+1, ynk+1)− Φ(x̄, ȳ) ≤ 1
γnk
〈xnk − xnk+1 |xnk+1 − x̄〉

+ 1
µnk
〈ynk − ynk+1 | ynk+1 − ȳ〉+ 1

2β ‖xnk − xnk+1‖2 + 〈Kx̄−Kxnk+1 | ȳ − ynk〉.

For k → +∞, the right-hand side converges to 0 as k → +∞, so

` = lim
n→+∞

Φ(xn, yn) ≤ Φ(x̄, ȳ).

7.2.8 Remark. From this, it follows that the sequence (xn, yn)n≥0 cannot have a bounded
subsequence if there are no critical points of Φ. To guarantee the boundedness of the
iterates beforehand, one could e.g. assume that the function Φ has bounded lower level
sets.

7.3 Convergence of the iterates under
Kurdyka–Łojasiewicz assumptions

In general, the convergence of the iterates of Algorithm 7.2.1 cannot be guaranteed under
the assumptions of Theorem 7.2.7. For the latter, we have to improve Proposition 7.2.4
in such a way that not only the squares of the distances between two consecutive iterates
are summable, but the distances itself. In general, this approach is not new in the context
of d.c. functions, see e.g. [101, Section 3].
7.3.1 Definition. Let H be a finite-dimensional real Hilbert space, and let Φ : H → R
be a proper and lower semicontinous function.
(a) For η ∈ (0,+∞], we let Θη be the set of all functions ϑ : [0, η) → R with the

properties that
(i) ϑ(0) = 0,
(ii) ϑ is concave,
(iii) ϑ is continuously differentiable on (0, η) and continuous in 0,
(iv) ϑ′(s) > 0 for all s ∈ (0, η).

(b) The Fréchet subdifferential ∂FΦ(x̄) of Φ at x̄ ∈ H is empty if x̄ /∈ dom Φ and

∂FΦ(x̄) =

x∗ ∈ H
∣∣∣∣∣∣ lim inf

y→x
y 6=x

f(y)− f(x)− 〈x∗ | y − x〉
‖y − x‖

≥ 0


otherwise.
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(c) The limiting (or Mordukhovich) subdifferential ∂LΦ(x̄) of Φ at x̄ ∈ H is empty if
x /∈ dom f and

∂LΦ(x̄) =
{
x∗ ∈ H

∣∣∣ there exist sequences (xk)k≥0, (x
∗
k)k≥0 in H such that

x∗k ∈ ∂FΦ(xk) for all k ≥ 0 and xk → x̄, f(xk)→ f(x̄), x∗k → x∗ as k → +∞
}

otherwise.

(d) We say that Φ satisfies the Kurdyka–Łojasiewicz (KŁ) property at x̄ ∈ Dom ∂LΦ
if there exists some η ∈ (0,+∞], a neighbourhood U of x̄ and a function ϑ ∈ Θη

such that for all
x ∈ {x ∈ U |Φ(x̄) < Φ(x) < Φ(x̄) + η}

the following inequality holds

ϑ′(Φ(x)− Φ(x̄)) · dist (0, ∂LΦ(x)) ≥ 1.

7.3.2 Remark. The KŁ property is satisfied by a broad class of functions. It was introduced
by Kurdyka [130, Theorem 1] based on an inequality given by Łojasiewicz [134, Théorème
4] for analytic functions. It was later employed by Attouch, Bolte and Svaiter [18]
and Bolte, Sabach and Teboulle [49]. One of the remarkable properties of the class of
KŁ functions is their ubiquity in applications, see [49]. It contains semialgebraic, real
subanalytic, semiconvex, uniformly convex and convex functions which satisfy a certain
growth condition.
The following uniform KŁ properties is proved in [49, Lemma 6].

7.3.3 Lemma. Let Ω be a compact set, and let Φ : H → R be a proper and lower
semicontinuous function. Assume that Φ is constant on Ω and satisfies the KŁ property
at each point of Ω. Then there exist ε > 0, η > 0 and ϑ ∈ Θη such that for all ū ∈ Ω and
all u ∈ H such that

dist (u,Ω) < ε and Φ(ū) < Φ(u) < Φ(ū) + η (7.16)

one has
ϑ′(Φ(u)− Φ(ū)) · dist (0, ∂LΦ(u)) ≥ 1.

For applying the KŁ property it is important to estimate the distance of the limiting
subdifferential to zero. To this end, we calculate an upper estimate of the norm of a
subgradient in each iteration.

7.3.4 Lemma. For each n ≥ 1 with γn−1 < 2β, there exists a pair (x∗n, y∗n) ∈ H×G with
(x∗n, y∗n) ∈ ∂LΦ(xn, yn) and

‖x∗n‖ ≤ ‖K‖‖yn−1 − yn‖+ 1
γn−1
‖xn−1 − xn‖,

‖y∗n‖ ≤
1

µn−1
‖yn−1 − yn‖.
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Proof. From the definition of Algorithm 7.2.1 and Proposition 2.2.11 (c), we have

xn−1 − xn
γn−1

+K∗yn−1 −∇ϕ(xn−1) ∈ ∂g(xn),

yn−1 − yn
µn−1

+Kxn ∈ ∂h∗(yn).

Now consider the function Φ̃ : H × G → R defined by Φ(x, y) := g(x) + ϕ(x) + h∗(y).
By Proposition 2.2.5 (a) and (c) and [161, Proposition 8.12] (the latter states that the
convex and the limiting subdifferential coincide for convex functions), we obtain

∂LΦ̃(xn, yn) = (∂g(xn) +∇ϕ(xn))× ∂h∗(yn).

It follows from [161, Exercise 8.8] that we can add the smooth function (x, y) 7→ −〈Kx | y〉
by applying the usual calculus, so

∂LΦ(xn, yn) = ∂LΦ̃(xn, yn)− (K∗yn, Kxn)
= (∂g(xn) +∇ϕ(xn)−K∗yn)× (∂h∗(yn)−Kxn),

thus, (
x∗n
y∗n

)
:=
(xn−1−xn

γn−1
+K∗(yn−1 − yn) +∇ϕ(xn)−∇ϕ(xn−1)

yn−1−yn
µn−1

)
∈ ∂LΦ(xn, yn).

We can estimate the norm of x∗n by using the fact that ∇ϕ is β-cocoercive (Proposition
2.2.14) and that therefore Id− γn∇ϕ is nonexpansive (Remark 2.1.8 (d))

‖x∗n‖ ≤ ‖K‖‖yn−1 − yn‖+ 1
γn−1
‖(Id− γn−1∇ϕ)(xn−1)− (Id− γn−1∇ϕ)(xn)‖

≤ ‖K‖‖yn−1 − yn‖+ 1
γn−1
‖xn−1 − xn‖.

This concludes the proof.

7.3.5 Theorem (see [29, Theorem 1]). Let H and G be Hilbert spaces, let g : H → R
and h : G → R be proper, convex and lower semicontinuous functions, let ϕ : H → R be
convex and Fréchet differentiable such that ∇ϕ : H → H is β-cocoercive for some β > 0,
and let K : H → G be a linear operator. Let Φ : H × G → R defined by (7.2) satisfy
the KŁ property, and let the stepsize sequences (γn)n≥0 and (µn)n≥0 satisfy the condition
(7.15). If the sequences (xn)n≥0 and (yn)n≥0 generated by Algorithm 7.2.1 are bounded,
then they are Cauchy sequences, thus convergent.

Proof. Let Ω := ω(x0, y0), which is compact (see Theorem 7.2.7 (c), and let ` be the
common value of Φ on Ω according to Theorem 7.2.7 (d), which equals infn≥0 Φ(xn, yn).
If Φ(xn, yn) = ` for some n ≥ 0, we have Φ(xn+1, yn+1) = Φ(xn, yn) and thus, by Lemma
7.2.6, xn+1 = xn and yn+1 = yn and the assertion is proved. Therefore, we assume that
Φ(xn, yn) > ` for all n ≥ 0.
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Let Lemma 7.3.3 provide us with ε > 0, η > 0 and ϑ ∈ Θη. Since Φ(xn, yn) → `
as n → +∞, there exists n1 ≥ 0 with Φ(xn, yn) < ` + η for all n ≥ n1. Since
dist ((xn, yn),Ω) → 0 as n → +∞ by Theorem 7.2.7 (b), there exists n2 ≥ 0 with
dist ((xn, yn),Ω) < ε for all n ≥ n2. In the following, set n0 := max n1, n2, 0. Fix an
arbitrary n ≥ n0, so that, by the choice of n0, u = (xn, yn) satisfies condition (7.16).
Consequently, Lemma 7.3.3 yields

ϑ′(Φ(xn, yn)− Φ(x̄, ȳ)) · dist ((0, 0), ∂LΦ(xn, yn)) ≥ 1. (7.17)
for every (x̄, ȳ) ∈ Ω. By the concavity of ϑ, we get that for all 0 < s < t < η

ϑ(s) ≤ ϑ(t) + ϑ′(t) · (s− t), so ϑ′(t) ≤ ϑ(t)− ϑ(s)
t− s

(7.18)

With the choices x∗n ∈ H and y∗n ∈ G from Lemma 7.3.4, s = Φ(xn+1, yn+1) − Φ(x̄, ȳ),
t = Φ(xn, yn) − Φ(x̄, ȳ), we obtain from combining (7.17) and (7.18) Lemma 7.2.2 (b)
and (c)

1 ≤ ϑ′(Φ(xn, yn)− Φ(x̄, ȳ)) · ‖(x∗n, y∗n)‖ (7.19)

≤ ϑ(Φ(xn, yn)− Φ(x̄, ȳ))− ϑ(Φ(xn+1, yn+1)− Φ(x̄, ȳ))
Φ(xn, yn)− Φ(xn+1, yn+1) · ‖(x∗n, y∗n)‖

≤ ϑ(Φ(xn, yn)− Φ(x̄, ȳ))− ϑ(Φ(xn+1, yn+1)− Φ(x̄, ȳ))(
1
γn
− 1

2β

)
‖xn − xn+1‖2 + 1

µn
‖yn − yn+1‖2 · ‖(x∗n, y∗n)‖

≤ εn − εn+1

δ2
n

· ‖(x∗n, y∗n)‖,

where we define the shorthands

δn :=

√√√√( 1
γn
− 1

2β

)
‖xn − xn+1‖2 + 1

µn
‖yn − yn+1‖2

εn := ϑ(Φ(xn, yn)− Φ(x̄, ȳ))
for all n ≥ n0. By the arithmetic-geometric inequality, for any r > 0 and n ≥ n0,

δn ≤
√

(r‖(x∗n, y∗n)‖) ·
(1
r

(εn − εn+1)
)

≤ 1
2

(
r‖(x∗n, y∗n)‖+ 1

r
(εn − εn+1)

)
(7.20)

(recall that, by Proposition 7.2.3 and the properties of ϑ, the sequence (εn)n≥n0
is

decreasing, so εn − εn+1 ≥ 0). On the other hand, since we chose (x∗n, y∗n) according to
Lemma 7.3.4 and have the inequality (a+ b)2 ≤ 2a2 + 2b2 for all a, b ≥ 0,

‖(x∗n, y∗n)‖2 ≤
(
‖K‖‖yn−1 − yn‖+ 1

γn−1
‖xn−1 − xn‖

)2

+ 1
µ2
n−1
‖yn−1 − yn‖2

≤
(

2‖K‖2 + 1
µ2
n−1

)
‖yn−1 − yn‖2 + 2

γ2
n−1
‖xn−1 − xn‖2

≤ C2
nδ

2
n−1
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with

Cn :=

√√√√√√max


2

γ2
n−1

1
γn−1
− 1

2β
,
2‖K‖2 + 1

µ2
n−1

1
µn−1


=

√√√√max
{

4β
γn−1(2β − γn−1) ,

1 + 2‖K‖2µ2
n−1

µn−1

}
.

For the suprema and infima mentioned in condition (7.15), we define the following
shorthands:

γ := inf
n≥0

γn > 0, γ := sup
n≥0

γn < 2β,

µ := inf
n≥0

µn > 0, µ := sup
n≥0

µn < +∞.

Using these shorthands, we estimate

Cn ≤ C0 :=

√√√√max
{

4β
γ(2β − γ) ,

1 + 2‖K‖2µ2

µ

}
.

We combine the latter calculation with (7.20) and obtain

δn ≤
r

2C0δn−1 + 1
2r (εn − εn+1). (7.21)

Take two numbers m > k > n0 and iterate the estimation from (7.21) to

δm ≤
(
rC0

2

)m−k
δk + 1

2r

m−k−1∑
n=0

(
rC0

2

)n
(εm−n − εm−n+1).

Therefore, for all k > n0, N ≥ k and 0 < r < 2
C0
,

N∑
m=k+1

δm ≤
N∑

m=k+1

((
rC0

2

)m−k
δk + 1

2r

m−k−1∑
n=0

(
rC0

2

)n
(εm−n − εm−n+1)

)

=
N−k−1∑
m=0

(
rC0

2

)m+1
δk + 1

2r

N−k−1∑
m=0

m∑
n=0

(
rC0

2

)n
(εm+k−n+1 − εm+k−n+2)

= rC0

2 ·
1−

(
rC0

2

)N−k
1− rC0

2
δk + 1

2r

N−k−1∑
n=0

(
rC0

2

)n N−k−1∑
m=n

(εm+k−n+1 − εm+k−n+2)

≤ rC0

2 · δk
1− rC0

2
+ 1

2r

N−k−1∑
n=0

(
rC0

2

)n
εk+1

≤ rC0δk
2− rC0

+ εk+1

r(2− rC0) . (7.22)

The right-hand side does not depend on N , thus, we conclude that ∑∞m=k+1 δm is finite,
and so are ∑∞m=0 ‖xm − xm+1‖ and

∑∞
m=0 ‖ym − ym+1‖.
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The last step is the derivation of convergence rates for the sequences of iterates.

7.3.6 Theorem. Let the assumptions of Theorem 7.3.5 hold, and let the KŁ property of
Φ be satisfied with the function ϑ(t) = Mt1−θ for some M > 0 and 0 ≤ θ < 1. Then the
following convergence rates hold:

(a) If θ = 0, then the sequences (xn)n≥0 and (yn)n≥0 are eventually constant.

(b) If 0 < θ ≤ 1
2 , then there exist c > 0 and 0 < q < 1 such that

‖xn − x̄‖ ≤ cqn and ‖yn − ȳ‖ ≤ cqn

if n is sufficiently large.

(c) If 1
2 < θ < 1, then there exists c > 0 such that

‖xn − x̄‖ ≤ cn−
1−θ

2θ−1 and ‖yn − ȳ‖ ≤ cn−
1−θ

2θ−1

for n sufficiently large.

Proof. The proof follows closely the path of [17, Theorem 2].

(a) First, let θ = 0, i.e., ϑ(t) = Mt and ϑ′(t) = M . Assume to the contrary (see
Lemma 7.2.6) that Φ(xn+1, yn+1) > ` as in the proof of Theorem 7.3.5. The KŁ
inequality (7.19) then becomes

‖(x∗n, y∗n)‖ ≥ 1
M

for all n ≥ n0. On the other hand,

‖(x∗n, y∗n)‖ ≤ C0δn−1

This contradicts the summability of the sequence (δn)n≥0.

For the case 0 < θ < 1, we have ϑ′(t) = M(1− θ)t−θ, so

ϑ(t) = Mt1−θ = M

(
M(1− θ)
ϑ′(t)

) 1−θ
θ

= M
1
θ (1− θ)

1−θ
θ

(ϑ′(t))
1−θ
θ

.

Therefore, for all k > n0,

εk+1 = ϑ(Φ(xk+1, yk+1)− Φ(x̄, ȳ))

= M
1
θ (1− θ)

1−θ
θ

(ϑ′(Φ(xk+1, yk+1)− Φ(x̄, ȳ)))
1−θ
θ

≤M
1
θ (1− θ)

1−θ
θ

∥∥∥(x∗k+1, y
∗
k+1

)∥∥∥ 1−θ
θ

≤M
1
θ (1− θ)

1−θ
θ (C0δk)

1−θ
θ ,
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where we used the KŁ inequality (7.19) and the choice of C0. Taking (7.22) into
consideration, we obtain

∞∑
m=k+1

δm ≤
rC0δk

2− rC0
+ M

1
θ (1− θ)

1−θ
θ (C0δk)

1−θ
θ

r(2− rC0) (7.23)

The proofs of (b) and (c) differ depending on the dominant term.

(b) Let 0 < θ ≤ 1
2 . Then 1 ≤ 1−θ

θ
< +∞, so δn → 0 as n → ∞ implies that the first

term on the right-hand side of (7.23) is the dominant one, i.e., there exist n1 > n0
and C1 > 0 such that

∞∑
m=k+1

δm ≤ C1δk = C1

 ∞∑
m=k

δm −
∞∑

m=k+1
δm


for any k ≥ n1. Thus,

∞∑
m=k+1

δm ≤
C1

1 + C1

∞∑
m=k

δm

for all k ≥ n1. By induction,

δk ≤
∞∑
m=k
≤
(

C1

1 + C1

)k−n1 ∞∑
m=n1

δm.

(c) Let 1
2 < θ ≤ 1. Then 0 < 1−θ

θ
< 1, so δn → 0 as n → ∞ implies that the second

term on the right-hand side of (7.23) is the dominant one, i.e., there exist n1 > n0
and C1 > 0 such that

∞∑
m=k+1

δm ≤ C1δ
1−θ
θ

k

for any k ≥ n1. This is equivalent to ∞∑
m=k+1

δm

 θ
1−θ

≤ C
θ

1−θ
1

 ∞∑
m=k

δm −
∞∑

m=k+1
δm


If we define h : (0,+∞) → R, h(s) = s−

θ
1−θ , then h is monotonically decreasing

and

1 ≤ C
θ

1−θ
1 h

 ∞∑
m=k+1

δm

 ∞∑
m=k

δm −
∞∑

m=k+1
δm


≤ C

θ
1−θ
1

∫ ∑∞
m=k δm∑∞
m=k+1 δm

h(s) ds

= −C
θ

1−θ
1

1− θ
2θ − 1

( ∞∑
m=k

δm

)− 2θ−1
1−θ

−

 ∞∑
m=k+1

δm

−
2θ−1
1−θ

,
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i.e., ( ∞∑
m=k

δm

)− 2θ−1
1−θ

−

 ∞∑
m=k+1

δm

−
2θ−1
1−θ

≤ − 2θ − 1

(1− θ)C
θ

1−θ
1

By induction, we obtain

δk ≤
∞∑
m=k

δm ≤

( ∞∑
m=n1

δm

)− 2θ−1
1−θ

+ (2θ − 1)(k − n1)

(1− θ)C
θ

1−θ
1

−
1−θ

2θ−1

,

for all k ≥ n1, which yields the desired rate.

7.4 Application to image processing
Consider an image of the size m × n pixels. (For the sake of simplicity, we consider
gray-scale pictures only.) It can be represented by a vector x ∈ H := Rmn of size mn
with entries in [0, 1] (where 0 represents pure black and 1 represents pure white).

The original image x ∈ H is assumed to be blurred by a linear operator L : H → H
(e.g. the camera is out of focus or a movement during the exposure). Furthermore, it is
corrupted with a noise ν, so that only the result b = Lx+ ν is known to us. We want to
reconstruct the original image x by considering the minimisation problem

min
x∈H

(
µ

2‖Lx− b‖
2 + J(Dx)

)
,

where ‖·‖ denotes the usual Euclidean norm, µ > 0 is a regularisation parameter,
D : Rmn → R2mn is the discrete gradient operator given by Dx = (K1x,K2x), where

K1 : H → H, (K1x)i,j :=

xi+1,j − xi,j, i = 1, . . . ,m− 1; j = 1, . . . , n;
0, i = m; j = 1, . . . , n

K2 : H → H, (K2x)i,j :=

xi,j+1 − xi,j, i = 1, . . . ,m; j = 1, . . . , n− 1;
0, i = 1, . . . ,m; j = n,

and J : H → R is a regularising functional penalising noisy images. We want to compare
several choises of the functional J proposed by [113, 135], all of which have in common
that they want to induce sparsity of Dx, i.e., having many components equal to zero.
The smoothly clipped absolute deviation (SCAD) penalty was introduced by Fan and

Li in [107]. It is defined by

SCADλ,a(z) =
2mn∑
j=1

gλ,a(zj),
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where λ > 0, a > 1 and

gλ,a(zj) =


λ|zj| if |zj| ≤ λ,
−|zj |2+2aλ|zj |−λ2

2(a−1) if λ < |zj| ≤ aλ,
(a+1)λ2

2 if |zj| > aλ.

= λ|zj| −


0 if |zj| ≤ λ,
(|zj |−λ)2

2(a−1) if λ < |zj| ≤ aλ,

λ|zj| − (a+1)λ2

2 if |zj| > aλ.

Denoting the part after the curly brace as hλ,a(zj) and hλ,a(z) := ∑2mn
j=1 hλ,a(zj), we have

Proxγh∗
λ,a

(z) =



−λ if z ≤ −(1 + γa)λ,
− z+γλ

1+γa−γ if − (1 + γa)λ ≤ z ≤ −γλ,
0 if |z| ≤ γλ,
z−γλ

1+γa−γ if γλ ≤ z ≤ (1 + γa)λ,
λ if z ≥ (1 + γa)λ.

The Zhang penalty [175] is defined by

Zhanga(z) =
2mn∑
j=1

ga(zj),

where a > 0 and

ga(zj) =


1
a
|zj| if |zj| < a,

1 if |zj| ≥ a.

= 1
a
|zj| −

0 if |zj| < a,
1
a
(|zj| − a) if |zj| ≥ a.

Denoting the part after the curly brace as ha(zj) and ha(z) := ∑2mn
j=1 ha(zj), we have

Proxγh∗a (z) =



− 1
a

if z ≤ − 1
a
− γa,

z + γa if − 1
a
− γa ≤ z ≤ −γa,

0 if − γa ≤ z ≤ γa,

z − γa if γa ≤ z ≤ 1
a

+ γa,
1
a

if z ≥ 1
a

+ γa.

The LZOX penalty [135] is defined by

LZOXa(z) = ‖Dx‖`1 − a‖Dx‖×,
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where ‖·‖`1 denotes (as usual) the sum of the absolute values and

‖(u, v)‖× :=
m∑
i=1

n∑
j=1

√
u2
i,j + v2

i,j,

where y = (u, v) is the splitting according to the definition of D. Algorithm 7.2.1 can
now be applied to any of the models described above, since the models are written as d.
c. problems and the components are easily accessible for computation, with the exception
of the function ‖·‖`1 ◦D. For the latter, see the following section.

7.4.1 The proximal point of the anisotropic total variation
In order to apply Algorithm 7.2.1 to any of the problems, we have to calculate the
proximal point of the anisotropic total variation ‖·‖`1 ◦D by solving the optimisation
problem

inf
{

1
2γ ‖x− b‖

2 + ‖Dx‖`1
∣∣∣∣∣x ∈ H

}
(7.24)

for some γ > 0 and b ∈ H in each step. The Fenchel dual problem [33, Chapter 19] is
given by

inf
{
γ

2‖D
∗x∗‖2 − 〈b |D∗x∗〉

∣∣∣∣x∗ ∈ G, ‖x∗‖`∞ ≤ 1
}
. (7.25)

Instead of solving (7.24), we could also solve (7.25) (see [45]), as the following result
shows.

7.4.1 Lemma. Let x∗ ∈ G be a solution of (7.25). Then x = b− γD∗x∗ is a solution of
(7.24).

Proof. See [33, Example 19.7]. In short:

0 ∈ D(γD∗x∗ − b) + ∂‖·‖∗`1(x∗) =⇒ D∗x∗ ∈ D∗∂‖·‖`1(D(b− γD∗x∗))

=⇒ 1
γ

(b− x) ∈ D∗∂‖·‖`1(Dx)

⇐⇒ 0 ∈ ∂
(

1
2γ ‖(·)− b‖

2 + ‖D(·)‖`1
)

(x).

To the formulation (7.25), the accelerated forward-backward algorithm of Beck and
Teboulle [46] can be applied, since the objective function is differentiable and the feasible
set is easy to project on.

7.4.2 Numerical results
We implemented the FBDC algorithm applied to the model described above and tested
the MATLAB code on a PC with Intel Core i5 4670S (4× 3.10GHz) and 8GB DDR3
RAM (1600MHz). Our implementation used the method described in Section 7.4.1 until
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7.4 Application to image processing

α = 0.00 α = 0.2 α = 0.4 α = 0.5 α = 0.6 α = 0.8 α = 1.0

µ = 1.0 −3.0288 −4.2266 −3.7637 −3.6569 −3.5150 −4.3590 −13.701
µ = 10.0 5.9227 6.26615 6.414791 6.44871 6.45780 6.28863 4.301090
µ = 20.0 6.76613 6.90005 6.93064 6.917926 6.88018 6.61521 5.305623
µ = 50.0 6.81752 6.78308 6.65411 6.4923 6.36250 5.780558 4.741993
µ = 100.0 5.29597 5.23264 5.05189 4.91247 4.739717 4.287092 3.696120
µ = 200.0 3.088196 3.060511 2.985871 2.930448 2.863122 2.693096 2.477708
µ = 500.0 1.317390 1.312168 1.298834 1.288983 1.277010 1.246724 1.208036
µ = 1000.0 0.692487 0.691049 0.687585 0.685057 0.682000 0.674272 0.664401

Table 7.1: LZOX after 50 iterations

the `∞ distance between two iterations was smaller than 10−4. Both stepsizes were chosen
as µn = γn = 1

8µ for all n ≥ 0. As initial value, we chose x0 = b and picked v0 ∈ ∂h(Kx0).
We picked the image texmos3 from http://sipi.usc.edu/database/database.php?

volume=textures&image=64 and convolved it with a Gaussian kernel with 9 pixels
standard devitation. Afterwards we added white noise with standard deviation 50/255,
projected the pixels back to the range [0, 1] and saved the image in TIFF format,
rounding the brightness values to multiples of 1/255. See Figure 7.2 for original, blurry
and reconstructed image.

The improvement in signal-to-noise ratio or ISNR value of a reconstruction is given by

ISNR(xk) = 10 log10

(
‖x− b‖2

‖x− xk‖2

)
,

where x is the (usually unknown) original, b is the known blurry and noisy and xk is
the reconstructed image. For the ISNR values after 50 iterations, see Tables 7.1 and 7.2.
The development of the ISNR values over the iterations is shown in Figure 7.1.

We see that the nonconvex models provide reasonable reconstructions of the original
image and the best numerical performance for this particular choice of the stepsizes and
the number of iterations is not achieved for the convex model (LZOX with α = 0), but
for the nonconvex models.
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Figure 7.1: ISNR values vs. iterations
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7.4 Application to image processing

(a) Original image (b) Blurry image (c) LZOX, µ = 20, α = 0.4

(d) LZOX, µ = 20, α = 1 (e) LZOX, µ = 50, α = 0 (f) Zhang, µ = 10, α = 3

(g) Zhang, µ = 20, α = 1 (h) Zhang, µ = 100, α = 0.1

Figure 7.2: Original image, blurry and noisy image and reconstructions.
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7 Proximal splitting for d.c. problems

α = 0.01 α = 0.03 α = 0.1 α = 0.3 α = 1.0 α = 3.0
µ = 1.0 −43.708 −33.711 −23.148 −13.846 −3.0288 2.4922
µ = 10.0 −18.781 −9.9406 −3.2070 2.5442 5.9227 6.97777
µ = 20.0 −11.270 −4.8428 0.43533 4.7768 6.76613 6.57299
µ = 50.0 −4.8333 −1.05553 2.63959 6.46109 6.81752 3.952101
µ = 100.0 −1.7546 −0.14560 3.16532 6.90202 5.29597 2.129705
µ = 200.0 −0.41418 0.0619477 2.98543 6.38513 3.088196 1.110186
µ = 500.0 0.0077144 0.121807 2.101321 3.816813 1.317390 0.482406
µ = 1000.0 0.0528014 0.127592 1.423684 2.070959 0.692487 0.271777

Table 7.2: Zhang after 50 iterations
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8 Concluding remarks and open
problems

In this short chapter, we want to summarise the influence of the results presented in
this thesis since their first publication and discuss open problems and potential fields of
reseach for the future.

In Section 3.3 we showed the convergence of a variable metric version of the alternating
direction method of multipliers for maximally monotone operators. A convergence
analysis of an accelerated version of the ADMM for strongly monotone operators like in
[75, Algorithm 5] or [73, Algorithm 3.1] is carried out in [57]. The primal-dual splitting
algorithm which results from the choice M1,k := 1

τk
Id − cL∗L and M2,k := (σk − c)Id

might be of own interest, and its convergence properties could be analysed independently
of Theorem 3.3.4. Other convergence rates for a variable metric ADMM algorithm can
be found in [117]. An open problem is whether there exist accelerations for ADMM or
the primal-dual algorithms presented in Section 3.2 in the spirit of the famous FISTA
algorithm [46] or the gradient algorithm which is numerically optimised by solving a
performance estimation problem [103].
Chapter 4 dealt with a penalty scheme for a variational inequality. These techniques

have been used multiple times recently, particularly in connection with inertial techniques,
i.e., the iteration does not only use the current iterate, but also previous ones [64, 71].
Such inertial terms, if transformed to a dynamical system as in Chapter 5, lead to
second-order differential equations. Thus, combining the methods in Chapters 4 and 5
with inertial effects yield second-order dynamical systems with penalty terms [55, 61, 65,
70]. Another work connects the Levenberg-Marquardt dynamical system with a penalty
term [63].
An open question is whether the algorithm can be adapted to allow a splitting if the

operator B in Problem 4.2.1 defining the constraint is given as a sum B1 + B2 of a
maximally monotone part B1 and a Lipschitz continuous or cocoercive part B2. This
would be a tremendous generalisation of the problem, since in practice the resolvent is
usually explicitly accessible only for operators whose set of zeros is known.
Further open questions concern the improvement of the asymptotic behaviour from

weak ergodic to weak convergence. This has been carried out in [155, Theorem 2.1],
[149, Theorem 3.1] and [71, Theorem 10] if all the operators involved are subdifferentials,
the function whose set of zeros defines the constraint is differentiable and evaluated by
gradient steps and the underlying algorithm is the forward-backward splitting. It would
be interesting if the same statement could be proved if one of these three conditions were
relaxed, i.e., for one the backward penalty schemes considered in Chapter 4.

The introduction of inertial effects to the algorithm is still not proved for the backward
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8 Concluding remarks and open problems

penalty scheme. The articles [64, 71] both investigate inertial penalty schemes based on
the forward penalty scheme proposed in [62]. Correspondlingly, second-order dynamical
systems have not yet been handled.

In Chapter 5 we showed that a forward-backward-forward dynamical system converges
weakly to a zero of the sum of two monotone operators. This corresponds to minimising
the sum of a nonsmooth convex and a smooth convex function. The article [54] uses the
dynamical system of a forward-backward scheme to minimise the sum of a nonsmooth
convex and a smooth nonconvex function. In order to guarantee convergence, a Kurdyka–
Łojasiewicz condition analogous to the treatment in Section 7.3 is imposed. A similar
analysis is undertaken in [60]. The corresponding problem for the forward-backward-
forward splitting scheme is still open.

Chapter 6 is devoted to proximal splitting in Hadamard spaces and in particular to the
backward-backward algorithm. Another splitting algorithm was given before by Bačák
[41], but only for locally convex Hadamard spaces. The problem in transforming the
results from Hilbert to Hadamard spaces is the lack of linear structure in the latter.
Therefore, most splitting schemes, like Douglas–Rachford, forward-backward or forward-
backward-forward algorithms are even difficult to write down without running into
definition problems. Bačák recently demonstrated [40] that stochastic minimisation is a
fruitful approach in Hadamard spaces, but does not seem to be fully investigated even in
Euclidean spaces.

Meanwhile, in [15], our results were significantly generalised for more abstract operators
in Hadamard spaces in order to obtain results concerning metric regularity of such
operators. The continuation of these investigation was published in [129].
In [42, Chapter 5] it is shown that even in the general metric space setting an

investigation of dynamical systems and gradient flows is not hopeless. On the other hand,
due to the nonlinear structure of the underlying space, the construction of the dynamical
system is more technical than in Hilbert spaces. Probably, it is easier to analyse splitting
methods and dynamical systems on Hadamard manifolds, i.e., Riemannian manifolds
with nonpositive sectional curvature, see e.g. [166, 173] for variants of the proximal
point algorithm on such manifolds. On the other hand, the proximal point algorithm
has recently been proposed for metric spaces with curvature bounded above, but not
necessarily nonnegaive [128].
In Section 7.4 we saw a serious drawback of the double-proximal method for d.c.

programming proposed in Chapter 7, namely that it is not possible to handle compositions
with linear operators inside the convex part of the objective function without additional
effort. Therefore it would be desirable to develop a method which combines the duality
concepts of Toland and Fenchel: the first one for the concave part and the second one
for the convex part. To this end, it would be desirable to combine Algorithm 7.2.1 with
one of the algorithms in Section 3.2 or the proximal ADMM in Section 3.3. One possible
approach would be to replace in Algorithm 7.2.1 the calculation of the proximal point of g
with one step of a primal-dual algorithm calculating the proximal point of a composition
of a function with a linear operator.

The concept of d.c. programming has even been applied to Hadamard manifolds [164],
which therefore seems to be a possible generalisation of Algorithm 7.2.1.
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